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Lensing à H0
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Light travel time from the source through different geodesics (observed as images) 
is the sum of  two contributions

geometrical – path length related to the angular location of  image on the sky
gravitational – integrated Newtonian potential along the line of  sight (Shapiro)

Sjur Refsdal
(1964)

H0 is a property of global cosmology, and has units of  1/time;
since light travel spans cosmological distances, light travel time will depend on H0



image j

image i

source

gravitationalgeometrical

time delay between images i and j

angular 
distances

normalized surface density
distribution in the lens

arrival time

lens mass model

Lensing time delays

not observed

observed

theory



Lensing time delays
sources of  error

observed
time delays

1-10%
cosmological
parameters, W
small, <0.1%

lens plane mass models
main source of uncertainties

few% --10% or larger

line-of-sight subhalos
introduce no bias to H0
scatter ~0.6-2.4% for 1 lens

~0.5% for 5-6 lenses
(Gilman+2020)

(Millon+2020a,b
Bonvin+2019)



V. Bonvin et al.: Time-delay measurements of WFI2033�4723

Fig. 2. WFI2033�4723 light curves from the four di↵erent instruments used in this work. The top panel presents the Euler data sets
(C2+ECAM instruments), with the change occuring in October 2010, corresponding to the small gap visible in the 2010 season.
The middle panel presents the SMARTS data set. The bottom left panel presents the WFI data set, where the A1 and A2 images
were individually resolved thanks to superior image quality and longer exposure times. We note that di↵erent calibration stars were
used for the di↵erent data sets, hence the di↵erent relative magnitudes values between di↵erent instruments. The bottom right panel
presents the normalised distribution of the airmass and seeing of all the individual exposures in each data set.
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V. Bonvin et al.: Time-delay measurements of WFI2033�4723

Fig. 3. WFI2033�4723 time-delay estimates. The colored points labelled “PyCS” represent the final time-delay estimates for each
data sets, obtained after combining the curve-shifting technique parameters following the marginalisation scheme presented in
Section 3.1. The gray and black points, respectively labelled “PyCS-sum” and “PyCS-mult” represent the marginalisation and
combination of the results obtained on the individual data sets. Indicated with smaller points are the AB and BC delays taken from
Morgan et al. (2018) and Vuissoz et al. (2008), respectively. The values indicated above each measurement represent the 50th, 16th

and 84th percentiles of the respective probability distributions.

Courbin et al. 2018). Whether this formalism is too conservative
or not is still an open - and complicated - question, that we will
address in Millon et al. (2019, in prep.).

In the end, we have one Group of time-delay estimates for
each data set and curve-shifting technique. The next step is to
combine these Groups together. As stated earlier, the two curve-
shifting techniques implemented in PyCS are not fully indepen-
dent, so we chose to fully marginalise over their respective re-
sults. In practice, this translates into summing the normalised
probability density distributions of each time-delay estimates
for the free-knot splines and the regression di↵erence estimators
Groups, thus yielding a single Group for each data set. Finally,
combining the results of the various data sets together can be
done either by multiplying the respective probability density dis-
tributions or by marginalising over the individual results, if we
assume that the time-delay measurements are or are not indepen-
dent, respectively.

3.2. Application to WFI2033�4723

We now apply this formalism to the data sets presented in
Section 2. For WFI2033�4723, we have four di↵erent data sets.
In a similar fashion to Bonvin et al. (2018), we analyze these
data sets independently from each other. However, we explore
the results obtained by simultaneously fitting all of the data sets
as a robustness test in Sec. 3.4.

The range of the curve-shifting technique parameters to ex-
plore must reflect the state of our knowledge about the data sets.
For example, the light curves presented in Fig. 2 are a combina-
tion of the intrinsic luminosity variations of the quasar, common
to all light curves, and individual extrinsic variations due to mi-
crolensing magnification by compact objects in the lens galaxy.
Since the amount of microlensing magnification is a priori un-
known, various microlensing models should be considered if the
curve-shifting technique aims to model it explicitly. Similarly,
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Mass Sheet Degeneracy

log (density)

changes steepness of  density profile
changes time delays

model arrival time,  t(Gorenstein+1988
Saha 2000)

knowing mass density
at center will break MSD

à stellar kinematics
(velocity dispersion

measures mass)

If due to stars or LCDM subhalos, then does not constrain lens models

MSD has a linear affect on derived H0

(Gronin & Narayan 1996
Treu & Koopmans 2002
H0LiCOW papers)
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Modeling constraints

quasar image positions 

quasar time delays

quasar image flux ratios

host galaxy’s extended images – ring

kinematics of  the lensing galaxy

Often low S/N, low spatial resolution; 
shape of source unknown
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Kinematic priors have a significant impact (Birrer+2016)

Using kinematics can result in bias (Gomer & LLRW 2020)

Unresolved kinematics has limited power to constrain the mass profiles (Birrer+2020)

BUT: spatially resolved kinematics can be useful (Yildirim+2020)

Other degeneracies:
generalization of  MSD  (Schneider & Sluse 2014)

monopole degeneracy (Saha 2000, Liesenborgs+2012)

shape degeneracies (Saha & LLRW 2006)

If due to stars or LCDM subhalos, then does not constrain lens models



Lensing data not sufficient to generate a unique lens model
Need additional assumptions – prior knowledge about galaxies 

2 mass components:
baryons & DM
+ tidal term 
+ nearby gals

2 offset mass comp.:
baryons & DM
+ tidal term 
+ nearby gals

pixellated
free-form
+ tidal term 

H0LiCOW (Suyu+2014,
Chen+2019, Wong+2017, 2019, 
Birrer+2019, Rusu+2019)
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Gomer & LLRW 2018, 2021
LLRW & Zegeye 2020)

PixeLens / Glass
(Saha+2006,
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1 mass component:
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with fixed or variable 
slope  + tidal term

Lens mass modeling
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PixeLens / Glass
(Saha+2006, 
Coles 2008, Denzel+2021)

1 mass component:
elliptical power law 
with fixed or variable 
slope  + tidal term

Lens mass modeling

more priors                                                    fewer priors
many degeneracies                                                                              allow wider range of
broken artificially                                                                                degenerate models

uncertainties underestimated?                                                          uncertainties overestimated?
(optimistic)                                                                           (cautious)       

5-6                            9-15                          14-17                       ~100 # parameters

Need different 
modeling 
philosophies as
cross-checks
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Fig. 3.— Upper panels: Average convergence plots for three mass models, with  = 1 contours shown in black. a) Free-form glass, b)
our Group B models, c) H0LiCOW SPEMD model. Images are numbered in order of arrival time. Galaxy G2 is located at 235�, measured
counterclockwise from the positive x�axis. Lower panels: The density profiles for the 3 models. For each model we plot profiles in 30�

wedges centered on the lens mass center and opening towards the 4 images. Our Group B and glass profiles are the mean of the logarithm
of the density profiles of 50 and 1000 models, respectively, and the error-bars represent the rms scatter between models. For SPEMD the
profiles and error-bars are from the Rusu et al. (2020) best fit model from their Table 1.

law H0LiCOW model, one obtains a profile with lower
central normalization, and profile shape which is con-
vex, especially at larger radii. But the glass and our
models, whose central normalization is lower than that
of H0LiCOW, have concave outer profile shapes. There-
fore transformations mapping these model profiles onto
each other belong to a di↵erent family of source posi-
tion transformations (Schneider & Sluse 2014, SPT), not
MSD. This means that MSD transformation is not the
only radial degeneracy one should consider when model-
ing lenses.

5.1.2. Density profile within r ⇠ 100 pc

In WFI2033, the size of the central density core is not
constrained by the four images, leading to very di↵erent
central densities of the models in Figure 3 and 4. If the
central fifth image were detected in WFI2033, it would
provide a useful constraint at the lens center. Unfor-
tunately, central images are rarely detected. There are
only two known detections in lenses with a single lens-
ing galaxy. Winn et al. (2003) use radio observations to
detect the central image in PMN J1632-0033, which is
demagnified to 0.004 of the brightness of the two bright
images. Muller et al. (2020) use ALMA observations to
detect the central image, demagnified to 0.007 of the
brightness of the other two images in the double lens,
PKS 1830-211. Upper limits have also been measured.
For example, Quinn et al. (2016) place an upper limit of
⇠ 10�4 on the magnification of the central image with
respect to the brightest visible image in a double image

system B1030+074.
Our models, as well as those from glass, do not have

that level of demagnification. For our Group C models, it
is typically 0.013, while the smallest is 1.8⇥ 10�3. How-
ever, all models presented here can be made compatible
with a highly demagnified central image by reshaping
the central mass distribution in a monopole-like fashion
(Saha 2000; Liesenborgs & De Rijcke 2012), without al-
tering model predictions for the four observed images.
Starting with the average profile of Group C, and then
shaving o↵ 0.13% (0.6%) of the surface density from the
annulus interior to the images (0.1”–1”), and using it to
form a flat density core in the inner 100 pc (0.0144”) will
demagnify the central image to 10�3 (10�4) compared to
the brightest, second arriving image.
To demagnify to the level of 10�3 would make the cen-

tral slope outside of the 100 pc core somewhat steeper,
but still shallower than in the outer regions, preserving
the concave nature of the profile. Adding a supermassive
back hole (SMBH), which must be present, would further
demagnify the image, often rendering it invisible (Quinn
et al. 2016).

5.2. Azimuthal mass distribution and lopsidedness

Given the results of Rusu et al. (2020), it appears to
be impossible to fit the quad point images with an ellip-
tical galaxy mass distribution, whether it consists of one
or two co-centered mass components, even if the mass
center is allowed to be displaced from the light center,
and G2 is allowed to have flexible ellipticity and posi-
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law H0LiCOW model, one obtains a profile with lower
central normalization, and profile shape which is con-
vex, especially at larger radii. But the glass and our
models, whose central normalization is lower than that
of H0LiCOW, have concave outer profile shapes. There-
fore transformations mapping these model profiles onto
each other belong to a di↵erent family of source posi-
tion transformations (Schneider & Sluse 2014, SPT), not
MSD. This means that MSD transformation is not the
only radial degeneracy one should consider when model-
ing lenses.
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In WFI2033, the size of the central density core is not
constrained by the four images, leading to very di↵erent
central densities of the models in Figure 3 and 4. If the
central fifth image were detected in WFI2033, it would
provide a useful constraint at the lens center. Unfor-
tunately, central images are rarely detected. There are
only two known detections in lenses with a single lens-
ing galaxy. Winn et al. (2003) use radio observations to
detect the central image in PMN J1632-0033, which is
demagnified to 0.004 of the brightness of the two bright
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ever, all models presented here can be made compatible
with a highly demagnified central image by reshaping
the central mass distribution in a monopole-like fashion
(Saha 2000; Liesenborgs & De Rijcke 2012), without al-
tering model predictions for the four observed images.
Starting with the average profile of Group C, and then
shaving o↵ 0.13% (0.6%) of the surface density from the
annulus interior to the images (0.1”–1”), and using it to
form a flat density core in the inner 100 pc (0.0144”) will
demagnify the central image to 10�3 (10�4) compared to
the brightest, second arriving image.
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tral slope outside of the 100 pc core somewhat steeper,
but still shallower than in the outer regions, preserving
the concave nature of the profile. Adding a supermassive
back hole (SMBH), which must be present, would further
demagnify the image, often rendering it invisible (Quinn
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tical galaxy mass distribution, whether it consists of one
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and G2 is allowed to have flexible ellipticity and posi-
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law H0LiCOW model, one obtains a profile with lower
central normalization, and profile shape which is con-
vex, especially at larger radii. But the glass and our
models, whose central normalization is lower than that
of H0LiCOW, have concave outer profile shapes. There-
fore transformations mapping these model profiles onto
each other belong to a di↵erent family of source posi-
tion transformations (Schneider & Sluse 2014, SPT), not
MSD. This means that MSD transformation is not the
only radial degeneracy one should consider when model-
ing lenses.

5.1.2. Density profile within r ⇠ 100 pc

In WFI2033, the size of the central density core is not
constrained by the four images, leading to very di↵erent
central densities of the models in Figure 3 and 4. If the
central fifth image were detected in WFI2033, it would
provide a useful constraint at the lens center. Unfor-
tunately, central images are rarely detected. There are
only two known detections in lenses with a single lens-
ing galaxy. Winn et al. (2003) use radio observations to
detect the central image in PMN J1632-0033, which is
demagnified to 0.004 of the brightness of the two bright
images. Muller et al. (2020) use ALMA observations to
detect the central image, demagnified to 0.007 of the
brightness of the other two images in the double lens,
PKS 1830-211. Upper limits have also been measured.
For example, Quinn et al. (2016) place an upper limit of
⇠ 10�4 on the magnification of the central image with
respect to the brightest visible image in a double image

system B1030+074.
Our models, as well as those from glass, do not have

that level of demagnification. For our Group C models, it
is typically 0.013, while the smallest is 1.8⇥ 10�3. How-
ever, all models presented here can be made compatible
with a highly demagnified central image by reshaping
the central mass distribution in a monopole-like fashion
(Saha 2000; Liesenborgs & De Rijcke 2012), without al-
tering model predictions for the four observed images.
Starting with the average profile of Group C, and then
shaving o↵ 0.13% (0.6%) of the surface density from the
annulus interior to the images (0.1”–1”), and using it to
form a flat density core in the inner 100 pc (0.0144”) will
demagnify the central image to 10�3 (10�4) compared to
the brightest, second arriving image.
To demagnify to the level of 10�3 would make the cen-

tral slope outside of the 100 pc core somewhat steeper,
but still shallower than in the outer regions, preserving
the concave nature of the profile. Adding a supermassive
back hole (SMBH), which must be present, would further
demagnify the image, often rendering it invisible (Quinn
et al. 2016).

5.2. Azimuthal mass distribution and lopsidedness

Given the results of Rusu et al. (2020), it appears to
be impossible to fit the quad point images with an ellip-
tical galaxy mass distribution, whether it consists of one
or two co-centered mass components, even if the mass
center is allowed to be displaced from the light center,
and G2 is allowed to have flexible ellipticity and posi-
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law H0LiCOW model, one obtains a profile with lower
central normalization, and profile shape which is con-
vex, especially at larger radii. But the glass and our
models, whose central normalization is lower than that
of H0LiCOW, have concave outer profile shapes. There-
fore transformations mapping these model profiles onto
each other belong to a di↵erent family of source posi-
tion transformations (Schneider & Sluse 2014, SPT), not
MSD. This means that MSD transformation is not the
only radial degeneracy one should consider when model-
ing lenses.

5.1.2. Density profile within r ⇠ 100 pc

In WFI2033, the size of the central density core is not
constrained by the four images, leading to very di↵erent
central densities of the models in Figure 3 and 4. If the
central fifth image were detected in WFI2033, it would
provide a useful constraint at the lens center. Unfor-
tunately, central images are rarely detected. There are
only two known detections in lenses with a single lens-
ing galaxy. Winn et al. (2003) use radio observations to
detect the central image in PMN J1632-0033, which is
demagnified to 0.004 of the brightness of the two bright
images. Muller et al. (2020) use ALMA observations to
detect the central image, demagnified to 0.007 of the
brightness of the other two images in the double lens,
PKS 1830-211. Upper limits have also been measured.
For example, Quinn et al. (2016) place an upper limit of
⇠ 10�4 on the magnification of the central image with
respect to the brightest visible image in a double image

system B1030+074.
Our models, as well as those from glass, do not have

that level of demagnification. For our Group C models, it
is typically 0.013, while the smallest is 1.8⇥ 10�3. How-
ever, all models presented here can be made compatible
with a highly demagnified central image by reshaping
the central mass distribution in a monopole-like fashion
(Saha 2000; Liesenborgs & De Rijcke 2012), without al-
tering model predictions for the four observed images.
Starting with the average profile of Group C, and then
shaving o↵ 0.13% (0.6%) of the surface density from the
annulus interior to the images (0.1”–1”), and using it to
form a flat density core in the inner 100 pc (0.0144”) will
demagnify the central image to 10�3 (10�4) compared to
the brightest, second arriving image.
To demagnify to the level of 10�3 would make the cen-

tral slope outside of the 100 pc core somewhat steeper,
but still shallower than in the outer regions, preserving
the concave nature of the profile. Adding a supermassive
back hole (SMBH), which must be present, would further
demagnify the image, often rendering it invisible (Quinn
et al. 2016).

5.2. Azimuthal mass distribution and lopsidedness

Given the results of Rusu et al. (2020), it appears to
be impossible to fit the quad point images with an ellip-
tical galaxy mass distribution, whether it consists of one
or two co-centered mass components, even if the mass
center is allowed to be displaced from the light center,
and G2 is allowed to have flexible ellipticity and posi-
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Fig. 3.— Upper panels: Average convergence plots for three mass models, with  = 1 contours shown in black. a) Free-form glass, b)
our Group B models, c) H0LiCOW SPEMD model. Images are numbered in order of arrival time. Galaxy G2 is located at 235�, measured
counterclockwise from the positive x�axis. Lower panels: The density profiles for the 3 models. For each model we plot profiles in 30�

wedges centered on the lens mass center and opening towards the 4 images. Our Group B and glass profiles are the mean of the logarithm
of the density profiles of 50 and 1000 models, respectively, and the error-bars represent the rms scatter between models. For SPEMD the
profiles and error-bars are from the Rusu et al. (2020) best fit model from their Table 1.

law H0LiCOW model, one obtains a profile with lower
central normalization, and profile shape which is con-
vex, especially at larger radii. But the glass and our
models, whose central normalization is lower than that
of H0LiCOW, have concave outer profile shapes. There-
fore transformations mapping these model profiles onto
each other belong to a di↵erent family of source posi-
tion transformations (Schneider & Sluse 2014, SPT), not
MSD. This means that MSD transformation is not the
only radial degeneracy one should consider when model-
ing lenses.

5.1.2. Density profile within r ⇠ 100 pc

In WFI2033, the size of the central density core is not
constrained by the four images, leading to very di↵erent
central densities of the models in Figure 3 and 4. If the
central fifth image were detected in WFI2033, it would
provide a useful constraint at the lens center. Unfor-
tunately, central images are rarely detected. There are
only two known detections in lenses with a single lens-
ing galaxy. Winn et al. (2003) use radio observations to
detect the central image in PMN J1632-0033, which is
demagnified to 0.004 of the brightness of the two bright
images. Muller et al. (2020) use ALMA observations to
detect the central image, demagnified to 0.007 of the
brightness of the other two images in the double lens,
PKS 1830-211. Upper limits have also been measured.
For example, Quinn et al. (2016) place an upper limit of
⇠ 10�4 on the magnification of the central image with
respect to the brightest visible image in a double image

system B1030+074.
Our models, as well as those from glass, do not have

that level of demagnification. For our Group C models, it
is typically 0.013, while the smallest is 1.8⇥ 10�3. How-
ever, all models presented here can be made compatible
with a highly demagnified central image by reshaping
the central mass distribution in a monopole-like fashion
(Saha 2000; Liesenborgs & De Rijcke 2012), without al-
tering model predictions for the four observed images.
Starting with the average profile of Group C, and then
shaving o↵ 0.13% (0.6%) of the surface density from the
annulus interior to the images (0.1”–1”), and using it to
form a flat density core in the inner 100 pc (0.0144”) will
demagnify the central image to 10�3 (10�4) compared to
the brightest, second arriving image.
To demagnify to the level of 10�3 would make the cen-

tral slope outside of the 100 pc core somewhat steeper,
but still shallower than in the outer regions, preserving
the concave nature of the profile. Adding a supermassive
back hole (SMBH), which must be present, would further
demagnify the image, often rendering it invisible (Quinn
et al. 2016).

5.2. Azimuthal mass distribution and lopsidedness

Given the results of Rusu et al. (2020), it appears to
be impossible to fit the quad point images with an ellip-
tical galaxy mass distribution, whether it consists of one
or two co-centered mass components, even if the mass
center is allowed to be displaced from the light center,
and G2 is allowed to have flexible ellipticity and posi-

Rusu+2020 Barrera & LLRW (in prep) Denzel+2021

Lensing data not sufficient to generate a unique lens model
Need additional assumptions – prior knowledge about galaxies 

2 mass components:
baryons & DM
+ tidal term 
+ nearby gals

2 offset mass comp.:
baryons & DM
+ tidal term 
+ nearby gals

pixellated
free-form
+ tidal term 

H0LiCOW (Suyu+2014,
Chen+2019, Wong+2017, 2019, 
Birrer+2019, Rusu+2019)

(Nightingale+2018
Gomer & LLRW 2018, 2021
LLRW & Zegeye 2020)

PixeLens / Glass
(Saha+2006, 
Coles 2008, Denzel+2021)

1 mass component:
elliptical power law 
with fixed or variable 
slope  + tidal term

shape 
degeneracies

free-formparametric

WFI 2033-4723

H0LiCOW does not reproduce
quasar image positions to ~5 s



Results for H0

H0LiCOW   (Wong+2019)  5 quads + 1 double  

TDCOSMO IV  (Birrer+2020) + add. kinematic data

Glass   (Denzel+2021)   8 quads   

PixeLens   (Coles 2008)   3 quads + 8 doubles  

PixeLens   (Saha+2006)  3 quads + 7 doubles

Planck   (Planck Collab. 2018)

DES+BAO+BBN (Abbott+2018)

TDCOSMO IV  (Birrer+2020)  + additional kinematic data
+ self-similar mass profiles

free-form

parametric

No tension 
with CMB

revisit modeling;
relax assumptions

more and
better data

73.3 (2.4%)

73.3 (7.9%)

67.4 (5.4%)

72 (13%)

71 (10%)

71.8 (5%)

The best check on systematics 
is to use different modeling 
philosophies

Tension 
with CMB?

6 quads + 1 double



In the near future!
New variable sources:  Multiply imaged supernova SN Ia, GRBs, fast radio bursts

will make it easier to measure time delays & characterize lens galaxy.
Type Ia Supernova will aide in breaking the mass sheet degeneracy.

Cluster lenses:  Mass distribution is more complicated,
but clusters have more lensed images!

(Kelly+2015, 2016)
5 images of  supernova Refsdal

6 A. Ghosh et al.

Figure 3. Projected reconstructed mass distribution of the synthetic clusters of galaxies: Irtysh I (Left Panels) and Irtysh II (Right
Panels) for the di↵erent reconstructions described in Table 2. The mass distribution is normalized by ⌃crit,0 = c2/4⇡GDol . Black contours
in the top two panels show unit convergence,  = ⌃/⌃crit,0 = 1 contours. The green circles represents the image locations for the set of
images used for each of the reconstructions.
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(Ghosh+2020)

1% possible with 500-1000 images

Goobar+2017
Suyu+2018, 2020
Zitrin & Eichler 2018
Grillo+2018
Wagner+2019
Ding+2021
etc…


