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Fundamental features of geometry  

 The metric 𝑔𝛼𝛽 - the infinitesimal distance between two points:

𝑑𝑠2 = 𝑔𝛼𝛽𝑑𝑥
𝛼𝑑𝑥𝛽

 The connection  Γ𝛼𝛽
𝜆 - a curve with covariantly constant tangent vector:

𝑑2𝑥𝜇

𝑑𝑠2
+ Γ𝛼𝛽

𝜇 𝑑𝑥𝛼

𝑑𝑠

𝑑𝑥𝛽

𝑑𝑠
= 0

 No Torsion :
Γ𝛼𝛽
𝜇

= Γ𝛽𝛼
𝜇



Metric Formalism vs. Palatini Formalism 

Metric formalism:  

 Dependence only on the metric and its derivatives. 

 Christoffel Symbol

Palatini Formalism:

 The connection is being an independent degree of freedom in the action.

Is there any correspondence between those 
formulations?



Metric Formalism

 Field equation
𝟏

𝟐
𝑹𝟐:

𝑅 𝑅𝜇𝜈 −
1

4
𝑔𝜇𝜈𝑅 − ∇𝜇∇𝜈𝑅 + 𝑔𝜇𝜈 ∇2𝑅

𝟏

𝟐
𝑹𝝁𝝂𝑹

𝝁𝝂:

𝑅𝜇𝛼𝑅𝛼
𝜈 −

1

4
𝑔𝜇𝜈 𝑅𝛼𝛽𝑅

𝛼𝛽 −
1

2
∇𝛾 ∇𝜇𝑅𝜈𝛾 + ∇𝜈𝑅𝜇𝛾 +

1

2
∇2𝑅𝜇𝜈 +

1

4
∇2𝑅𝑔𝜇𝜈

𝟏

𝟐
𝑹𝝁𝜶𝝂𝜷𝑹

𝝁𝜶𝝂𝜷:

𝑅𝜇𝛼𝛽𝛾𝑅𝛼𝛽𝛾
𝜈 −

1

4
𝑔𝜇𝜈(𝑅𝛼𝛽𝛾𝛿𝑅

𝛼𝛽𝛾𝛿) + ∇𝛼∇𝛽 + ∇𝛽∇𝛼 𝑅𝜇𝛼𝜈𝛽



Palatini formalism

 Γ variation: Field equation: 
𝟏

𝟐
𝑹𝟐:

𝑅 𝑅𝜇𝜈 −
1

4
𝑔𝜇𝜈𝑅

𝟏

𝟐
𝑹𝝁𝝂𝑹

𝝁𝝂:

𝑅𝜇𝛼𝑅𝛼
𝜈 −

1

4
𝑔𝜇𝜈(𝑅𝛼𝛽𝑅

𝛼𝛽)

𝟏

𝟐
𝑹𝝁𝜶𝝂𝜷𝑹

𝝁𝜶𝝂𝜷:

𝑅𝜇𝛼𝛽𝛾𝑅𝛼𝛽𝛾
𝜈 −

1

4
𝑔𝜇𝜈(𝑅𝛼𝛽𝛾𝛿𝑅

𝛼𝛽𝛾𝛿)



A difference in squared gravity terms

 Palatini Formalism: 
𝟏

𝟐
𝑹𝟐:

𝑅 𝑅𝜇𝜈 −
1

4
𝑔𝜇𝜈𝑅

𝟏

𝟐
𝑹𝝁𝝂𝑹

𝝁𝝂:

𝑅𝜇𝛼𝑅𝛼
𝜈 −

1

4
𝑔𝜇𝜈(𝑅𝛼𝛽𝑅

𝛼𝛽)

𝟏

𝟐
𝑹𝝁𝜶𝝂𝜷𝑹

𝝁𝜶𝝂𝜷:

𝑅𝜇𝛼𝛽𝛾𝑅𝛼𝛽𝛾
𝜈 −

1

4
𝑔𝜇𝜈(𝑅𝛼𝛽𝛾𝛿𝑅

𝛼𝛽𝛾𝛿)

 Contribution for the metric formalism:

−∇𝜇∇𝜈𝑅 + 𝑔𝜇𝜈 ∇2𝑅

−
1

2
∇𝛾 ∇𝜇𝑅𝜈𝛾 + ∇𝜈𝑅𝜇𝛾 +

1

2
∇2𝑅𝜇𝜈 +

1

4
∇2𝑅

+ ∇𝛼∇𝛽 + ∇𝛽∇𝛼 𝑅𝜇𝛼𝜈𝛽



The metricity constraint

The theorem:

 𝛿𝑘𝛼𝛽𝛾:

 𝛿Γ𝛽𝛾
𝛼 :

 𝛿g
𝜇𝜈

:
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The contribution for the metric E.o.M

 The new contribution:

By changing the indices:



A correspondence for squared gravity terms



A path integral approach



Hamiltonian for dynamic spacetime 
𝑘𝛼𝛽𝛾as a metric conjugate momenta:

෨𝐿 = ෨𝑘𝛼𝛽𝛾𝑔𝛼𝛽,𝛾 − ෩𝐻

For a gauge theory that includes general mapping of space time 𝑥 → 𝑋, 
we identify the connection 𝛾𝛼𝛽

𝜂
as the gauge field of these C.T.

Condition for canonical transformation under a dynamical spacetime.

𝑆 = න(෨𝑘𝛼𝛽𝛾𝑔𝛼𝛽,𝛾 − ෤𝑞𝛼
𝛽𝛾𝛿

𝛾𝛽𝛾,𝛿
𝛼 − ෩𝐻 − ෨𝐹1,𝛽

𝛽
) 𝑑4𝑥

= න(෩𝐾𝛼𝛽𝛾𝐺𝛼𝛽,𝛾 −
1

2
෨𝑄𝛼
𝛽𝛾𝛿

Γ𝛽𝛾,𝛿
𝛼 − ෩𝐻′)𝑑4𝑋

෨𝐹1
𝛽

is the generating function.
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Gauge Hamiltonian

𝐹3
𝜇
= −𝑘𝛼𝛽𝜇𝐺𝜉𝜆

𝜕𝑋𝜉

𝜕𝑥𝛼
𝜕𝑋𝜆

𝜕𝑥𝛽
− 𝑞𝜂

𝛼𝛽𝜇
Γ𝜉𝜆
𝜏 𝜕𝑥𝜂

𝜕𝑋𝜏

𝜕𝑋𝜉

𝜕𝑥𝛼
𝜕𝑋𝜆

𝜕𝑥𝛽
+
𝜕𝑥𝜂

𝜕𝑋𝜏

𝜕𝑋𝜏

𝜕𝑥𝛼𝜕𝑥𝛽

Yields the transformation rules for the metric:

𝐺𝜇𝜈 = 𝑔𝛼𝛽
𝜕𝑥𝛼

𝜕𝑋𝜈

𝜕𝑥𝛽

𝜕𝑋𝜇,

and the connection:

Γ𝛼𝛽
𝜅 = 𝛾𝜂𝜏

𝜉 𝜕𝑥𝜂

𝜕𝑋𝜏

𝜕𝑋𝜉

𝜕𝑥𝛼
𝜕𝑋𝜆

𝜕𝑥𝛽
+

𝜕𝑥𝜉

𝜕𝑋𝛼𝜕𝑋𝛽
𝜕𝑋𝜅

𝜕𝑥𝜉

rotation In-homogeneous 
part

𝐿 = 𝑘𝛼𝛽𝛾𝑔𝛼𝛽;𝛾 −
1

2
𝑞𝛼
𝛽𝛾𝛿

𝑅𝛽𝛾𝛿
𝛼 − 𝐻𝐷𝑦𝑛 𝑔, q, k + 𝐿𝑚



𝐿 = 𝑘𝛼𝛽𝛾𝑔𝛼𝛽;𝛾 −
1

2
𝑞𝛼
𝛽𝛾𝛿

𝑅𝛽𝛾𝛿
𝛼 − 𝐻𝐷𝑦𝑛 𝑔, q, k + 𝐿𝑚

𝑘𝛼𝛽𝛾 ∶ 𝑔𝛼𝛽;𝛾 =
𝜕𝐻𝐷𝑦𝑛

𝜕𝑘𝛼𝛽𝛾

𝛾𝜈𝜌
𝜇
: 𝑘𝛼𝜇𝜈 + 𝑘𝛼𝜈 𝜇 𝑔𝛼𝜌 = −

1

2
∇𝛽 𝑞𝜌

𝜇𝛽𝜈
+ 𝑞𝜌

𝜈𝛽𝜇

𝑞𝜇𝜈𝜌
𝜎 : −

1

2
𝑅𝜇𝜈𝜌
𝜎 =

𝜕𝐻𝐷𝑦𝑛
𝜕𝑞𝜇𝜈𝜌

𝜎

𝑔𝜇𝜈: 𝑇𝜇𝜈 = 𝑔𝜇𝜈 −𝑘𝛼𝛽𝛾𝑔𝛼𝛽;𝛾 +
1

2
𝑞𝛼
𝛽𝛾𝛿

𝑅𝛽𝛾𝛿
𝛼 + 2𝑘;𝜆

𝜇𝜈𝜆
−

2

−𝑔

𝜕 ෩𝐻𝐷𝑦𝑛
𝜕𝑔𝜇𝜈

2𝑘;𝜆
𝜇𝜈𝜆

= −∇𝛾∇𝛼 𝑞𝜇𝛾𝜈𝛼 + 𝑞𝜈𝛾𝜇𝛼

The equations of motion



Sample 𝐻𝐷𝑦𝑛

For a Hamiltonian with a quadratic momentum q:

The equation of motions: (k,Γ,q,g)

k:

q:

𝐿 = 𝑘𝛼𝛽𝛾𝑔𝛼𝛽;𝛾 −
1

2
𝑞𝛼
𝛽𝛾𝛿

𝑅𝛽𝛾𝛿
𝛼 − 𝐻𝐷𝑦𝑛(𝑔, q, k)



Γ: 

The energy momentum tensor:

𝑳 = 𝒈𝟏𝑹
𝜶𝜷𝜸𝜹𝑹𝜶𝜷𝜸𝜹 +

𝟏

𝟐
𝑹 + 𝜦
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𝐻𝐷𝑦𝑛 (g, q) without breaking metricity

Similar definitions for q tensors as Ricci tensor and Ricci scalar:

𝑞𝛼𝜆𝛽
𝜆 = 𝑞𝛼𝛽 ,  𝑞 = 𝑞𝛼𝛽𝑔

𝛼𝛽

Lead to the general combination of the covariant Hamiltonian:

𝐻𝐷𝑦𝑛 𝑔, q = 𝑔0 −
𝑔1
2
𝑞 −

𝑔21
4

𝑞2 −
𝑔22
4

𝑞𝜇𝜈𝑞𝜇𝜈 −
𝑔23
4

𝑞𝛼𝛽𝛾
𝜆 𝑞𝜆

𝛼𝛽𝛾

The E.o.M behave as in the second order formalism, and the energy
momentum tensor is conserved.

𝐿 = 𝑘𝛼𝛽𝛾𝑔𝛼𝛽;𝛾 −
1

2
𝑞𝛼
𝛽𝛾𝛿

𝑅𝛽𝛾𝛿
𝛼 − 𝐻𝐷𝑦𝑛 𝑔, q + 𝐿𝑚
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The equation of motions

𝐻𝐷𝑦𝑛 𝑔, q = 𝑔0 −
𝑔1
2
𝑞 −

𝑔21
4

𝑞2 −
𝑔22
4

𝑞𝜇𝜈𝑞𝜇𝜈 −
𝑔23
4

𝑞𝛼𝛽𝛾
𝜆 𝑞𝜆

𝛼𝛽𝛾

The E.o.M:

𝐤𝛂𝛃𝛄: 𝑔𝛼𝛽;𝛾 =
𝜕𝐻𝐷𝑦𝑛

𝜕𝑘𝛼𝛽𝛾
= 0 ⇒ 𝛾𝜈𝜌

𝜇
=

𝜇
𝜈𝜌

𝐪𝛍𝛎𝛒
𝛔 : 𝑅𝜇𝜈𝜌

𝜎 =
𝜕𝐻𝐷𝑦𝑛
𝜕𝑞𝜇𝜈𝜌

𝜎 = 𝑔23𝑞𝜇𝜈𝜌
𝜎 + 𝛿𝜈

𝜌
𝑔22𝑞𝜇𝜌 + 𝑔𝜇𝜌 𝑔21𝑞 + 𝑔1

Trace 𝛿𝜌
𝜈:

𝑅𝜇𝜌 = (𝑔23+4𝑔22) 𝑞𝜇𝜌 + 4𝑔𝜇𝜌 𝑔21𝑞 + 𝑔1

Another trace  𝑔𝜇𝜌:

𝑅 = (𝑔23+4𝑔22 + 16𝑔21) 𝑞 + 16𝑔1



The momentum of the connection

𝑞𝜇𝜈𝜌
𝜎 = 𝛼1𝑅𝜇𝜈𝜌

𝜎 + 𝛿𝜈
𝜌

𝛼2𝑅𝜇𝜌 + 𝑔𝜇𝜌 𝛼3𝑞 + 𝛼4

𝛼1 =
1

𝑔23

𝛼2 = −
1

𝑔23

𝑔22
𝑔23 + 4𝑔22

𝛼3 = −
1

16𝑔21 + 4𝑔22 + 𝑔23

𝑔21
𝑔23 + 4𝑔22

𝛼4 = −
𝑔1

16𝑔21 + 4𝑔22 + 𝑔23



Legendre Transform

−ℒ =
𝛼1
4
𝑅𝛼𝛽𝛾
𝜆 𝑅𝜆

𝛼𝛽𝛾
+
𝛼2
4
𝑅𝜇𝜈𝑅

𝜇𝜈
+
𝛼3
4
𝑅2 +

𝛼4
4
𝑅 + Λ

The cosmological constant:

Λ = 4𝑔1𝛼4 + 𝑔0 = −
𝑔1
2

16𝑔21 + 4𝑔22 + 𝑔23
+ 𝑔0

Cosmological seesaw mechanism

16𝑔21 + 4𝑔22 + 𝑔23 ≫ 1



Gauss Bonnet

ℒ = −
1

4
𝐶𝜇𝜈𝛼𝛽𝐶

𝜇𝜈𝛼𝛽

𝑔21 = 1, 𝑔22 = 10, 𝑔23 = −35

𝑔1 = 𝑔0 = 0

Conformal gravity

−ℒ = 𝑅𝛼𝛽𝛾
𝜆 𝑅𝜆

𝛼𝛽𝛾
− 4𝑅𝜇𝜈𝑅

𝜇𝜈
+ 𝑅2 −

𝛼4
4
𝑅 − Λ

𝑔21 = 1, 𝑔22 = −4, 𝑔23 = 15
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Summary

 Modified theories of gravity –

A connection between 2 formulations.

 Hamiltonian gauge theory of gravity –

Momenta for the metric and the connection.

 Quantum Gravity –

No higher derivatives in the action.


