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Dark Energy & Dark Matter

• Why is the observed value so many orders of magnitude 
smaller than that expected in QFT?

• Why is it of the same order of magnitude as 
the matter density of the universe at the 
present time?
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Hubble Constant Tension

A sign for Dynamical DE?



Quintessence

 May describe dynamical dark energy
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Unified DE&DM different from quintessence
 A basic stress energy tensor unified DE – DM from a single scalar field.
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Demanding ∇𝜇𝑇
𝜇𝜈 = 0 gives:
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𝐻 ሶ𝜙 + 𝑈′ 𝜙 = 0

 For 𝑈 𝜙 = 𝐶𝑜𝑛𝑠𝑡, and in FRW metric: 

ሶ𝜙 ~
1

𝑎3/2
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Exponential Potential

 The density equations:

 With the dimensionless quantities:

 Gives the Dynamical System Method:

𝑈 𝜙 = 𝑈0 exp−𝜆𝜙



Dynamical System Method



A toy model

 We start with a simple action of one dimensional particle in a potential 𝑉(𝑥). 

𝑆 = න ሶ𝐵
1

2
𝑚 ሶ𝑥2 + 𝑉 𝑥 𝑑𝑡

 𝛿𝐵 gives the total energy of a particle:

1

2
𝑚 ሶ𝑥2 + 𝑉 𝑥 = 𝐸

 𝛿𝑥 gives the condition for B:
d

𝑑𝑡
𝑚 ሶ𝑥 ሶ𝐵 = ሶ𝐵𝑉′ 𝑥



Dynamical time Theories

 L. multiplier which force a covariant conservation of a stress energy tensor:

 𝜒𝜆 - dynamical space-time vector field .

𝜒𝜇;𝜈 = 𝜕𝑣𝜒𝜇 − Γ𝜇𝜈
𝜆 𝜒𝜆 in the metric formalism (𝑔𝛼𝛽;𝛾 = 0).

𝜋0 =
𝜕ℒ

𝜕𝜒0
= 𝑇0 (𝜙)

0

 𝑇(𝜙)
𝜇𝜈

- stress energy tensor. The variation according to 𝜒 gives a conserved

diffusive energy:  𝛻𝜇𝑇(𝜒)
𝜇𝜈

= 0, in addition to 𝑇(𝐺)
𝜇𝜈

=
𝛿𝑆(𝜒)

𝛿𝑔𝜇𝜈
.

 Dynamical time is as T.M.T for 𝑇(𝜒)
𝜇𝜈

= 𝑔𝜇𝜈Λ.

𝑆 𝜒 = න −𝑔𝜒𝜇;𝜈𝑇(𝜙)
𝜇𝜈

𝑑4𝑥

GRAVITATIONAL THEORY WITH A DYNAMICAL SPACE–TIME
E. I. GUENDELMAN Int.J.Mod.Phys. A25 (2010) 4081-4099

https://www.worldscientific.com/doi/pdf/10.1142/S0217751X10050317


Symmetries 

 If the matter is coupled through its energy momentum tensor as:

𝑇 𝜒
𝜇𝜈

→ 𝑇 𝜒
𝜇𝜈

+ 𝜆𝑔𝜇𝜈

the process will not affect the equations of motion. 

 Similar to “normal ordering” in QFT.

𝜒𝜇 → 𝜒𝜇 + 𝑘 𝜇

 Where 𝑘 𝜇 is a Killing vector.



The action
The complete action

With the coupled stress energy tensor: 

The action contains three variables: 𝑔𝜇𝜈, 𝜙, 𝜒𝜇

Phys.Rev. D98 (2018) no.2, 023506
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EoM

 𝛿𝜒𝜇 - A constraint on scalar field:

ሷ𝜙 +
3

2
𝐻 ሶ𝜙 + 𝑈′ 𝜙 = 0

 𝛿𝜑 - A current:

 𝛿𝑔𝜇𝜈 - Dark energy and dark matter:
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𝐻 ሶ𝜙 + 𝑈′ 𝜙 = 0 ⟺

⟺

ሷ𝜙 = −
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𝐻 ሶ𝜙 𝑜𝑟

⟺

𝑈 𝜙 = 𝐶𝑜𝑛𝑠𝑡

matter 𝑤 = 0
D. Cosmological constant 𝑤 = −1

Negative 2D radiation 𝑤 = 1/2
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𝐻 ሶ𝜙 + 𝑈′ 𝜙 = 0 ⟺

⟺

⟺

𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙𝑠

matter 𝑤 = 0
D. Cosmological constant 𝑤 = −1

Negative 2D radiation 𝑤 = 1/2



A bouncing LCDM

ሶ𝑎2 + 𝑉 𝑎 = 0



 This correspondence between dynamical time and the cosmic time
could be a solution of the time problem in quantum cosmology.

A dynamical time vs. cosmic time



Exponential potential

 The scalar field still behaves as dust:

1 + 2𝛿
ሶ𝜙2

2
+ 𝑉 𝜙 = 3𝐻2

 In terms of dimensionless quantities:







Late time expansion data fitting
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Better then LCDM for late time expansion data



H0 values



General Consideration of 𝑇(𝜒)
𝜇𝜈

 For a generalizes 𝑇(𝜒)
𝜇𝜈

:

𝑇(𝜒)
𝜇𝜈

= −
𝜆1
2
𝜙,𝜇𝜙,𝜈 −

𝜆2
2
𝑔𝜇𝜈𝜙,𝛼𝜙,𝛼 + g𝜇𝜈 𝑈(𝜙)

With the “density and the pressure”:

The general action is again: 



The EoM

 The variation with respect to 𝜒𝜇:

 Power Law 𝑎 ∼ 𝑡𝛼

 Exponential 𝑎 ∼ 𝑒𝐻0𝑡

S. Banerjee D. Benisty E.I. Guendelman
arXiv:1909.01982

http://arxiv.org/abs/arXiv:1909.01982


The Running Vacuum Model

 From QFT in curved spacetime:

 For 𝐺 = 𝐶𝑜𝑛𝑠𝑡:

 Corresponds to DST cosmology with:

Mon.Not.Roy.Astron.Soc. 431 (2013) 923-929
J.A.S. Lima, S. Basilakos, Joan Sola
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http://inspirehep.net/author/profile/Sola%2C%20Joan?recid=1185361&ln=en


 The metric:

 The volume:
𝑉 = 𝑅𝐷𝑟𝑑

 For separate equation of  states, the compactification mechanism uses:

Inflation Compactification

𝑑𝑠2 = −𝑑𝑡2 + 𝑅 𝑡 2𝑑𝑥2 + 𝑟 𝑡 2𝑑𝑦2

Phys. Rev. D 31, 2697 (1985)

Yasunari Tosa

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.31.2697


 For constant potentials, the density is:

Inflation Compactification With D.S.T

Phys.Rev. D98 (2018) no.4, 043522
David Benisty, Eduardo Guendelman

𝐸 =
1

2
ሶ𝑉2 + 𝑈𝑒𝑓𝑓



Low “Energy”

High “Energy”



End of inflation compactification,
using a step function potential

 For obtaining a partially analytic and more simple solution, lets use a 
step function:

Λ± are the vales of the potential from right and left.

The variation with respect to the vector field: ሶ𝜙2 =
2Ω𝑚

𝑉

The variation with respect to the scalar: 

where 𝜉 = ሶ𝜒0 − 1



With the solution:

The discontinuity condition gives:

The “energy equation” (EOM with respect to the metric):

 There is no jump of the volume:

This fact gives a pure proof that there is a solution for any potential. 



Final Remarks
Dynamical dark energy and dark matter:

 For understanding the nature of the coincidence problem

 Hubble constant tension?

The Dynamical space time Theories – both energy momentum tensor are
conserved.

Valid after GW170817!

 Dynamical time has a correspondence to the cosmic time.

 Dynamical DE – DM from potentials - stable for low couplings values.

 With higher dimensions gives inflation.




