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Motivation

Two key ideas:
1 it is possible that gravity emerges as a sort of

fluid-mechanical or thermodynamical limit (“Einstein
equation as an effective equation of state”)

2 on a landscape of theories of gravity, GR could be the state
of equilibrium and modified gravity an excited state

(both ideas advanced in Jacobson’s thermodynamics of
spacetime).
Scalar-tensor gravity is the prototypical alternative to GR; f pRq
gravity, a subclass, is extremely popular to explain the current
acceleration of the universe without an ad hoc dark energy.
The field equations are recast as effective Einstein equations
by moving geometric terms ‰ Gab to the r.h.s., regarding them
as an effective T peff q

ab (a fluid).
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The (Jordan frame) action is

SST “
1

16π

ż

d4x
?
´g

„

φR ´
ωpφq

φ
∇cφ∇cφ´ V pφq



` Spmq

where φ „ G´1
eff ą 0 is the Brans-Dicke scalar.

Field equations:

Rab ´
1
2

gabR “
8π
φ

T pmqab `
ω

φ2

ˆ

∇aφ∇bφ´
1
2

gab∇cφ∇cφ

˙

`
1
φ
p∇a∇bφ´ gablφq ´

V
2φ

gab ,

lφ “
1

2ω ` 3

˜

8πT pmq

φ
` φ

dV
dφ

´ 2V ´
dω
dφ

∇cφ∇cφ

¸

Effective fluid description?

Valerio Faraoni



Kinematics of the scalar field fluid
The correspondence is possible if gradient ∇aφ is timelike; fluid
4-velocity is

ua “
∇aφ

?
´∇eφ∇eφ

,

(ucuc “ ´1)
3-D space “seen” by the comoving observers of the fluid with
time direction ua has 3-metric

hab ” gab ` uaub ,

while ha
b is the usual projection operator on this 3-space,

habua “ habub “ 0 ,
ha

b hb
c “ ha

c , ha
a “ 3 .

Fluid 4-acceleration is

9ua ” ub∇bua

(of course, orthogonal to 4-velocity, 9ucuc “ 0).
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The (double) projection of the velocity gradient onto the
3-space orthogonal to uc is the purely spatial tensor

Vab ” ha
c hb

d ∇duc

which decomposes as

Vab “ θab ` ωab “ σab `
θ

3
hab ` ωab

where θ ” θc
c “ ∇cuc “ expansion scalar, and these tensors

are purely spatial. In general (Ellis ’71)

∇bua “ σab `
θ

3
hab ` ωab ´ 9uaub “ Vab ´ 9uaub .
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Let’s specialize these general definitions to our particular case.
Kinematic quantities (not given in Pimentel ’89):

hab “ gab ´
∇aφ∇bφ

∇eφ∇eφ

∇bua “
1

?
´∇eφ∇eφ

ˆ

∇a∇bφ´
∇aφ∇cφ∇b∇cφ

∇eφ∇eφ

˙

.

4-acceleration is

9ua “
`

´∇eφ∇eφ
˘´2 ∇bφ

”

p´∇eφ∇eφq∇a∇bφ`∇cφ∇b∇cφ∇aφ
ı
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Vab “
∇a∇bφ

p´∇eφ∇eφq
1{2

`
p∇aφ∇b∇cφ`∇bφ∇a∇cφq∇cφ

p´∇eφ∇eφq
3{2

`
∇d∇cφ∇cφ∇dφ

p´∇eφ∇eφq
5{2 ∇aφ∇bφ .

Vorticity ωab ” Vrabs vanishes identically, because 4-velocity
originates from a gradient, so

Vab “ θab , ∇bua “ θab ´ 9uaub ,

ua is hypersurface-orthogonal.
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Expansion scalar:

θ “ ∇aua “
˝φ

p´∇eφ∇eφq
1{2 `

∇a∇bφ∇aφ∇bφ

p´∇eφ∇eφq
3{2 ,

Shear tensor:

σab “
`

´∇eφ∇eφ
˘´3{2 “

´
`

∇eφ∇eφ
˘

∇a∇bφ

´
1
3
`

∇aφ∇bφ´ gab ∇cφ∇cφ
˘

˝ φ

´
1
3

ˆ

gab `
2∇aφ∇bφ

∇eφ∇eφ

˙

∇c∇dφ∇dφ∇cφ

`p∇aφ∇c∇bφ`∇bφ∇c∇aφq∇cφ
‰

,
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In the vacuum field eqs written as effective Einstein eqs.

Gab “ 8πT pφqab “
ω

φ2

ˆ

∇aφ∇bφ´
1
2

gab∇cφ∇cφ

˙

`
1
φ
p∇a∇bφ´ gab ˝ φq ´

V
2φ

gab

the r.h.s. decomposes as

T pφqab “ ρpφquaub ` qpφqa ub ` qpφqb ua ` Π
pφq
ab ,

(dissipative fluid), where
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ρpφq “ T pφqab uaub ,

qpφqa “ ´T pφqcd ucha
d ,

Π
pφq
ab ” Ppφqhab ` π

pφq
ab “ T pφqcd ha

c hb
d ,

Ppφq “
1
3

gabΠ
pφq
ab “

1
3

habT pφqab ,

π
pφq
ab “ Π

pφq
ab ´ Ppφqhab ,

with

qpφqc uc “ Π
pφq
ab ub “ π

pφq
ab ub “ Π

pφq
ab ua “ π

pφq
ab ua “ 0 , πa

a “ 0 .
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Calculating these quantities explicitly,

8πρpφq “ ´
ω

2φ2 ∇eφ∇eφ`
V
2φ
`

1
φ

ˆ

˝φ´
∇aφ∇bφ∇a∇bφ

∇eφ∇eφ

˙

,

8πqpφqa “ ´
∇cφ∇a∇cφ

φ p´∇eφ∇eφq
1{2 ´

∇cφ∇dφ∇c∇dφ

φ p´∇eφ∇eφq
3{2 ∇aφ ,

8πΠpφqab “

ˆ

´
ω

2φ2 ∇cφ∇cφ´
lφ

φ
´

V
2φ

˙

hab `
1
φ

ha
chb

d∇c∇dφ ,

8πPpφq “ ´
ω

2φ2 ∇eφ∇eφ´
V
2φ
´

1
3φ

ˆ

2 ˝ φ`
∇aφ∇bφ∇b∇aφ

∇eφ∇eφ

˙

,
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8ππpφqab “
1

φ∇eφ∇eφ

„

1
3
`

∇aφ∇bφ´ gab∇cφ∇cφ
˘

ˆ

˝φ´
∇cφ∇dφ∇d∇cφ

∇eφ∇eφ

˙

`∇dφ p∇dφ∇a∇bφ´∇bφ∇a∇dφ´∇aφ∇d∇bφ

`
∇aφ∇bφ∇cφ∇c∇dφ

∇eφ∇eφ

˙

The heat flux density

qpφqa “ ´

?
´∇cφ∇cφ

8πφ
9ua

and the anisotropic stresses πpφqab do not vanish.
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Thermodynamics of scalar-tensor gravity
Take the effective dissipative fluid seriously: what do we know
about dissipation in GR? Dissipative fluids in GR are described
by Eckart’s 1st order thermodynamics (Eckart ’40), notoriously
plagued by non-causality and instabilities but still the most
widely used approximation)
Constitutive relations in Eckart’s theory:

Pviscous “ ´ζ θ

qa “ ´K
´

hab∇bT ` T 9ua

¯

πab “ ´2η σab

where

ζ “ bulk viscosity
K “ thermal conductivity
η “ shear viscosity
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Compare with the expressions of Ppφq,qpφqa , π
pφq
ab Ñ

Pviscous “ 0 ,

KT “

?
´∇cφ∇cφ

8πφ
ą 0 ,

η “ ´
KT
2
ă 0

for a ST spacetime.
Negative viscosities appear in systems that exchange energy
with their surroundings (atmosphere, ocean currents, liquid
crystals, ...) and the non-minimally coupled φ-fluid is not
isolated. Entropy density can decrease.
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Approach to the GR equilibrium state

KT “
?
´∇cφ∇cφ

8πφ

φ “ const. Ø T “ 0 GR equilibrium state

Differentiate Ñ

d pKT q
dτ

“ 8π pKT q2 ´ θKT ` lφ
?
´∇eφ∇eφ

Physical interpretation in simplified scenarios
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Electrovacuum, ω “ const., V pφq “ 0 Ñ lφ “ 0.
Then,

θ ă 0 Ñ
dpKT q

dτ
ą 8πpKT q2

or, KT diverges away from the GR equilibrium extremely
fast.
Deviations of ST gravity from GR will be extreme near
spacetime singularities.
Electrovacuum, θ ą 0:
´θKT can dominate pKT q2 then the solution
KT can approach 0: diffusion to GR equilibrium,
expansion cools gravity.
But, if KT is large, the positive term dominates r.h.s. and
drives solution away from GR:
approach to GR equilibrium state not always expected.
Several analytic solutions of BD/ST gravity corroborate
these ideas.
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CONCLUSIONS ` THE FUTURE

Minimal assumptions: used only ST field equations and
constitutive relations in Eckart’s theory (not the full
theory) Ñ T , η, approach to GR equilibrium.
Open problems:

Cosmology; situations with non-timelike ∇cφ∇cφ
Other theories of gravity
Alternative approach: trade temperature with chemical
potential, assign T “ 0, S “ 0 but µ ‰ 0 to the effective
fluid (as in Vikman at al. 2011-16).

Stay tuned on arXiv!
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