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Motivations: Loop quantum cosmology
and its modifications

» Initial singularity problem

» Loop Quantum Gravity (LQG)

» Loop Quantum Cosmology (LQC)
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Motivations: Loop quantum cosmology

and its modifications

» Hamiltonian constraint

(CgravK‘l' CM ) (2

o =

)

» Gravitational constraint
E L
Cgrav = Cg(rgv -1+ VZ)Cér;v (3)

» Euclidean and Lorentzian terms
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Natural units:
c=h=6G=1

Kk = 8m

Barbero Immirzi
Parameter: y = 0.2375

Fl, - field strength of AL
AL - Ashtekar-Barbero connection
EL - conjugate triad

K! - extrinsic curvature
det(q) - determinant of spatial metric
compatible with triads
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There is still no systematic derivation of LQC as
a cosmological sector of LQG.
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Motivations: Loop quantum cosmology

and its modifications

» LQC
B o oW

grav grav

» Modified Loop Quantum Cosmology | (mLQC-I)

E L
Cé,,c)w and Cé,,zw are treated separately

Thiemann’s regularization

» Modified Loop Quantum Cosmology Il (mLQC-II)
¢ and ¢X)  are treated separately

grav grav
Thiemann’s regularization
Ka = Aaly
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Fl, - field strength of AL
AL - Ashtekar-Barbero connection
EL - conjugate triad

K! - extrinsic curvature
det(q) - determinant of spatial metric
compatible with triads
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Motivations: Loop quantum cosmology
and its modifications

» LQC Natural units:
K Cc = h = G - 1
H? = %’(1 —ﬁ) 1)
¢ K = 8
» mLQC-I 12 = 4/3my

2 I ppa = 3/[k ar?(1 + y?)]

1+ Yp/pe =1 (6) a=1-52)/@*+1)
(y2+1) (1 + .1 = p/pé) Barbero Immirzi

Parameter: y = 0.2375

921 1 _ I
H2 = Kapa 1 — P 1 + P (1 2y” V1 p/pc) (7) Critical densities:
+ 3 ol | 7\? =/3/(3212y?)
¢ 4y2pt (1+ 1= p/pl) e !

pe = pc/[4(1 +y?)]

> mLQCI pc' =41 +yH)pc

H2 — @(1 _ P ) 1+4y*(v* + Dp/péc! ‘ 8)
3 P )1+ 2y2p /0! + J1+4y2(y2 + Dp/pl
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The only covariant action that leads to second-
order equations is the Einstein-Hilbert action.
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Lagrangian formulation of General
Relativity (GR)

» Einstein-Hilbert action
1
Spy = ﬂf d*x =g(R + 27) + Sy (g0, ¥) (9)
%4

» Matter action
S (G ¥) = j %% =G Loy (9,0 W) (10)
|74

» Energy-momentum tensor

o y=g sgm
» Variation of the action, with respect to the metric tensor, gives the
Einstein field equations

65=0= Gy —guwA=xT, (12)
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The Friedmann equation

» Einstein field equations
G —9guwA=xT, (13)

» Friedmann-Lemaitre-Roberston-Walker metric

2
ds? = —dt? + a(t)? gy

+7r2d8% + r?sin? 0 d¢?| (14)

» Energy-momentum tensor for a perfect fluid
Tuv =(p+ P)Uqu TP 9w (15)

» Friedmann equation (k = A = 0)
H? = % (16)
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H =Q<1_ﬂ) 14 Y?p/pi HZ_KapA(1_£> 1+,D(1—2y2+w/1—p/p£)
3 I 2 + I 2
g 2+ 1) (141 p/pi) ’ Pe 4y2pl(1+/1—p/pl)

s it possible to derive them from an effective
action, other than the Einstein-Hilbert action?

1+ 4y2(y2 + 1)p/pl ]

2 = 2P (1 _ 1)
3 pe S |1+ 2y2p/pl + 1+ 4y2(y% + Dp/p!
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Metric f(R) gravity

» General relativity
1
S, = z_xf d*x =GR + 24) + Su(gun ¥) (9)
|74

§S=0= Gy —guwh=xT, (12) Second-order
field

equations
» Metric f(R) gravity

1
§=—-| d%xy=g f(R) + Su(gm,¥) (17)
74

f(R) =R+ 2A + ep(R) (18)

Fourth-order

1 :
65=0= Gy —guwh+e [—ngcp(R) + @' (R)Ry, — (V,Vy, — g,n0)0' (R)| = kT, (19) flelq
equations
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We can either consider this theory as an exact
theory or we can treat it as an effective theory.
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Covariant order reduction technique

Fourth-order

1 .
Guv — GuvA + € [—ngqo(R) + @' (R)Ryy — (V,V, — gm,El)go’(R)] = kT, (19) field
equations

» Reduced Ricci scalar Ry = —kT (20)

» Reduced Ricci tensor R}, = k T, — %gw kT (21)

1 1 .
' / _ Second-order field
Gy + € —Egm,go(RT) + @' (Ry) (K T — S9uv K T) — (Vu vV, — gm,EI)(p (RT)] =k Ty (22) el i

fR) =R + ep(R)
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Covariant order reduction technique

1 1
Gy + € [—ngcp(RT) + @' (R7) (K Ty — Suv K T> - (v, v, — gwn)go’(RT)] =k T, (22)

» Friedmann-Lemaitre-Roberston-Walker metric

2
ds? = —dt? + a(t)? L —zt r?2df8? + r?sin® 0 dcpzl (14)

» Energy-momentum tensor for a perfect fluid
Tuv =(p+ P)Uqu TP 9wy (15)

v A=k=0 /
Reduced

1 1 :
H? = =2 =< | 3w + D' (Rrxp + 5 9(Ry) = 31702 " (R)(1 + w)(1 - 3w>] ekl  Friedmann

3 3|2 equation
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Outline of the paper

We are interested in extending the analysis outlined in T. P. Sotiriou, Phys. Rev. D 79, 044035
(2009)

Massless scalar field (w = 1)

R? 2 _ kP [, _P

R >» —18kp.,=p K 9p, (25)
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Strategy to obtain effective actions

Reduced Friedmann equation from metric f(R) gravity

pe =2

3 3

Modified Friedmann equations from mLQCs

1 1
< 5 3w + Do’ (Rp)iep + 5 9(Ry) = 3120 ¢ (Rp)(L+w)(1 = 3w)|  (23)

2 I
H? ?(1—%) 1+ riplee ARO)
Pe 2+ 1) (1+ 1= p/pl)
mLQC-I
K apy p P(1—2Y2+V1—P/Pé)
Hi=——(1-—]|1+ AN
pe 4y2pl (1+1=p/pk)
2 1+4y2(y%2+1 I
mLQC-Il H? = ﬁ(l _%) Yy )p/pe (8)
3 e ) |1+ 2y2p/pl + 1+ 4y2(y? + Dp/pt
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a

We want them to
be the same

=L 1w (26)

2
3
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Strategy to obtain effective actions

Ry = —kp(Bw —1) (27)

Solve the differential equation for ¢(R;)

e[1 (Bw + 1) , 3(1+w)
——[§<P(RT) T 2Gw=1 Ry ¢'(Rr) too T

3

|

1
o@r) — [®) =R+eo®R) 29) — S=5| d =G /R +Su(g¥) AD

Effective f(R) action
that leads to a
quantum bounce

R72' <P”(RT)] =Y(Rr) (28)
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Strategy to obtain effective actions

Massless scalar field (w = 1)

Ry = —2kp (30)
Solve the differential equation for ¢(R;)

1
L) — Ry ' Rr) + 382 go”(RT)] — YRy (1)

A\ 4

1
o@r) — [®) =R+eo®R) 29) — S=5| d =G /R +Su(g¥) AD

Effective f(R) action
that leads to a
quantum bounce

Effective f(R) actions for modified Loop Quantum Cosmologies - Ana Rita Ribeiro 06/07/2021 19/29



Our results...
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Effective actions for mLQC models

» Solve the differential equation for ¢(R;), using Wolfram Mathematica 12.2

1
_< [Eq)(RT) — Ry ¢'(Ry) + 3R% (p"(RT)] =¥([Ry) (31)—— @(Ry)

3
2 /0 Rr= -2 30
HE=%<1—£,) 1+ Yoplpe -| (©) ! < (30
e Pl 2+ (14+T—p/0l)
m -
1—2y% ++/1— p/pL
== (1-4) ] G 7| e L f oo
Pe 4y2pL (1+1=p/pl) 3
mLQC-Il H2=2ﬂ<1—i) L+ 4G+ Do/pe ] 8
3 pe ) [1+2y2p/pl + 1+ 4y2(y2 + Dp/pL

—
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Effective actions for mLQC-| (b_ branch)

1

f(R) =R +ep(R) (29) le p(R)| < |R|

S d*x =g f(R) + Su(gm,¥) (17)

1 R? 18~2
R)=R+ 5 =7272kpl + — + 54 2R)+ 3(4(5—4\/1o)ﬁ£
n (\/10 n 10) R) o |-+ L (—\/10 - 4) = (2 - \/10) S
)2 206 "6 " 2kpl
; 11 1 R
+3 (12 (2\/10 n 5) kpl + (\/10 n 10) R) oF) | —= = (\/10 _ 4) .- (\/10 + 2) L
276 6 2ipl
2ot + 1) (V10 o8y |21 (—\/10 _ 4) = (2 . \/10) A
e T 2'6 "6 T
_ (11\/10 + 20) o (\/10 _ 4) - (\/10 4 2) I 32
2 1 2! 8 1 6 1 2"{’;)_5 ( )
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Effective actions for mLQC-| (b, branch)

1

S=—-| d*xy=g f(R) + Su(gum,¥) (17)
74

f(R) =R +ep(R) (29) le p(R)| < |R|

apaR (18 (24* = 1) rpl + R)
729%k(pl)?

f(R) = —akppy + 2R+

L I L P TGV IETCRM O By

(3]t ) s [ (V5 4 (1 +2) 50

(- (1) [ (VA= - v 52

2°6 2KpL
+(VIo+1) 25 11 (Vio- ) (Vi0+2); (33)
276 2an
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Effective actions for mLQC-II

1
S=—-| d*xy=g f(R) + Su(gum,¥) (17)
74

f(R) =R +e€p(R) (29) le p(R)| < |R|
F(R) = Rt g {270 (12 ms 20 ﬁ:;) B oumgtt o[ s( (VIO - 2) !
ot 1)t [ (i) (o vin) 2202
+(6 (" +2) B =3(VI0+2) pll) 2Py ;é (Vi0-14) ;% (Vi0+2); QR’YZ(F;+ 1):
+ 20 +9%) R—rplh) (( ) _%?é(_\/ﬁ_él);é(Q_X/E);QRWQHS;H)_
- (VIo+1) 51 %% (Vi0-4) ;% (VI0+2); 2R71S5+ 1)] )] } (34)
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Effective actions for mLQCs

Taylor expansion of the solutions, using Wolfram Mathematica 12.2

» mLQC-I (b_ branch)

FR) =R+ (4 +3y%) v

2
_I_
72(1 + y?)Kpt 992(1 + y2)(xpl)

_R3 4 (35)

» mLQC-I (b, branch)

a(5y* — 1)pa a(4—3y*)ps P
R) = —2aKo. 4 +2)R+ ’
f(R) aKpp ( 4y2p] 228y2k(pl)? 3968(1 + y2) (kpl)?

R3 + ...

> mLQC-Il
(3 -2y’ 4D, YO +D

R)=R+
f(R) 18p] 620epl)?

R3+ - (37)
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Effective actions for mLQCs

01b— . l
-‘--"‘-
_— — o
- T —
00— ——— -
-0.1] Lo
eR) —— mLQC-| b_
_02} e QO B
——— mLQC-II -
~03} |
04l T
08 06 04 02
R

(a) Deviation, from GR, of the effective Lagrangian: a comparison

between all models.
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- f'(R) >0

F(R) =0

R

— e
_— —__GR
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08 06 04 02

0.0

(b) Effective f(R) function: a comparison between all models.
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Conclusions

» f'(R) >0 — allows for a positive effective gravitational coupling
constant:

In metric f(R) gravity, we can write G,,, = G5y (Tuv + Tﬂ(ffff)), where G.¢r = G/f'(R).

» f"(R) >0 — avoids the Dolgov-Kawasaki instability.
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Conclusions

» Gauss-Bonnet theorem

f(R) =R + cR? a+g_c
f(R,R¥R,,) =R + aR? + bR*'R,,’ 3

This family of Lagrangians leads to the same field equations:

» mLQC-I (b_ branch)

4 + 3y? b 4 4 3y?
f(R)=R+ ( V)IR2+-~-, a+—= ( )/)I
72(1 + y?)kp, 3 721+ y?)kp;
» mLQC-II
(=3y*—2y%2+1) b (=3y*—-2y%2+1)
R)=R+ R? + -, +o =
f( ) 18}cp£ @ 3 18Kp£1
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Conclusions

» Our approach is only valid when

le p(R)| < |R| = |R| K pc~157

Therefore, it breaks down in regions of very high energy densities, where |R|~L; 2,

Our claim is that at stages close enough to the bounce, the Lagrangians found in this
work may effectively describe correctly the collapsing universe.
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Thank you for your attention.

Any questions?
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