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Motivations: Loop quantum cosmology

and its modifications

 Initial singularity problem

 Loop Quantum Gravity (LQG)

 Loop Quantum Cosmology (LQC)

𝐻2 =
𝜅𝜌

3
1 −

𝜌

𝜌𝑐
1
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Motivations: Loop quantum cosmology

and its modifications

 Hamiltonian constraint

ℋ =
𝐶grav + 𝐶𝑀

𝜅
2

 Gravitational constraint

𝐶grav = 𝐶grav
(𝐸)

− 1 + 𝛾2 𝐶grav
𝐿

3

 Euclidean and Lorentzian terms

𝐶grav
(𝐸)

=
1

2
න𝑑3𝑥 𝜖𝑖𝑗𝑘 𝐹𝑎𝑏

𝑖 𝐸𝑎𝑗𝐸𝑏𝑘

det(𝑞)
4

𝐶grav
(𝐿)

= න𝑑3𝑥 𝐾[𝑎
𝑗
𝐾𝑏]
𝑘 𝐸𝑎𝑗𝐸𝑏𝑘

det(𝑞)
(5)

Natural units:

𝑐 = ℏ = 𝐺 = 1

𝜅 = 8𝜋

Barbero Immirzi

Parameter: 𝛾 ≈ 0.2375
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• 𝐹𝑎𝑏
𝑖 - field strength of 𝐴𝑎

𝑖

• 𝐴𝑎
𝑖 - Ashtekar-Barbero connection

• 𝐸𝑎
𝑖 - conjugate triad

• 𝐾𝑎
𝑖 - extrinsic curvature

• det(𝑞) – determinant of spatial metric

compatible with triads



There is still no systematic derivation of LQC as 
a cosmological sector of LQG.
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Motivations: Loop quantum cosmology

and its modifications

 LQC 

𝐶grav
(𝐸)

∝ 𝐶grav
(𝐿)

 Modified Loop Quantum Cosmology I (mLQC-I)

𝐶𝑔𝑟𝑎𝑣
(𝐸)

and 𝐶𝑔𝑟𝑎𝑣
(𝐿)

are treated separately

Thiemann’s regularization

 Modified Loop Quantum Cosmology II (mLQC-II)

𝐶𝑔𝑟𝑎𝑣
(𝐸)

and 𝐶𝑔𝑟𝑎𝑣
(𝐿)

are treated separately

Thiemann’s regularization

𝐾𝑎
𝑖 = 𝐴𝑎

𝑖 /𝛾

𝐶grav
(𝐸)

=
1

2
න𝑑3𝑥 𝜖𝑖𝑗𝑘 𝐹𝑎𝑏

𝑖 𝐸𝑎𝑗𝐸𝑏𝑘

det(𝑞)
4

𝐶grav
(𝐿)

= න𝑑3𝑥 𝐾[𝑎
𝑗
𝐾𝑏]
𝑘 𝐸𝑎𝑗𝐸𝑏𝑘

det(𝑞)
5

• 𝐹𝑎𝑏
𝑖 - field strength of 𝐴𝑎

𝑖

• 𝐴𝑎
𝑖 - Ashtekar-Barbero connection

• 𝐸𝑎
𝑖 - conjugate triad

• 𝐾𝑎
𝑖 - extrinsic curvature

• det(𝑞) – determinant of spatial metric

compatible with triads
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Motivations: Loop quantum cosmology

and its modifications
 LQC

𝐻2 =
𝜅𝜌

3
1 −

𝜌

𝜌𝑐
1

 mLQC-I

𝐻−
2 =

𝜅𝜌

3
1 −

𝜌

𝜌𝑐
𝐼 1 +

𝛾2𝜌/𝜌𝑐
𝐼

𝛾2 + 1 1 + 1 − 𝜌/𝜌𝑐
𝐼

2 6

𝐻+
2 =

𝜅 𝜶𝝆𝚲
3

1 −
𝜌

𝜌𝑐
𝐼 1 +

𝜌 1 − 2𝛾2 + 1 − 𝜌/𝜌𝑐
𝐼

4𝛾2𝜌𝑐
𝐼 1 + 1 − 𝜌/𝜌𝑐

𝐼
2 7

 mLQC-II

𝐻2 =
2𝜅𝜌

3
1 −

𝜌

𝜌𝑐
𝐼𝐼

1 + 4𝛾2 𝛾2 + 1 𝜌/𝜌𝑐
𝐼𝐼

1 + 2𝛾2𝜌/𝜌𝑐
𝐼𝐼 + 1 + 4𝛾2 𝛾2 + 1 𝜌/𝜌𝑐

𝐼𝐼
8

Natural units:

𝑐 = ℏ = 𝐺 = 1

𝜅 = 8𝜋

𝜆2 ≡ 4 3𝜋𝛾
𝜌Λ ≡ 3/ 𝜅 𝛼𝜆2 1 + 𝛾2

𝛼 ≡ 1 − 5𝛾2 / 𝛾2 + 1
Barbero Immirzi

Parameter: 𝛾 ≈ 0.2375

Critical densities:

𝜌𝑐 ≡ 3/ 32𝜋2𝛾3

𝜌𝑐
𝐼 ≡ 𝜌𝑐/ 4 1 + 𝛾2

𝜌𝑐
𝐼𝐼 ≡ 4 1 + 𝛾2 𝜌𝑐
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The only covariant action that leads to second-
order equations is the Einstein-Hilbert action.



 Einstein-Hilbert action

𝑆𝐸𝐻 =
1

2𝜅
න
𝑉

𝑑4𝑥 −𝑔 𝑅 + 2Λ + 𝑆𝑀 𝑔𝜇𝜈, Ψ 9

 Matter action

𝑆𝑀 𝑔𝜇𝜈 , Ψ = න
𝑉

𝑑4𝑥 −𝑔 ℒ𝑀 𝑔𝜇𝜈 , Ψ 10

 Energy-momentum tensor 

𝑇𝜇𝜈 = −
2

−𝑔

𝛿 −𝑔 ℒ𝑀
𝛿𝑔𝜇𝜈

11

 Variation of the action, with respect to the metric tensor, gives the

Einstein field equations

𝛿𝑆 = 0 ֜ 𝐺𝜇𝜈 − 𝑔𝜇𝜈 Λ = 𝜅 𝑇𝜇𝜈 12

Lagrangian formulation of General 

Relativity (GR)
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 Einstein field equations
𝐺𝜇𝜈 − 𝑔𝜇𝜈 Λ = 𝜅 𝑇𝜇𝜈 (13)

 Friedmann-Lemaître-Roberston-Walker metric

𝑑𝑠2 = −𝑑𝑡2 + 𝑎 𝑡 2
𝑑𝑟2

1 − 𝑘𝑟2
+ 𝑟2𝑑𝜃2 + 𝑟2 sin2 𝜃 𝑑𝜙2 14

 Energy-momentum tensor for a perfect fluid

𝑇𝜇𝜈 = 𝜌 + 𝑃 𝑈𝜇𝑈𝜈 + 𝑝 𝑔𝜇𝜈 15

 Friedmann equation (𝒌 = 𝚲 = 𝟎)

𝐻2 =
𝜅𝜌

3
16

The Friedmann equation
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Is it possible to derive them from an effective
action, other than the Einstein-Hilbert action?
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𝐻−
2 =

𝜅𝜌

3
1 −

𝜌

𝜌𝑐
𝐼 1 +

𝛾2𝜌/𝜌𝑐
𝐼

𝛾2 + 1 1 + 1 − 𝜌/𝜌𝑐
𝐼

2 𝐻+
2 =

𝜅 𝛼𝜌Λ
3

1 −
𝜌

𝜌𝑐
𝐼 1 +

𝜌 1 − 2𝛾2 + 1 − 𝜌/𝜌𝑐
𝐼

4𝛾2𝜌𝑐
𝐼 1 + 1 − 𝜌/𝜌𝑐

𝐼
2

𝐻2 =
2𝜅𝜌

3
1 −

𝜌

𝜌𝑐
𝐼𝐼

1 + 4𝛾2 𝛾2 + 1 𝜌/𝜌𝑐
𝐼𝐼

1 + 2𝛾2𝜌/𝜌𝑐
𝐼𝐼 + 1 + 4𝛾2 𝛾2 + 1 𝜌/𝜌𝑐

𝐼𝐼



Metric 𝒇 𝑹 gravity

 General relativity

𝑆𝐸𝐻 =
1

2𝜅
න
𝑉

𝑑4𝑥 −𝑔 𝑹 + 𝟐𝜦 + 𝑆𝑀 𝑔𝜇𝜈, Ψ 9

𝛿𝑆 = 0 ֜ 𝐺𝜇𝜈 − 𝑔𝜇𝜈 Λ = 𝜅 𝑇𝜇𝜈 12

 Metric 𝒇(𝑹) gravity

𝑆 =
1

2𝜅
න
𝑉

𝑑4𝑥 −𝑔 𝒇 𝑹 + 𝑆𝑀 𝑔𝜇𝜈, Ψ 17

𝒇 𝑹 = 𝑹 + 𝟐𝚲 + 𝝐𝝋 𝑹 𝟏𝟖

𝛿𝑆 = 0 ֜ 𝐺𝜇𝜈 − 𝑔𝜇𝜈Λ + 𝜖 −
1

2
𝑔𝜇𝜈𝜑 𝑅 + 𝜑′ 𝑅 𝑅𝜇𝜈 − ∇𝜇∇𝜈 − 𝑔𝜇𝜈□ 𝜑′ 𝑅 = 𝜅𝑇𝜇𝜈 19

Fourth-order

field

equations

Second-order

field

equations

06/07/2021Effective f(R) actions for modified Loop Quantum Cosmologies - Ana Rita Ribeiro 12/29



We can either consider this theory as an exact
theory or we can treat it as an effective theory.
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𝐺𝜇𝜈 − 𝑔𝜇𝜈Λ + 𝜖 −
1

2
𝑔𝜇𝜈𝜑 𝑅 + 𝜑′ 𝑅 𝑅𝜇𝜈 − ∇𝜇∇𝜈 − 𝑔𝜇𝜈□ 𝜑′ 𝑅 = 𝜅𝑇𝜇𝜈 19

Covariant order reduction technique

𝜖 = 0 Λ = 𝑘 = 0

 Reduced Ricci scalar 𝑅𝑇 = −𝜅𝑇 20

 Reduced Ricci tensor 𝑅𝜇𝜈
𝑇 = 𝜅 𝑇𝜇𝜈 −

1

2
𝑔𝜇𝜈 𝜅 𝑇 (21)

𝐺𝜇𝜈 + 𝜖 −
1

2
𝑔𝜇𝜈𝜑 𝑅𝑇 + 𝜑′ 𝑅𝑇 𝜅 𝑇𝜇𝜈 −

1

2
𝑔𝜇𝜈 𝜅 𝑇 − ∇𝜇 ∇𝜈 − 𝑔𝜇𝜈□ 𝜑′ 𝑅𝑇 = 𝜅 𝑇𝜇𝜈 (22)

Fourth-order

field

equations

Second-order field

equations
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𝜖 𝜑 𝑅 ≪ 𝑅

𝑓 𝑅 = 𝑅 + 𝜖𝜑 𝑅



𝐺𝜇𝜈 + 𝜖 −
1

2
𝑔𝜇𝜈𝜑 𝑅𝑇 + 𝜑′ 𝑅𝑇 𝜅 𝑇𝜇𝜈 −

1

2
𝑔𝜇𝜈 𝜅 𝑇 − ∇𝜇 ∇𝜈 − 𝑔𝜇𝜈□ 𝜑′ 𝑅𝑇 = 𝜅 𝑇𝜇𝜈 (22)

𝐻2 =
𝜅𝜌

3
−
𝜖

3

1

2
3𝑤 + 1 𝜑′ 𝑅𝑇 𝜅𝜌 +

1

2
𝜑 𝑅𝑇 − 3𝜅2𝜌2 𝜑′′ 𝑅𝑇 1 + 𝑤 1 − 3𝑤 (23)

Covariant order reduction technique

 Friedmann-Lemaître-Roberston-Walker metric

𝑑𝑠2 = −𝑑𝑡2 + 𝑎 𝑡 2
𝑑𝑟2

1 − 𝑘𝑟2
+ 𝑟2𝑑𝜃2 + 𝑟2 sin2 𝜃 𝑑𝜙2 14

 Energy-momentum tensor for a perfect fluid

𝑇𝜇𝜈 = 𝜌 + 𝑃 𝑈𝜇𝑈𝜈 + 𝑝 𝑔𝜇𝜈 15

Λ = 𝑘 = 0

Reduced

Friedmann

equation
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Outline of the paper

We are interested in extending the analysis outlined in T. P. Sotiriou, Phys. Rev. D 79, 044035
(2009)
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Massless scalar field (𝒘 = 𝟏)

𝐻2 =
𝜅𝜌

3
1 −

𝜌

𝜌𝑐
1𝑓 𝑅 = 𝑅 +

𝑅2

18𝜅𝜌𝑐
+⋯ 24

𝑅 ≫ −18𝜅𝜌𝑐֜𝜌 ≪ 9𝜌𝑐 25



Strategy to obtain effective actions

𝐻2 =
𝜅𝜌

3
−
𝜖

3

1

2
3𝑤 + 1 𝜑′ 𝑅𝑇 𝜅𝜌 +

1

2
𝜑 𝑅𝑇 − 3𝜅2𝜌2 𝜑′′ 𝑅𝑇 1 + 𝑤 1 − 3𝑤 (23)

Reduced Friedmann equation from metric f(R) gravity

Modified Friedmann equations from mLQCs

𝐻−
2 =

𝜅𝜌

3
1 −

𝜌

𝜌𝑐
𝐼 1 +

𝛾2𝜌/𝜌𝑐
𝐼

𝛾2 + 1 1 + 1 − 𝜌/𝜌𝑐
𝐼

2 6

𝐻+
2 =

𝜅 𝛼𝜌Λ
3

1 −
𝜌

𝜌𝑐
𝐼 1 +

𝜌 1 − 2𝛾2 + 1 − 𝜌/𝜌𝑐
𝐼

4𝛾2𝜌𝑐
𝐼 1 + 1 − 𝜌/𝜌𝑐

𝐼
2 7

𝐻2 =
2𝜅𝜌

3
1 −

𝜌

𝜌𝑐
𝐼𝐼

1 + 4𝛾2 𝛾2 + 1 𝜌/𝜌𝑐
𝐼𝐼

1 + 2𝛾2𝜌/𝜌𝑐
𝐼𝐼 + 1 + 4𝛾2 𝛾2 + 1 𝜌/𝜌𝑐

𝐼𝐼
8

𝐻2 =
𝜅𝜌

3
+ Ψ 𝜌 26

We want them to 

be the same

mLQC-I

mLQC-II
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Strategy to obtain effective actions

−
𝜖

3

1

2
𝜑 𝑅𝑇 −

3𝑤 + 1

2 3𝑤 − 1
𝑅𝑇 𝜑

′ 𝑅𝑇 +
3 1 + 𝑤

3w − 1
𝑅𝑇
2 𝜑′′ 𝑅𝑇 = Ψ 𝑅𝑇 (28)

Solve the differential equation for 𝜑 𝑅𝑇

𝑅𝑇 = −𝜅𝜌 3𝑤 − 1 27

𝑓 𝑅 = 𝑅 + 𝜖𝜑 𝑅 29𝜑 𝑅𝑇

Effective 𝑓(𝑅) action

that leads to a 

quantum bounce

𝑆 =
1

2𝜅
න
𝑉

𝑑4𝑥 −𝑔 𝑓 𝑅 + 𝑆𝑀 𝑔𝜇𝜈, Ψ 17
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Strategy to obtain effective actions

−
𝜖

3

1

2
𝜑 𝑅𝑇 − 𝑅𝑇 𝜑

′ 𝑅𝑇 + 3𝑅𝑇
2 𝜑′′ 𝑅𝑇 = Ψ 𝑅𝑇 (31)

Solve the differential equation for 𝜑 𝑅𝑇

𝑅𝑇 = −2𝜅𝜌 30

𝜑 𝑅𝑇

Massless scalar field (𝒘 = 𝟏)

𝑓 𝑅 = 𝑅 + 𝜖𝜑 𝑅 29

Effective 𝑓(𝑅) action

that leads to a 

quantum bounce

𝑆 =
1

2𝜅
න
𝑉

𝑑4𝑥 −𝑔 𝑓 𝑅 + 𝑆𝑀 𝑔𝜇𝜈, Ψ 17
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Our results…
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Effective actions for mLQC models

 Solve the differential equation for 𝜑 𝑅𝑇 , using Wolfram Mathematica 12.2

𝐻−
2 =

𝜅𝜌

3
1 −

𝜌

𝜌𝑐
𝐼 1 +

𝛾2𝜌/𝜌𝑐
𝐼

𝛾2 + 1 1 + 1 − 𝜌/𝜌𝑐
𝐼

2 6

𝐻+
2 =

𝜅 𝛼𝜌Λ
3

1 −
𝜌

𝜌𝑐
𝐼 1 +

𝜌 1 − 2𝛾2 + 1 − 𝜌/𝜌𝑐
𝐼

4𝛾2𝜌𝑐
𝐼 1 + 1 − 𝜌/𝜌𝑐

𝐼
2 7

𝐻2 =
2𝜅𝜌

3
1 −

𝜌

𝜌𝑐
𝐼𝐼

1 + 4𝛾2 𝛾2 + 1 𝜌/𝜌𝑐
𝐼𝐼

1 + 2𝛾2𝜌/𝜌𝑐
𝐼𝐼 + 1 + 4𝛾2 𝛾2 + 1 𝜌/𝜌𝑐

𝐼𝐼
8

Ψ 𝜌 = 𝐻2 −
𝜅𝜌

3
26

𝑅𝑇 = −2𝜅𝜌 30

𝝋 𝑹𝑻

mLQC-I

mLQC-II
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−
𝜖

3

1

2
𝜑 𝑅𝑇 − 𝑅𝑇 𝜑

′ 𝑅𝑇 + 3𝑅𝑇
2 𝜑′′ 𝑅𝑇 = Ψ 𝑅𝑇 (31)



𝑓 𝑅 = 𝑅 + 𝜖𝜑 𝑅 29

𝑆 =
1

2𝜅
න
𝑉

𝑑4𝑥 −𝑔 𝑓 𝑅 + 𝑆𝑀 𝑔𝜇𝜈, Ψ 17

06/07/2021Effective f(R) actions for modified Loop Quantum Cosmologies - Ana Rita Ribeiro 22/29

Effective actions for mLQC-I (𝒃− branch)

32

2𝐹1 𝑎, 𝑏; 𝑐; 𝑧 - Hypergeometric function

𝜖 𝜑 𝑅 ≪ 𝑅
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Effective actions for mLQC-I (𝒃+ branch)

𝑓 𝑅 = 𝑅 + 𝜖𝜑 𝑅 29

𝑆 =
1

2𝜅
න
𝑉

𝑑4𝑥 −𝑔 𝑓 𝑅 + 𝑆𝑀 𝑔𝜇𝜈, Ψ 17

33

2𝐹1 𝑎, 𝑏; 𝑐; 𝑧 - Hypergeometric function

𝜖 𝜑 𝑅 ≪ 𝑅
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Effective actions for mLQC-II

𝑓 𝑅 = 𝑅 + 𝜖𝜑 𝑅 29

𝑆 =
1

2𝜅
න
𝑉

𝑑4𝑥 −𝑔 𝑓 𝑅 + 𝑆𝑀 𝑔𝜇𝜈, Ψ 17

34

2𝐹1 𝑎, 𝑏; 𝑐; 𝑧 - Hypergeometric function

𝜖 𝜑 𝑅 ≪ 𝑅



Effective actions for mLQCs

Taylor expansion of the solutions, using Wolfram Mathematica 12.2

 mLQC-I (𝒃− branch)

𝑓 𝑅 = 𝑅 +
4 + 3𝛾2

72 1 + 𝛾2 𝜅𝜌𝑐
𝐼 𝑅

2 +
𝛾2

992 1 + 𝛾2 𝜅𝜌𝑐
𝐼 2

𝑅3 +⋯ 35

 mLQC-I (𝒃+ branch)

𝑓 𝑅 = −2𝛼𝜅𝜌Λ +
𝛼 5𝛾2 − 1 𝜌Λ

4𝛾2𝜌𝑐
𝐼 + 2 𝑅 +

𝛼 4 − 3𝛾2 𝜌Λ

228𝛾2𝜅 𝜌𝑐
𝐼 2

𝑅2 +
𝛼𝜌Λ

3968 1 + 𝛾2 𝜅𝜌𝑐
𝐼 2

𝑅3 +⋯ 36

 mLQC-II

𝑓 𝑅 = 𝑅 +
−3𝛾4 − 2𝛾2 + 1

18𝜅𝜌𝑐
𝐼 𝑅2 −

𝛾2(𝛾2 + 1)

62 𝜅𝜌𝑐
𝐼𝐼 2

𝑅3 +⋯ 37
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Effective actions for mLQCs

𝑓′ 𝑅 > 0 𝑓′′ 𝑅 > 0



Conclusions
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 𝑓′ 𝑅 > 0 → allows for a positive effective gravitational coupling

constant:

In metric 𝑓(𝑅) gravity, we can write 𝐺𝜇𝜈 = 𝐺𝑒𝑓𝑓 𝑇𝜇𝜈 + 𝑇𝜇𝜈
(𝑒𝑓𝑓)

, where 𝐺𝑒𝑓𝑓 ≡ 𝐺/𝑓′(𝑅).

 𝑓′′ 𝑅 > 0 → avoids the Dolgov-Kawasaki instability.



Conclusions
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 Gauss-Bonnet theorem

൝
𝑓 𝑅 = 𝑅 + 𝑐𝑅2

𝑓 𝑅, 𝑅𝜇𝜈𝑅𝜇𝜈 = 𝑅 + 𝑎𝑅2 + 𝑏𝑅𝜇𝜈𝑅𝜇𝜈
, 𝑎 +

𝑏

3
= 𝑐

This family of Lagrangians leads to the same field equations:

 mLQC-I (𝒃− branch)

𝑓 𝑅 = 𝑅 +
4 + 3𝛾2

72 1 + 𝛾2 𝜅𝜌𝑐
𝐼 𝑅

2 +⋯ , 𝑎 +
𝑏

3
=

4 + 3𝛾2

72 1 + 𝛾2 𝜅𝜌𝑐
𝐼

 mLQC-II

𝑓 𝑅 = 𝑅 +
−3𝛾4 − 2𝛾2 + 1

18𝜅𝜌𝑐
𝐼 𝑅2 +⋯ , 𝑎 +

𝑏

3
=

−3𝛾4 − 2𝛾2 + 1

18𝜅𝜌𝑐
𝐼𝐼
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 Our approach is only valid when

𝜖 𝜑 𝑅 ≪ 𝑅 ֜ 𝑅 ≪ 𝜌𝑐~𝑙𝑝
−2

Therefore, it breaks down in regions of very high energy densities, where 𝑅 ~𝑙𝑝
−2.

Our claim is that at stages close enough to the bounce, the Lagrangians found in this

work may effectively describe correctly the collapsing universe.



Thank you for your attention.

Any questions?
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