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Motivation cR:T%

Vortical effects relevant for:

» Rotating black holes (frame dragging)*
» Neutron stars (anomalous transport)?

» QGP (anomalous transport and spin polarisation)’
Why AdS?

» Relevant to QGP AdS/CFT duality*>

» AdS has timelike boundary — no SLS for “mild” €.°

IM. Casals et al., Phys. Rev. D 87 (2013) 064027.

2M. Kaminski et al., Phys. Lett. B 760 (2016) 170-174.

3STAR Collaboration, Nature 548 (2017) 62-65.

“0. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri, Y. Oz, Phys. Rep. 323 (2000) 183.
°D. T. Son, A. O. Starinets, JHEP03 (2006) 052.

°R. Panerai, Phys. Rev. D 93 (2016) 104021.
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Anti-de Sitter space cncﬁa

_ o
» Maximal symmetry: I
R,LLV — %Rgul/,
R =4A = —12072. t=33

» Boundary at r = 7¢/2 t =
reached in a finite time
only by null geodesics.

» Closed timelike loops
= CAdS (—o0 <t < o00). "=/

» Line element:

ds® = e

— [—df +dr? 4 sin® 7 (d6? + sin’ Hdgﬂ)} ,
cos“r

where t =t/0, 7T =1r/L.

V.E.Ambrus CVE on adS

MG16 | 5

July 2021

3/18




Rigid rotation CRC.-T%

» Space-times with spherical symmetries can be parametrised using central

charts:
02 = W2 |-+ T LT 46 4 sin® 0403 1
§° = - +W+W( +sin” 0dp®) | . (1)
» W =U =V =1 for Mink, while on adS,
1
W=—ofy U=1 V=——. (2)
COST S1INnr

» The relativistic Boltzmann equation, k#0,, f = C|f], is satisfied when
f=fN=B k+a), VB +V.,6, =0, V,a =0, (3)
where S = T~ 1u* and a = /T (= 0 in this talk).

» Rigid rotation 5 = By (0 + 20,,) is a solution of the Killing equation, with

o ()=l roassm e

where p = rsinf/V is rsin # on Minkowski and ¢sin7sin 6 on adS.
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Kinematic tetrad® CR:T%

Velocity :
='(; + Q9 (ps 0, 2) 1
u = ( t —|_ QD)) p? SO7
Acceleration : / _\\ €t
212
a=V,u=—pQ°T°0,, < Q: u
Vorticity : A T >
B AN AN k”’ 6@
_1_&p46 T
W =3¢ 6@UB(V¢YUJ) JA
:1—\2962’ ”¢’———_ --~~~~\\
Fourth vector : ’ w > /
T = — 56‘5%6@w3a§ua a
= — O°T°(p*Q0, + 0,)! e u

Axial vortical effect:

Jh = o4wh, o4 ="+ (w® +3a® — 6M?) + O(M*).  (5)

"F. Becattini, E. Grossi, Phys. Rev. D 92 (2015) 045037.
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Kinematic tetrad for adS. CR:T%

Velocity : u =I'(e; + pQley), 1o—

I
Constant z
Constant p = =

(Q=0.9)

Acceleration : @ =a(0) + [a(2) — a(0)],

SInT cosT

a(0) =——7z—0r,
1 _ 52
a(Q) — a(0) = — pQ°T? sechF 0p,

Vorticity : w =QI'*(1 — 5°)0.,

Fourth vector : 7 = — pQ(1 — )F cos’ T

X (00 4 p~ ' 0y).

0 0.2 0.4 0.6 0.8 1
(27 /m) sin 6

Axial vortical effect correction:

1 R
b w o w _ - 2 _6M? 4+ — M*).
JY = oqw”, ot +247T2 (w +3a“ — 6 +4)+O( ). (6)
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Geometric approach: point-splitting CR:T%

» The t.e.v. of an operator Ais

(A) s o =2 Mr(04), o= P 7 —ti(p).  (7)

s
» T.e.v.s can be obtained via point-splitting, e.g.
(J4) g, = Jm tr[y"y” S5, o(x, 2)A (2, 2)], (8)

where A(z,z’) is the bispinor of parallel transport (TBD).
» The Feynman propagator can be obtained from the Wightman functions,

Sh q(z, ) =6.(1 — T’)SE_O’Q(ZC, ') + Oc(r" = 7)85 gz, 2'),

P
AN —_—

z’S;;O,Q(az', r') = <‘I’(33)‘I’(33/)>509 ;

iS5, oz 2') = = (T(@)¥(2))g, 0 (9)
where O (7 — 7’) satisfies (¢ > 0):°
O.(t —t —ie) =1, O.(t —t' +ig) = 0. (10)

8S. Mallik, S. Sarkar, Hadrons at finite temperature (CUP, 2016).
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Wightman functions and KMS relation cR:Tﬁ

> Taking into account p = e~ Po(H—2M") ' gheys

pU(t,)p~" = e W(t +ifo,  + o).
» The KMS relation is readily derived,
Spoa(T 032" =27 [T (7, )W (7, )]

:iZ_ltr[ﬁeﬁ‘)QSz{I\f(T — iffo, o — iB0Q)U(', )]
= — PG (T — B0, — iBoS ).

» The KMS relation above allows S/l;o o to be written in terms of SE :

Sgojﬂ(:c, r') = Z(—l)je_jBOQSZS£7Q(t + 1580, @ + 175082 ).
J

» |n bounded systems, SfO’Q = Sfo,o if no SLS forms inside the boundary.’

» A similar argument holds on adS, if Q < £~! (subcritical rotation).

V. E. Ambrus, E. Winstanley, Phys. Rev. D 93 (2016) 104014.

(11)

(12)

(13)

8 /18
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Vacuum propagator cR:T%

» For the maximally symmetric vacuum state, Sr can be written as:*"

iSac(@,2") = [A(s) + B(s)f]A(z, 2").

» The geodesic interval s = /s can be given through:

cos At

COST coSs wr’

— — —/
COS S = —cosvytanrtanr,

where cos~y = cos 6 cos 6’ + sin f sin 0’ cos Ap.
» n, = V,s(z,z') is the normalised tangent to the geodesic at =.
» A and B depend only on s and satisfy:

i (3) 43 (Bt ) = (4) = (o osen)

» The equations can be solved exactly. When M = 0, we have:

1 5\ ° i CF\
Alr=0 = 1525 (Cosi) - Bl = 16 (Sm 5) |

1OW. Miick, J. Phys. A 33 (2000) 2000 3021.
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Bi-spinor of parallel transport CRC.-T%

» The bi-spinor of parallel transport A(z, z’) satisfies:'°
D, Az, 2") = —iwS,,n" Az, 2") tan (g) :

» Employing the Cartesian gauge for the tetrad:!!

» i i
e; =0 1cosTd;,  e; =cosT [ ,T (57;j — ﬂ) + &] 0, (14)

sinT T2 T2
allows A(x,2’) to be expressed as:'?
5/2 At T 7 T . Tx-yax-
Alz,2") = secls/2) cos — [ cos = cos — + sin — sin — — LT 7T
\V/COST COS T 2 2 2 2 2 r 7

At T Tx-y 7 TFx -~y
+Sin—<sin—cos— 77t+sin—cos— 77’5)

15
2 2 2 r 2 2 7 (15)

1OW. Miick, J. Phys. A 33 (2000) 2000 3021.
111, 1. Cot3escu, Rom. J. Phys. 52 (2007) 895.
12V, E. Ambrus, E. Winstanley, Class. Quant. Grav. 34 (2017) 145010.
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Thermal expectation values cR:T%

» Introducing the notation

1 cos2 7
R __ 16
7 sin? 379 sinh? *72%0 — p? sinh? _9325 0 (16)
we find Jﬁ = afjlwé‘, where [Cr = T2 + k)v7/4°T(% + k)]
Ik - - 35 (2580
wo__ 1 7+1 2—|—k h 2=~ qinh
oA 2120302 cos2 T ;( ) CJ S0 26 2
X oF(k,2 + k; 14+ 2k; —(;)

T2 1 2 2 , R 1
3a“ — oM — Ol ). 17
6+247T2<w+a +4>+< ) (17)

» At high temperature, the Minkowski expression is reproduced, including the
temperature-independent terms.

» When T'— 0, 0% — 0 and the O(T") are also suppressed.

» The curvature correction appears in the O(T?) term and is proportional to
R=—-12072.
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Critical rotation: ) = 1 CR:T%

» At critical rotation, I' = 1/4/1 — p* and

2 cos?TF

2

Cj — . 2B (18)
sinh %

> In the equatorial plane (6 = %),

! .
= T =Tyl cos7 = Ty, (; :cosechQ‘@. (19)

I —
COST 20

» In particular, 09 is constant in the EP:

o wp T (1)
llm 0 A (9 — 5) 27.‘.262 Z Slnh 350)2—{—2k

Q—1

X o F} (k, 2+ k; 1+ 2k; —COSGChQ%) . (20)
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Equatorial plane (EP) profiles CRC-TR2n

0.1 |

2w
EO_A

0.01 |

0.001

| |
02 03 04 05 06 07 08 09 1
27 /m

» T = TyI cosT decreases with 7 slower at larger €.
» Deviations from asymptotic formula appear at low Ty, high kK = ¢M and/or
high 7.

> 0% in EP independent of 7 when Q = 1 (critical rotation).
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Critical

10 ¢

3T
) 0.1
o L
S
0.01 :
0.001

(2 (0-% - Uﬁ;an)

rotation {2 = 1: temperature dependence

CRC-TR2n

0.05
k=0 ——
BO-8-0-8-G-0-6-0 1/\/§_A_
0.04 TS \/2/3 —v— 4
R 1 —o—
AAAAAA N\ 2/V/3 —o—
A A A \Y _O-X;an__
0.03 K 7
————— | ‘
T T ] o )
0.02 h 0 E
\N &
A Aok Do\ By A \
- )
R\ ALY
0.0Lf AL 1
-w-—--,==c§ \\\\\
S Xg o
\\“V\‘\ Q
0 A WS¢ :{(:‘5};: BDBDDODOL
\ ‘\|| (0=m/2)
v _
0.01 “ \ TR =1
001 0.1 1 10
Ty

» Asympyotic behaviour reached later for higher k.

» All terms including O(T") confirmed by comparison with numerical results.
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Axial flux cRc.-T%

1

> J! obeys the conservation equation Sﬁﬁijﬁiéz_o'_g)
Vudh = \/1_78(‘]%;/?9) — —2M PC, ;
where PC' = —i1)y°1) and g
zZ = tan7r cos#, p =sinTsinf.
» CVE = non-vanishing axial flux F'a:

(27 /) sin 6

1 27
Fy = / ap / do~/—9T5(2)
0 0

_ ' i (—1)j+% sinh %(Sir_lb %)—1—%
2ml(1 + k) = (sinh? % — ginh? %)(1 + 22k

sinh? 450

1 =2\—1
x2F1<k,1+k;1+2k;—( +7) ).(21)
2/
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Transparency to chiral particles cR:T%

» The conservation equation entails R >S90 AAAAAAAAIARSPSIAMGE

k=0,01Tp =05 —o—

k=1, 0Ty =05 —A—

— 2M 3 o | I" S Zz?, ﬁ;{) z; |
FA (Z) T FA (O) g d X V PC 10 7 1 h \ A’nalytical - - 7
GOBOL GO OO DO
showing that Fl4(£o00) = FA(O) when 10 .
k =0 = adS is transparent 'gg ’ X
. . [ \
to chiral particles. 102 | \ ]

» At finite mass, Fl4(Z) can be expanded

for large 7z as -3 |

Fa(Z) = Q I'(1+ k) 7 \
N _1—522ﬁr(%+k) 1074100 T ““‘1‘01 o 162 “ ““‘203
2k 5
0T 1
SO (1 ) G @) +O<To‘2>] +0<z‘2>} 22)

» Since F4(Z) ~ 272F, a finite mass always ensures that F'(£oc) = 0 = adS is
opaque to non-chiral particles.
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High temperature asymptotics CRC-TR2n

102 : 3 0.05
10! L ] 0.04
0.03
100 L o
= & 002
I -1 | 5
o =" o.01
< |
Ry g2 |
‘Tg 1072 | g 0
103 | T —0.01
—
N |
=G — —0.02
1074 L k=0,Q=01 —— - —lc .
k=0,0=09 —— | _0.03 | ! k=0,0=09 —— -
. k=1,0=01 —o— | h k=1,0=01 —6—
10 ) E=1,0=09 —o— 7 _0.04 L 1 Ek=1,9=09 —o—
7 Analytical = = i ’ —(1—§é)Fan/Q - -
d i (c) h A
106 < —— N N— —0.05 ¥ S PN ——— S ——
10~1! 100 10t 10~ 100 10t
KT() Ty
—2 _
_ Q Tl?T;  3+Q k2 (14 2?) 70Ty
Fa(z) = — ! — 5 In
1—0 ™ T R
k(1+7z° —1
— (—)[1 + k — 2kC — 2ky(1 4+ k)] + O(TO ) oo (23)
s

All terms are confirmed by comparison with numerical results.
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Conclusion cR:Tﬁ

» New KMS relation allows rotating thermal propagator 550,9 to be written in
terms of the vacuum propagator S

vac-

» Exact expression for SL  allows vortical effects to be studied on adS.

vacC
» Axial vortical effect confirmed and curvature correction revealed.

» For critical rotation (/2 = 1), 0% becomes constant in the equatorial plane.

» Axial flux F'4 of massless particles originates from southern hemisphere and
escapes through northern hemisphere.

» For massive particles, F)4 ~ Z~ 2 and no flux can penetrate the boundary of
adS.

» Possible extensions: supercritical rotation, finite chemical potential, ...
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