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Poincaré invariance with a minimal length

- Lattice as cut-oft, maximum momentum
- Broken Poincaré invariance, to be recovered
- discrete structure of spacetime at the Planck scale
- reconstructing Minkowski and long-range correlations
- how 1s Poincaré invariance recovered?
observer-independent ¢ and maximum momentum

e Lattice Field Theory:
e Doubly Special Relativity:

.V./.
=
=
Pt
@,
=
-
e
-
qv!
-’
@y
oF
o
Q
—
O

i “___m...'.-...-‘!,l.
“:_ww ,-....-.-.’i..

KR =

si.vt.'
!!!!

can be dangerous [K. Jensen]

Lattice animals

Rethinking Lattice Observables and Brillouin Fields

This talk:



Continuum: Scalar Field in 1+1 (Classical)

e Poincare invariant action:  S[¢] = / dt dz (— 50,00 ¢ — 3 M?¢?)

e Phasespace: {¢(z,t),1l(y,t)} =d(x —y) with Ti(z,t) = d;¢(z,t)

+ 00
e Poincare generators: H = / do L (112 4 (8,0)° + M2¢?)
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Continuum: Scalar Field in 1+1 (Quantum)

e Field commutators: [¢(z,t),II(y,t)] =id(x —y) with II(z,t) = 0,é(x, t)

e Poincaré generators:  H — dr 2 (T1% 4 (0,0)° + M?¢?)
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P—/+Ood:13 (¢ 0,11 — 110,.¢)
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K dex(H +(0:0)" + M?¢?)

00 d
e Mode expansion that puts the Hamiltonian in normal form H = / L — w(p) a’ (p)a(p)
oz, t) = e @( 1 o—i(w(p)t—pz) a(p) - L oFi(w(p)t—px) aT( )) ith _ \/ 2 | M2
’ e 27 \V2e(p) B7 e P Wi w(p) = Vp*+

e Poincaré algebra: Representation on Fock space ./ built over Poincaré invariant vacuum |0)

(C)



[attice discretization: Scalar Field in 1+1

e Lattice: infinite one-dimensional lattice with fixed spacing /

Ty =Nk, with n=...,—-2,—-1,0,+1,42,...

e Lattice discretization of the spatial derivative:

e Lattice discretization of the Hamiltonian H;
: : C 7/ dp
e Mode expansion that puts the Hamiltonian in normal form H; = / > wL(p)
/0 4T
A (1 e —ptn 1 Hiwr(m)t—ptn) b
Pn(?) /_ e 2w \V2or () aw(p) + 5 € a.(p)

with frequency

e Lattice Fock space F; built over vacuum [0;)

ar(P)|0L) =0, with pe -2 +5)

(L)
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Lattice discretization: Scalar Field in 1+1 and dispersion relations

e Lattice translations: unitary operator on 7.

. —|—7T/€d
UL 6(OUL" = Gnta (8 Note: 1y ="t | Po= | P palan
—7 /4
e One-particle states |1,p), = a}(p)|0);, and dispersion relations:
Hy|17.p) = 17.p), /2
L| L p> wL(p) | L p> WL(]?)Q :pQ —I—M2 T p4 —I—O(€4)

PL |1L7p> — P ‘]—Lap> .

- At low momentum in lattice frame: Lorentz violating

- At high momentum in lattice frame |p| = 7/¢ : quasi-particle and physics of the Brillouin zone

e Note: Bonechi, Celeghini, Giachetti, Sorace and Tarlini (PRL 1992)

Hy,U,,K;,  quantum-deformed 1+1 Poincaré algebra  E,(1,1)



Lattice discretization: Scalar Field in 1+1 and broken Poincare algebra

e Broken Poincare algebra (in a different way in both proposed discretizationso

[Hp,Pp] =0, Ky, Pr] #iHp Ky, Hp)=iPyp.

[HLapL] — 07 [KL7PL] — iHL; [KL7HL] # 1PL .
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| EB-Baytas-Dona 2021}
Brillouin fields on a 1+1 lattice

e Strategy: determine discretization of the derivative 0,
with requirement of exact rep in Fock space of Poincaré algebra

e Discretization with properties

+00
(i) Linearity: D¢, = Y  Dum b

m=—-0oo

(i1) Covariance under lattice translations ¢, — ¢n41

-+ 00

(iii) Vanishing discrete derivative of a constant ~ Hp =¢ » (%112 + (Dgp)? + M?¢32) .
e Discretization of Poincaré generators: e
e Imposition of exact Poincare algebra: o0

e Does a solution for the matrix bD,,, exist? Isitunique?



| EB-Baytas-Dona 2021}
Brillouin fields on a 1+1 lattice

e Strategy: determine discretization of the derivative 0,¢ — D¢,
with requirement of exact rep in Fock space of Poincaré algebra

with D(p) =1ip.

e (enerators: /e g
Hy — /




| EB-Baytas-Dona 2021}
Brillouin vacuum and dispersion relations

e Brillouin vacuum: i1nvariant under Poincaré transformation
e 5Y0g) = |0p), e BT|05) = |0p), e B 0g) = |0p) .

e One-particle state |[15,p) =al,(p)|0g) with definite energy and momentum

e Brillouin zone identification in Fock space ' ‘
g, (p+ 22m)) =|1p,p), with m€Z and pcR ‘ ‘ 4

e Boosts and absence of a preferred rest-frame
e KB 15 p) = 15, py) pn = cosh(n) p — sinh(n) wp(p)



| EB-Baytas-Dona 2021}
Brillouin algebra of observables and continuum fields

e Localization, probes and smearing in the Brillouin zone

T 00 +7 /4 N
o= Y = [ LI

e Compare to band-limited smearing functions in the continuum [a. Kempf 20001

+00 +m /4 N
B[f] / gz f(z,t) $(x, 1) = / DL 50) d(p,t) o5

— 00 —7 /4 2m

* Shannon sampling + Brillouin periodicity .|

0.4/
e Compare to perfect lattice action [K. Symanzik 1980]

—+-00 -
Vi :/ dr 0, K (x,nl)0, K (x, ml) 02T
sin (% (z — y) 00| e = 547 0 - -
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| EB-Baytas-Dona 2021}
Causal structure from field commutators  A(z,t) = [¢(0,0), ¢(z, t)

e Comparing to lattice degrees of freedom ¢, (¢)

Standard lattice discretiz. Continuum w¢ (p) Brillouin-Poincaré wg(p)



| EB-Baytas-Dona 2021}
Causal structure from field commutators  A(z,t) = [¢(0,0), ¢(z, t)

e Brillouin observables
- peaked at (x, 7,)

- band-limited periodic ===

e Identical commutator |®[f.0)], P[f(z.0)]]
for continuum and Brillouin lattice




Poincaré invariance on a lattice and Brillouin fields

e Toy model: lattice theory, with non-observable lattice

e Features: non-local discretization, exact Poincaré algebra
sub-algebra of observables with maximum momentum and periodicity

e Message for QG-theory?
Reconstruction of Minkowski may require both a state with long-range correlations

and and sub-algebra of observable that is insensitive to the microscopic structure

N-Process U-Process

e Message for QG-phen?
- Lorentz invariant dispersion relations with periodicity \\
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- Backward (Umklapp) scattering
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