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Field equations



Geometric description

We use the tetrad formalism and the canonical expansion of the
space-time in a 3+1 ADM decomposition

ds2 = N2c2dt2 − hij
(

dxi + Nicdt
)(

dxj + Njcdt
)
, (1)

We write eq.(1) in the tetrad formalism as ds2 = ηabeaµebνdxµdxν ,
where ηab =diag(1,−1,−1,−1).

4



Here ea = eaµdxµ is the set of one-forms base of the cotangent space
at the space-time manifold given by

e0 = Ndt,
ek = êki

(
dxi + Nicdt

)
, (2)

whose inverse is given by

e0 =
1
N

(
∂

c ∂t − N
j ∂

∂xj

)
,

ek = ê j
k
∂

∂xj
. (3)

We can also define the set of vectors base of the tangent-space to
the space-time as ea = e µ

a ∂µ, such that eaeb = δab.
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Dirac equation

For fermions the action S is given by
S [ψ, ∂µψ] =

∫
L (ψ, ∂µψ(xµ))d4x, where L = L (ψ, ∂µψ(xµ)) is the

Lagrangian density of the Dirac equation in curved space-times
coupling to an electromagnetic field Aµ [1] [2] [3]

L =
√
−giℏc2

[
ψ†Bγµ (Dµψ)− (Dµψ)

† Bγµψ +
2imc
ℏ

ψ†Bψ
]
, (4)

we denote Dµ = ∂µ + Γµ +
iq
ℏcAµ = ∇µ +

iq
ℏcAµ, where the covariant

derivative is given by ∇µ = ∂µ + Γµ, and Γµ is the space-time
connection [4] [5].
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From (4) it is possible to obtain the Dirac equation in curved
space-times coupled with an electromagnetic Aµ. This equation is
given by

[iℏγµ(∇µ + iqAµ )−mc]ψ = 0. (5)

Since the gamma matrices are γµ = eµaγ̃a, we can identify γ̃a as the
gamma matrices in flat space-time, they are well-know from
Quantum Field Theory (QFT) [6] [7] [8], such that

γ0 = Nγ̃0,
γk = êkj(γ̃j + Njγ̃0). (6)

7



In general, these matrices fulfill the following anti-commutation
relation [5] [9]

{γµ, γν} = γµγν + γνγµ = 2gµν , (7)

where gµν represents the metric that describes the space-time
geometry as in General Relativity (GR). In general, the gamma
matrices obey the following relation [1] [2] [3] [10]

(γµ)† = BγµB−1, (8)

where B is the hermitian matrix, i.e. B = B†, which is uniquely
determined by the gamma matrices γµ.
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From the action of the Dirac equation we can find the transpose
conjugated spinor making the infinitesimal variation of this action
with respect to ψ. It is possible to obtain the transpose conjugated
equation of Dirac equation in curved space-time as follows

i
(
∇µψ̄

)
γµ − iψ†∇µ (Bγµ) + iψ̄∇µγ

µ + ψ̄Aµγµ +mψ̄ = 0. (9)

We consider that (∇µψ)
† = ∇µψ

†, and we denote the adjoint spinor
as ψ̄ = ψ†B.

In an arbitrary space-time ∇µγ
µ is distinct from zero, since

γµ = eµaγ̃a, that is in general ∇µeµa is non-zero.

9



In addition, we can get the conserved charge from the Noether
theorem [11], which we define as the Dirac current density Jµ, having
the following form

Jµ = ψ̄γµψ = ψ†Bγµψ. (10)

To obtain the continuity equation for the Dirac current density, we
obtain the covariant derivative of eq.(10), This is

∇µJµ = (∇µψ̄)γ
µψ + ψ̄ (∇µγ

µ)ψ + ψ̄γµ∇µψ. (11)

10



We require that the continuity equation is fulfilled, i.e., that the
number of particles is conserved, then we need that ∇µ (Bγµ) = 0, or
equivalently that

(∇µB)γµ = −B∇µγ
µ. (12)

Equation (12) gives a method for obtaining the matrices B for a
corresponding metric (1), we can see that(

∇0(BN) +∇j(BêjiN
i)
)
γ̃0 −∇j(Bêji)γ̃

i = 0, (13)

Therefore, with this differential condition (12), it is possible to rewrite
the transpose conjugated Dirac equation as

i
(
∇µψ̄

)
γµ + iψ̄∇µγ

µ + ψ̄Aµγµ +mψ̄ = 0. (14)
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Dirac hydrodynamic
representation



Hydrodynamic representation

Analogously to the hydrodynamic representation for the Schrödinger
equation, which was introduced by Madelung [12], we derive the
hydrodynamic representation for the Dirac equation through the
following generalized Madelung transformation for each component
of the spinor ψ = ψ(xµ) as follows

ψ = exp(iθ)R, (15)

where R is a spinor and θ is a matrix which is diagonal θ = θν̇δ
ν̇
µ̇ such

that the spinor ψ reads

ψ =


R1̇ exp(iθ1̇)
R2̇ exp(iθ2̇)
R3̇ exp(iθ3̇)
R4̇ exp(iθ4̇)

 = Rµ̇ exp
(
iθν̇δν̇µ̇

)
, (16)
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where we use the notation µ̇, ν̇ , ...= 1̇, · · · , 4̇ for spinor indices, such
that

R =


R1̇
R2̇
R3̇
R4̇

 . (17)

Moreover, it is convenient to take Rµ̇ =
√nµ̇, where nµ̇ is the

corresponding number density and θµ̇ is its phase, both are real
components. The electron-like spinor is represented and it is
associated with the SO(1, 3) group, this idea can straightforwardly
extend for more general groups, as SO(1,n− 1).
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We assume θ is an arbitrary diagonal matrix as in (16). Thus, the
Dirac equation in terms of the variables R and θ read

exp(iθ)γµ
(
i∇µR− R∇µθ − qAµR−

m
4 γµR

)
= 0. (18)

Then, transforming with (16) the equation (11), the continuity
equation with these new variables is(

∇µRT
)
KµR+ RTKµ (∇µR) = 0, (19)

for each component, where Kµ = exp(−iθ)Bγµ exp
(
iθT
)
. Observe that

Kµ is hermitian, that is Kµ† = Kµ. Additionally Kµ = Bγµ since matrix
exp(iθ) is a diagonal one.
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We introduce the notation for any vector Bµ, namely, /B = γµBµ.
Furthermore, the equation (18) can be also transformed into

γµ
[
i∇µR− R∇µθ − qAµR−

m
4 γµR

]
= 0. (20)

For R and θ it follows that equation (20) transforms into

γµ
[
i∇µRν̇ − Rν̇∇µθα̇δ

α̇
ν̇ − qAµRν̇ −

m
4 γµRν̇

]
= 0, (21)

where we write the equation in spinorial components.
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Since in the equations (19) and (21), in general both the spinor and
conjugate spinor are different from zero. We can rewrite the
components of either spinor or its adjoint one as follows

i
2
/∇ ln (nν̇)− /∇θν̇ − q/A−m = 0, (22)

i
2∇µ ln (nν̇)γµ +∇µθ

ν̇γµ + qAµγµ +m = 0, (23)

nevertheless, Rα̇ = Rα̇ and the same for θ due to that is a diagonal
matrix and it is fulfilled θ = θT. We use the notation for defining(
RT
)
α̇
= Rα̇ = (

√
n)α̇ =

√
nα̇.
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In analogous way as in the Klein-Gordon equation [13], we define the
4-velocity vµ as follows

mvµν̇ = ∇µSν̇ + qAµ. (24)

We further define Sα̇ = θν̇δ
ν̇
α̇ − ων̇δ

ν̇
α̇t, where S(xµ) is a phase and ων̇

are constants that can be related to the mass of the fermion particle
as ων̇ = mc2/ℏ, such that we can write

∇µθα̇δ
α̇
ν̇ = (mvµα̇ − ωα̇δ

0
µ)δ

α̇
ν̇ − qAµ. (25)

17



Thus, we can write the Dirac equations (5) and (9) with these new
variables, which are given by

i
2
/∇ ln (nν̇)−m/vν̇ − ων̇ /∇t−m = 0, (26)(

i
2∇µ ln (nν̇) + (mv ν̇

µ + ων̇∇µt) +
m
4 γµ

)
γµ = 0. (27)

As we will see bellow, equation (26) is the corresponding first integral
of the Bernoulli equation for fermions in an arbitrary space-time.
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In order to see this, we apply the operator iγµDµ = iγµ∇µ − qγµAµ to
the Dirac equation (5), then we use the Dirac equation and the
relation (7) to obtain

□Eψ +m2ψ +

i
2qγ

µγνFµνψ + γµ(∇µγ
ν)(Dνψ) = 0 (28)

where we define the D’Alambertian operator with an electromagnetic
field as □E = (∇µ + iqAµ)(∇µ + iqAµ) and the anti-symmetric
Faraday tensor as it is usual.

19



Following [13] if we apply the same transformation (15) to equation
(28), we should obtain for the imaginary part, the continuity equation
and for the real part, the Bernoulli equation.

i [2(mvµ − ωδµ0 )∇µR− qAµ + q∇µ(AµR) +∇µ(mvµ − ωδµ0 − qA
µ)R] +(

m2vµvµ + 2mωv0 + ω2

N2 +m2
)
R−□R +

i
2qγ

µγνFµνR+ γµ(∇µγ
ν)(i(mvν + ω∇νt)R+ DνR) = 0.

(29)

Here, we denote □ = ∇ν∇ν and we define the diagonal matrices
vµ = vµν̇δν̇α̇ and ω = ων̇δ

ν̇
α̇.
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Weyl representation



Weyl representation

The Dirac equation for 1/2-spin particle can be related by the SO(1, 3)
symmetry group. Nevertheless, we can introduce a new
representation just like it is done in standard QFT, since there exists
a surjective homomorphism map between SO(1, 3) and SU(2)⊗ SU(2)
Lie groups.
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In terms of the Pauli matrices the 4× 4 gamma matrices γµ can be
written as two 2× 2 block matrices as

γ0 = Nγ̃0 = N
(
0 I
I 0

)
, (30)

γj = êj i(γ̃
i + Niγ̃0) =

(
0 −êj i(σ̃

i − NiI)
êj i(σ̃

i + NiI) 0

)
, (31)

where σ̃i are the 2× 2 Pauli matrices in flat space-time and I is the
2× 2 identity matrix. Observe that the γµ matrices fulfill that(
γ0
)†

= γ0 and
(
γj
)†

= −γj + 2Njγ0/N.

22



We can write a Dirac fermion as a four-spinor ψ into two spinors of
two components each one, instance

ψ =

(
ψR
ψL

)
, (32)

if we write the adjoint spinor ψ̄ and we utilize the Weyl
representation, it follows that

ψ̄ = ψ†B =
(
ψ†
R, ψ

†
L

)
B, (33)

where B is the matrix from (8) and (12).
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We can see that the matrix B must have the following form

B =

(
0 Bζ
Bζ 0

)
, (34)

being Bζ a 2× 2 matrix which is a diagonal matrix, that is Bζ = bI,
where b = b(xµ), hence B = bγ̃0. Thus, equation (13) transform into

∇0(Nb) +∇j(êjiN
ib) = 0, (35)

∇j(êjib)σ̃
i = 0. (36)
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Using the definitions of the spinor and its adjoint we can obtain the
Dirac current density Jµ from equation (10)

Jµ =
(
ψ†
R, ψ

†
L

)
Bγµ

(
ψR
ψL

)
, (37)

where the gamma matrices are defined by eq.(30) and in general, B is
given by the previously mentioned conditions.
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We can obtain the Dirac current (10) as

J0 = Nb(ψ†
RψR + ψ†

LψL), (38)
Jj = bêj i(ψ

†
R(σ̃

i + NiI)ψR − ψ†
L (σ̃

i − NiI)ψL). (39)

In order to simplify the notation, we now define the vectors of 2× 2
matrices Sa = (I, σ̃j + NjI) and S̄a = (−I, σ̃j − NjI) in terms of the
Pauli matrices, the Sa and S̄a are the (generalized) Pauli matrices in
flat space-time, we have defined the 2× 2 Pauli matrices in a curved
space-time σµ = eµaSa and σ̄µ = eµaS̄a.
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With this definition matrices γµ and γj are read as

γµ = êµa

(
0 −S̄a

Sa 0

)
, γj =

(
0 −σ̄j

σj 0

)
. (40)

We need to redefine the covariant derivative ∇µ = ∂µ + Γµ and affine
connection Γµ =

1
4 σ̄νσ

ν
;µ where σµ

;ν = ∂νσ
µ + Γµανσ

α. Let ∇̄µ and Γ̃µ

be the bar covariant derivative and the bar spinor affine connection,
respectively. They are defined as ∇̄µ = ∂µ + Γ̄µ where Γ̄µ =

1
4σν σ̄

ν
;µ.
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In terms of these new definitions, the density currents are read as

Jj = bêj i(ψ
†
RS

iψR − ψ†
L S̄

iψL)

= b(ψ†
Rσ

jψR − ψ†
L σ̄

jψL), (41)

We can rewrite the Dirac equation (5) for a Dirac spinor with four
components. We can apply the Weyl representation into the Dirac
equation, it reads as(

iσµ
(
∇̄µ + iqAµ

)
ψL −mψR

iσ̄µ (∇µ + iqAµ)ψR −mψL

)
=

(
0
0

)
. (42)
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If we set B = bγ̃0, the current density is now reads as

Jµ = b
(
ψ†
Rσ

µψR − ψ†
L σ̄

µψL

)
. (43)

Explicitly, we have

Jj = bêji

(
ψ†
Rσ̃

iψR − ψ†
L σ̃

iψL +
Ni
Nb2 J

0
)

(44)

Observe that

γµγνFµνψ =

{
(2NNkF0k + iF̂ijϵijkσ̃k)ψR
−(2NNkF0k − iF̂ijϵijkσ̃k)ψL

, (45)
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and using definition (40) we find that

γµ(∇µγ
ν)(Dνψ) =

{
−S̄aSb(∇̂aêνb)(DνψR)

−SaS̄b(∇̂aêνb)(DνψL)

=

{
(N(∇0N)− σ̄j(∇jN))(D0ψR) + (N(∇0σ

i)− σ̄j(∇jσ
i))(DiψR)

(N(∇0N) + σj(∇jN))(D0ψL)− (N(∇0σ̄
i)− σj(∇jσ̄

i))(DiψL)

=

{
(∇̂0N− S̄k(∇̂kN))(D0ψR) + (Sk∇̂0êik − S̄kSl∇̂kêil))(DiψR)
(∇̂0N+ Sk(∇̂kN))(D0ψL)− (S̄k∇̂0êik − SkS̄l(∇̂kêil))(DiψL)

(46)
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Weyl hydrodynamic
representation



Weyl hydrodynamic representation

We start to propose our Madelung transformation in the Weyl spinor,
that is

Ψ =

(
ψR
ψL

)
=

(
eiθRRR
eiθLRL

)
. (47)

The Weyl representation of the adjoint spinor Ψ̄ when B = bγ̃0, is

Ψ̄ = b
(
ψ†
R, ψ

†
L

)
γ̃0 =

(
R†Re

−iθ†
R ,R†Le

−iθ†
L

)
. (48)

Note that
(
eiθ
)†

= e−iθ†
= eiθ .
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Using the Madelung transformation (47) in the Weyl equations (42)
and applying the Lie algebra and the Lie groups, we can get the
following expression

(
−σµ

(
∇̄µθL

)
RL + iσµ

(
∇̄µRL

)
− qσµAµRL

−σ̄µ (∇µθL)RR + iσ̄µ (∇µRR)− qσ̄µAµRR

)
=

(
me−i(θL−θR)RR
mei(θL−θR)RL

)
,

(49)
these are the Weyl equations in curved space-time with the
Madelung transformation.
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In addition, we can apply the Madelung transformation (47) and (48)
into the current density (44), we obtain

Jµ = b
(
RTRσ̄µRR + RTLσµRL

)
. (50)

We note that taking the zero component, we obtain the number of
particles both right- and left- handed particles.

J0 = Nb(RTRRR + RTLRL) = Nbn, (51)

Jj = b
(
êj3(n1̇ − n2̇ − n3̇ + n4̇) + 2êj1(

√
n1̇n2̇ −

√
n3̇n4̇) + êjiN

in
)
,

(52)

Explicitly, we can write in both right- and left- handed spinors the
following expressions |ψR|2 = ψ†

RψR = RTRRR = nR and
|ψL|2 = ψ†

LψL = RTLRL = nL,. Thus, nR, nL are the right- and left- handed
particle number. Therefore, n = nR + nL is the total density number.
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Furthermore, from the equation (29), it becomes

i [2(mvµR − ωRδ
µ
0 )∇µRR − qAµ + q∇µ(AµRR) +∇µ(mvµR − ωRδ

µ
0 − qA

µ)RR]

+

(
m2vRµvµR + 2mωRv0R +

ω2

N2 +m2
)
RR −□RR +

+(2NNkF0k + iϵijkF̂ijσ̃k)RR +
−(∇̂aêαb )S̄aSb((mvRα − ωRδ0α)RR + DαRR) = 0.

(53)

and the same equation for the left spinor RL, changing R −→ L and
S←→ S̄ in (53).
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We simplify the first line in this equation and write it in components,
it becomes as follows

i m√nν̇

[
−ων̇

m ∇0nν̇ +∇µ(nν̇vµν̇ ) +
ων̇

m □t
]

+

√
nν̇
[
m2vµν̇vµν̇ + 2mων̇v0ν̇ +

ω2

N2 +m2 − □√nν̇√nν̇

]
+

(2NNkF0k + iϵijkF̂ijσ̃k)RR +

−(∇̂aêαb )S̄aSb((mvRαν̇ − ωRν̇δ0α)RR + DαRR) = 0.
(54)

The first line in (54) is the continuity equation of a fluid, in this case,
of the fermionic fluid. The second one is the Bernoulli equation, in
other words, equation (22) is the first integral of the second line of
(54) and the last three lines are the source of the fermionic fluid,
something that is not present in the case of bosons.
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Energy Balance



Energy Balance

In order to simplify the notations, we can re-write equation (54) in
terms of the ν̇ coefficients with the understanding that the subindex
R refers to each component R = 1̇, 2̇ individually. We get

i
[
−ων̇∇0 ln(nν̇) +

m∇µ(nν̇vµν̇ )
nν̇

+
ων̇

nν̇
□t
]

+

2m2
(
Kν̇ +

1
mων̇v0ν̇ +

1
2U

N
ν̇ + UQν̇

)
+ Eν̇ + USν̇ = 0. (55)

This equation is valid for right handed fermions. The result is the
same for left handed fermions changing RR −→ RL in the first line,
and S←→ S̄ in the second line.
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The first one is the kinetic energy Kν̇ defined as

Kν̇ =
1
2vν̇µv

µ
ν̇ . (56)

The lapse potential UNν̇ is given by

UNν̇ =
ω2ν̇
m2

1
N2 + 1. (57)

It represents the energy contribution due to the chosen lapse
function N. The quantum potential UQν̇ is defined as

UQν̇ = − 1
2m2

□√nν̇√nν̇
. (58)
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The contribution of the electromagnetic interaction Eν̇ is given by

Eν̇ = (2NNkF0k + iϵljkF̂ljσ̃k)|ν̇ , (59)

= 2N(F01N1 + F02N2 + F03N3)− e1ν̇F13
√
nν̈
nν̇

+ i
(
e1ν̇F12 + F23

√
nν̈
nν̇

)
.

It depends on the Faraday tensor, shift vector and lapse function that
are related to the Pauli matrices. This relationship is due to the
interaction between the electromagnetic field and the fermionic spin.

38



The potential USν̇ describes the interaction between the spin and the
geometry of space-time. It is given by

USν̇ = −

(
(mv̂Rd − ων̇ δ̂

0
d) +

D̂α
√nν̇√nν̇

)
ΓdbaS̄

aSb|ν̇ , (60)

for ν̇ = 1̇, 2̇, and by making the substitution S←→ S̄ for ν̇ = 3̇, 4̇. In
the foregoing equations, the notation |ν̇ means that we have to
evaluate the quantity at the corresponding ν̇ .
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Conclusions



Comparison

The principal differences between the hydrodynamic representation
for bosons [13] and for fermions are in Bernoulli equation. The
contribution due to the gamma matrices, then after to do the
Madelung transformation in KG equation, we can separate into real
and complex parts. Instead of, here, for fermion particles we have to
work with the complete equations of motion, since the gamma
matrices are a representation of SO(1, 3) group for electrons.
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The origin of the Dirac equation [14] showed that spin is a
fundamental quantity, which combine both of special relativity and
quantum mechanics to solve the problem of negative probability
given by the KG equation, which is also a quantum-relativistic
equation. Here, we observe that exists a contribution due to
geometry and spin by the generalized gamma and Pauli matrices,
namely, these terms arise from endowing a quantum field with a
curvature (or geometry), which is given by a metric just like in GR.
This contribution is not obtained in a flat space-time, neither in a
system without spin as in a scalar field.
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With this work we open the possibility of researching in detail how is
the behavior of fermions in different frameworks such as stars, near
black holes, or in the early universe, to mean a few. Furthermore, we
solved the problem of energy balance either bosons or fermions,
with this we can compare the result of the hydrodynamic
representation for classical and quantum fluids in the diverse
geometries mentioned above.
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