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Cosmological Perturbation Theory
Open, Flat and Closed FLRW Universes

» Energy momentum tensor for a perfect fluid:
T = (e + p)ufu” — pg™”
» Equations of state from Thermodynamics:

e=¢(nT), p=p(nT) = p=p(ne)

» Background equations for a FLRW universe:
» Global evolution of the universe
» Linearized Einstein equations and conservation laws:
» Local evolution of diabatic density perturbations
» Growth of structure in a FLRW universe

Pieter G. Miedema Relativistic Perturbation Theory for FLRW Universes



Gauge Problem of Cosmology
Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Topics Covered

Cosmological Perturbation Theory

General Covariance

» General Relativity is invariant under general coordinate
transformations
xt — x"H(x")

Pieter G. Miedema c Perturbation Theory for FLRW Universes



Gauge Problem of Cosmology
Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Topics Covered

Cosmological Perturbation Theory

General Covariance

» General Relativity is invariant under general coordinate
transformations
xt — x"H(x")

» Linearized Einstein equations and conservation laws are
invariant under gauge transformations

xt — x'H = xF — - (x")

Pieter G. Miedema c Perturbation Theory for FLRW Universes



Gauge Problem of Cosmology
Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Topics Covered

Cosmological Perturbation Theory

General Covariance

» General Relativity is invariant under general coordinate
transformations
xt — x"H(x")

» Linearized Einstein equations and conservation laws are
invariant under gauge transformations

xt — x'H = xF — - (x")

» General covariance = no preferred systems of reference

Pieter G. Miedema c Perturbation Theory for FLRW Universes



Gauge Problem of Cosmology
Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Topics Covered

Cosmological Perturbation Theory

General Covariance

» General Relativity is invariant under general coordinate
transformations
xt — x"H(x")

» Linearized Einstein equations and conservation laws are
invariant under gauge transformations

xt — x'H = xF — - (x")

» General covariance = no preferred systems of reference

> Linearity of the perturbation equations creates the gauge
problem of cosmology, which must be solved first
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» Expansion scalar 6, = 3H
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» Particle number density ny,

» The perturbations to these three scalars transform under a
gauge transformation x* — x* = x* — ¢*(x") according to
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Gauge Problem of Cosmology

FLRW universes are characterized by three scalars:
» Expansion scalar 6, = 3H
» Energy density ¢
» Particle number density n,
» The perturbations to these three scalars transform under a
gauge transformation x* — x* = x* — ¢*(x") according to
> S(IU - 5(1) + EOS(O) (5 =E&,n, 0)
» Gauge of problem of cosmology:
> Sy isasoluton = S, is also a solution

> Solution contains the gauge mode ¢°S,, = Sy has no
physical significance

Pieter G. Miedema Relativistic Perturbation Theory for FLRW Universes



Gauge Problem of Cosmology
Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Topics Covered

Cosmological Perturbation Theory

Gauge Problem of Cosmology
FLRW universes are characterized by three scalars:
» Expansion scalar 6, = 3H
» Energy density ¢
» Particle number density ny,
» The perturbations to these three scalars transform under a
gauge transformation x* — x* = x* — ¢*(x") according to
> S, =Su+¢&50 (S=¢€,n0)
» Gauge of problem of cosmology:
> Sy isasoluton = S, is also a solution
> Solution contains the gauge mode ¢°S,) = Sy, has no
physical significance
» Conclusion: the perturbations ¢, n,) and 6, to the three
scalars of the universe have no physical significance
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Previous Attempts to Solve the Gauge Problem

» First occurrence of the problem: Lifshitz [1946]
> Vast literature on cosmological density perturbations

» Physical quantities should be independent of the choice of
a coordinate system, i.e., gauge-invariant.

» No agreement on which gauge-invariant quantities are the
true energy density perturbation and particle number
density perturbation

» None of the cosmological perturbation theories in the
literature has a correct non-relativistic limit

> Physical interpretation of the gauge-invariant variables?
» No solution of the gauge problem of cosmology

» Structure formation in the early universe cannot be
explained using the perturbation theories in the literature
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> P, oY and 65" are linear combinations of solutions of

the perturbatlon equations such that the gauge mode is
eliminated

» Non-relativistic limit: local fluid flow is small with respect to

the speed of light «P’* -0 & p—0

» The relativistic gauge transformation must become equal to

the Newtonian gauge transformation, where time and space
are decoupled

Pieter G. Miedema

Relativistic Perturbation Theory for FLRW Universes



Gauge Problem of Cosmolog
Topics Covered A 9y

Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Real, Measurable Density Perturbations
What we know for sure

> XS, PV and 6RY° are gauge-invariant
» Physics of den3|ty perturbations is hidden in the general
solution of the perturbation equations

> P, oY and 65" are linear combinations of solutions of

the perturbatlon equations such that the gauge mode is
eliminated

» Non-relativistic limit: local fluid flow is small with respect to
the speed of light «P’* -0 & p—0
» The relativistic gauge transformation must become equal to

the Newtonian gauge transformation, where time and space
are decoupled

» Gauge problem of cosmology: find linear combinations for

€S BYS ang gpvS
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Gauge-invariant Quantities
» Perturbations €,), ns) and 6, transform under the gauge
transformation x* — x'* = x* — ¢*(x") as

r 0 - !’ 0 - r_ 0N
Euy =Em T & €0, Ny = Nay+& Ny, 0y =0 +& 0

» Unique gauge-invariant quantities

phys ._ phys .__ No) phys _
g TEmT g 9(1 ngy = Ny — 9*90) 0 =0
©) ©)

> 9%"® — 0: local density perturbations have no influence on
the global expansion of the universe

> Are ¢l"°, nfY® and 65° = 0 the real, physical
perturbatlons?
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Solution of the Gauge Problem of Cosmology

Decomposition Theorems

» General covariance = use synchronous coordinates

» In Newtonian gravity all coordinates are synchronous.
» Decomposition theorem for symmetric tensors of rank 2 of
3-spaces of constant time (York, jr. [1974], Stewart [1990])

» Decomposition of the perturbed metric:
i i i i i 2 i i
h'j = hy; + (W + hy) = §(¢51+C' i)
> Decomposition of the perturbed Ricci tensor:
Riv; = Ry + (Roywj + Ri)
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» Decomposition of the perturbed metric:
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» Decomposition theorem for symmetric tensors of rank 2 of
3-spaces of constant time (York, jr. [1974], Stewart [1990])
» Decomposition of the perturbed metric:
i i i i i 2 i i
h'j = hij; + (h'; + hy) = §(¢51+C' i)
> Decomposition of the perturbed Ricci tensor:
R = Ry + (Rt + Ripsg) .
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Decomposition Theorems

» General covariance = use synchronous coordinates

» In Newtonian gravity all coordinates are synchronous.
» Decomposition theorem for symmetric tensors of rank 2 of
3-spaces of constant time (York, jr. [1974], Stewart [1990])

>

Decomposition of the perturbed metric:

h'j = hi; + (W + hiy) = %(‘1’5')’ +¢y)
Decomposition of the perturbed Ricci tensor:
Riy; = Ry + (R + Ris)

Decomposition of the spatial fluid velocity:

Uay = Uy + Ua) L V- ug = V- uy)| V x ug = V x ugyL
R{,,.; = 0 implies with the G, constraints that V - ua) = 0
¢"; implies with the Gf,,; constraints that V x ug) = 0
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Solution of the Gauge Problem of Cosmology

Decomposition Theorems

» General covariance = use synchronous coordinates

» In Newtonian gravity all coordinates are synchronous.
» Decomposition theorem for symmetric tensors of rank 2 of
3-spaces of constant time (York, jr. [1974], Stewart [1990])

>

Decomposition of the perturbed metric:

i i i i i 2 i i
h'j = by + (B + hy) = §(¢51+C' i)
Decomposition of the perturbed Ricci tensor:
R = Ry + (Rt + Ripsg) .
Decomposition of the spatial fluid velocity: .
ugy =ug+uyr V-uy=V-uy Vxugy=VxuuyL
R(y.; = 0 implies with the G{,; constraints that V - uq) = 0
¢"; implies with the Gf,,; constraints that V x ug) = 0
Only scalar perturbations are coupled to density
perturbations
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Scalar Perturbations

» General solution of the linearized Einstein equations and
conservation laws is a linear combination of
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Solution of the Gauge Problem of Cosmology

Scalar Perturbations

» General solution of the linearized Einstein equations and
conservation laws is a linear combination of

» (scalar + vector + tensor) perturbations
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Solution of the Gauge Problem of Cosmology

Scalar Perturbations

» General solution of the linearized Einstein equations and
conservation laws is a linear combination of

» (scalar + vector + tensor) perturbations
» Scalar perturbations
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Solution of the Gauge Problem of Cosmology
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Solution of the Gauge Problem of Cosmology

Scalar Perturbations

» General solution of the linearized Einstein equations and
conservation laws is a linear combination of

» (scalar + vector + tensor) perturbations
» Scalar perturbations

» Metric: h'; — h\'\j
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Solution of the Gauge Problem of Cosmology

Scalar Perturbations

» General solution of the linearized Einstein equations and
conservation laws is a linear combination of
> (scalar + vector + tensor) perturbations
» Scalar perturbations
> Metric:  h'j — hj;

i
- R(l)\lj

> Curvature: R/, (R = Ry

Ry = &g)(hkkli\j - hkf\k\j) + %Rm)hkk
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Solution of the Gauge Problem of Cosmology

Scalar Perturbations

» General solution of the linearized Einstein equations and
conservation laws is a linear combination of
> (scalar + vector + tensor) perturbations
» Scalar perturbations
> Metric:  h'j — hj;

i
- R(l)\lj

> Curvature: R/, (R = Ry

Ry = &g)(hkkli\j - hkf\k\j) + %Rm)hkk

H e i i
> Fluid velocity: — u;, — uf,,
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Solution of the Gauge Problem of Cosmology

Scalar Perturbations

» General solution of the linearized Einstein equations and
conservation laws is a linear combination of
> (scalar + vector + tensor) perturbations
» Scalar perturbations
> Metric:  h'j — hj;

i
- R(l)\lj

> Curvature: R/, (R = Ry

_ ik k 1 k
Ry = &o)(h klilj —h i\k\j) + §R<o)h k
; P i i
> Fluid velocity: — u;, — uf,,

» Divergence: 9, = u”
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Solution of the Gauge Problem of Cosmology

Scalar Perturbations

» General solution of the linearized Einstein equations and
conservation laws is a linear combination of
> (scalar + vector + tensor) perturbations
» Scalar perturbations
> Metric:  h'j — hj;

i
- R(l)\lj

> Curvature: R/, (R = Ry

ok X k
Ruy = &o)(h*wjii — hijxij) + 3R h“«

» Fluid velocity: u{l) — u("l)H

» Divergence: 9, = u”

> Perturbation to the expansion: 6, = 9, — 2h¥
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Topics Covered

Evolution Equations for Scalar Perturbations

» Constraint equations
2H(81) — V) = 3Ry + Keq

Ruy = —2HRy + 2keq (1 + w) B4y — 2R (0 — )

Pieter G. Miedema c Perturbation Theory for FLRW Universes



Gauge Problem of Cosmology
Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Topics Covered

Evolution Equations for Scalar Perturbations

» Constraint equations
2H(81) — V) = 3Ry + Keq

Ruy = —2HRy + 2keq (1 + w) B4y — 2R (0 — )
> Conservation laws (V2f = gl

Py

€ + 3H(eq) + Pyy) + €01+ w)byy =0, w = co

I:I(l) + 3Hn(1) + n(g)e(l) =0

1 V2P(1) -0 ,32 . @

Sy + H(2 — 38%)0) + :
w + H(2 —36%)8, co(ltw) 2 ‘o
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Solution of the Gauge Problem of Cosmology

Topics Covered

Structure Formation in a Flat FLRW Universe

Evolution Equations for Scalar Perturbations

» Constraint equations
2H(81) — V) = 3Ry + Keq

Ruy = —2HRy + 2keq (1 + w) B4y — 2R (0 — )

> Conservation laws (V2f = gl
- p
£(1) + 3H(€(1) + P(l)) + S(o)(l + W)e(l) = 0, w = g
(0)
I:I(l) + 3Hn(1) + n(g)e(l) =0
g 1 62P 1 P
Sy + H(2 — 36%) 0 + D=0 pg=:22
o+ A F)P eo(l+w) a2 P £0)
. £ n
> EVO|UtI0n Of Ez)lr;ys = 8(1) — ﬂ6(1), nFlr;ys = n(l) — ﬂ9(1)

6
© ©
determined by background and linearized equations
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f the Gauge Problem of Cosmology
re Formation in a Flat FLRW Universe

Topics Covered

Solution of the Gauge Problem of Cosmology

Newtonian Limit 4
> Flat FLRW universe: Ry = =% = -5 —-
C
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Solution of the Gauge Problem of Cosmology

Newtonian Limit 2
. 4 4V
> Flat FLRW universe: Ry = — /%), = _4Ve
C

» Non-relativistic limit: uﬁhys -0 & p-=o0:
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Solution of the Gauge Problem of Cosmology

Newtonian Limit 2
. 4 4V
> Flat FLRW universe: Ry = — /%), = _4Ve
C

» Non-relativistic limit: uﬁhys -0 & p-=o0:
» Momentum constraint equation: V2¢ = 0
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Solution of the Gauge Problem of Cosmology

Newtonian Limit 2
. 4 4V
> Flat FLRW universe: Ry = — /%), = _4Ve
C

» Non-relativistic limit: uﬁhys -0 & p-=o0:

» Momentum constraint equation: V2¢ = 0
4G phys

2 gy (X)

> Energy density constraint equation: V2¢(x) =
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Solution of the Gauge Problem of Cosmology
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Solution of the Gauge Problem of Cosmology

Newtonian Limit 2
. 4 4V
> Flat FLRW universe: Ry = — /%), = _4Ve
C

» Non-relativistic limit: uﬁhys -0 & p-=o0:
» Momentum constraint equation: V2¢ = 0

4G
> Energy density constraint equation: V2¢(x) = —- £7%(x)
C
phys .__ M) phys phys 2
> oy = ”(n_é b = eu (x)=ng (x)mc
©
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Solution of the Gauge Problem of Cosmology

Newtonian Limit 2
. 4 4V
> Flat FLRW universe: Ry = — /%), = _4Ve
C

» Non-relativistic limit: uﬁhys -0 & p-=o0:

» Momentum constraint equation: V2¢ = 0
4G phys

T2 gy (X)

phys .__ N phys __phys 2
> oy =ng = 00 = €y (X)=ny (x)me

> Energy density constraint equation: V2¢(x) =

(0)
> Relativistic gauge transformation reduces to the Newtonian
gauge transformation:

0 0 0 C

x° = x"=x" - x' = X" = x" = x/(x)
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Solution of the Gauge Problem of Cosmology

Structure Formation in a Flat FLRW Universe

Solution of the Gauge Problem of Cosmology
Newtonian Limit 2
4 4V
> Flat FLRW universe: Ry = — /%), = _4Vé
C
» Non-relativistic limit: uﬁhys -0 & p-=o0:
» Momentum constraint equation: V2¢ = 0
> Energy density constraint equation: V2¢(x) = 4:26 £7%(x)

phys .__ N phys __phys 2
> oy =ng = 00 = €y (X)=ny (x)me

(0)
> Relativistic gauge transformation reduces to the Newtonian
gauge transformation:
x5 x0=x"-C x' = X" = x" = x/(x)

» Conservation laws have only gauge modes as solution
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Solution of the Gauge Problem of Cosmology

Newtonian Limit 2
. 4 4V
> Flat FLRW universe: Ry = — /%), = _4Ve
C

» Non-relativistic limit: uﬁhys -0 & p-=o0:

» Momentum constraint equation: V2¢ = 0

4
> Energy density constraint equation: V2¢(x) = :2G £7%(x)

phys .__ N phys __phys 2
> oy =ng = 00 = €y (X)=ny (x)me

(0)
> Relativistic gauge transformation reduces to the Newtonian
gauge transformation:

X5 x0=x"-C

x' = X" = x" = x/(x)
» Conservation laws have only gauge modes as solution
phys phys phys :
» Conclusion: )", and 6;;)°” = 0 are indeed the real,
physical perturbatlons, SO that the gauge problem of

cosmology is finally solved
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Topics Covered

Evolution Equations for 6. and ¢,
Open, Flat and Closed FLRW Universes

> Evolution of the energy density fluctuation 6, := e /e

. : e
68 + blés + b2(se = b3 |:6n - 1+ W:|
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Evolution Equations for 6. and ¢,
Open, Flat and Closed FLRW Universes

> Evolution of the energy density fluctuation 6, := e /e

bc + b1d; +b25—b3[ lj—w]

» Evolution of the entropy perturbation (8, := n(plhys/n

1d 5g 3Hn(o)p,, 5g
dn = on —
cdt | " 14w go(1+ w) 1+w
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Solution of the Gauge Problem of Cosmology
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Topics Covered

Evolution Equations for 6. and ¢,
Open, Flat and Closed FLRW Universes

> Evolution of the energy density fluctuation 6, := e /e

bc + b1d; +b25—b3[ lj—w]

» Evolution of the entropy perturbation (8, := n(plhys/n
1d 5g 3Hn(0)p,, 5g

dn = Op— ———

cdt | " 14w go(1+ w) 1+w

» Coefficients by, by and bz are determined by the
background equations and the equation of state p = p(n, €)
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Topics Covered

Evolution Equations for 6. and ¢,
Open, Flat and Closed FLRW Universes

> Evolution of the energy density fluctuation 6, := e /e

bc + b1d; +b25—b3[ lj—w]

» Evolution of the entropy perturbation (8, := n(plhys/n

1d d¢ 3Hny,pn Oc
dn = 5, —
cdt | " 14w go(1+ w) 1+w
» Coefficients by, by and bz are determined by the

background equations and the equation of state p = p(n, €)
» Adiabatic perturbations: no heat exchange, only gravity

0
p=ple) = p,,::(ai)szo = b3=0
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Diabatic Perturbations

» Equation of state: p = p(n,¢)
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Diabatic Perturbations

» Equation of state: p = p(n,¢)
» Thermodynamics: dE =dQ — pdV +udN  (dQ = TdS)
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Diabatic Perturbations

» Equation of state: p = p(n,¢)
» Thermodynamics: dE =dQ — pdV +udN  (dQ = TdS)
» Background conservation laws:
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Diabatic Perturbations

» Equation of state: p = p(n,¢)
» Thermodynamics: dE =dQ — pdV +udN  (dQ = TdS)
» Background conservation laws:
> Entropy of the background universe is constant: s =0
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Topics Covered

Diabatic Perturbations

» Equation of state: p = p(n,¢)
» Thermodynamics: dE =dQ — pdV +udN  (dQ = TdS)
» Background conservation laws:
> Entropy of the background universe is constant: s =0
» Perturbed Thermodynamic Laws

h €01+ w) )
I

No)
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Solution of the Gauge Problem of Cosmology
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Topics Covered

Diabatic Perturbations

» Equation of state: p = p(n,¢)
» Thermodynamics: dE =dQ — pdV +udN  (dQ = TdS)
» Background conservation laws:
> Entropy of the background universe is constant: s =0
» Perturbed Thermodynamic Laws

To ohys _ £l +w) [5n de ]

S — J—
(1)
N 1+w

» Density perturbations evolve through their internal gravity
and heat exchange with their environments
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Outline

Topics Covered

Structure Formation in a Flat FLRW Universe
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Gauge Problem of Cosmology

Topics Covered

Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Radiation Dominated Universe

» Equations of state

4 1 4
e=aly, p=3a.l, = p=3¢
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Radiation Dominated Universe
» Equations of state
e=apgTd p= %aE;T,;1 = p=zE
» General relativistic evolution equations

3a%
6n—38:=0

. . 1V2
R
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Radiation Dominated Universe
» Equations of state
e=apgTd p= %aE;T,;1 = p=zE
» General relativistic evolution equations

3a%
6n—38:=0

. . 1V2
R

» Equations hold true for all kinds of particles that interact
through gravity
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Solution of the Gauge Problem of Cosmology

Topics Covered

Structure Formation in a Flat FLRW Universe

Radiation Dominated Universe
» Equations of state
e=apgTd p= %aE;TA;1 = p=3¢E
» General relativistic evolution equations

3 a2

6n—38:=0

. . 1V2
R

» Equations hold true for all kinds of particles that interact
through gravity

» From the entropy equation it follows that fluctuations in
CDM are coupled to fluctuations in the energy density
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Radiation Dominated Universe

General Solution

. t
de(7,) = [Au(@)sin (ury/7) + Aa(@) cos (urv) | V7, 7=
27 1 v Vs 1 2T

== B =), 2= Sl
o= S Hy ¢ o hal) o= el =
» Finite scale perturbations oscillate with a growing
amplitude proportional to t!/2
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Radiation Dominated Universe

General Solution

(55(7', Q) = |:A1(Q) sin (I-Lrﬁ) + A2(q) Ccos ([.Lrﬁ)} ﬁ, T = ti)
27 1 v Vs 1 2T

=T LB = aa(t), B, |g="
pe= S H(to) < 0 a(to) <=3 lq| 3

» Finite scale perturbations oscillate with a growing
amplitude proportional to t!/2

> Large-scale perturbations §; = c;t + ct!/?
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Topics Covered

Radiation Dominated Universe

General Solution

(55(7', Q) = |:A1(Q) sin (I-Lrﬁ) + Az(q) Ccos ([.Lrﬁ)} ﬁ, T = ;
27 1 v Vs 1 2T

=T 2 % no=alt), 2=, |gl=
o= S Hy ¢ o hal) o= el =

» Finite scale perturbations oscillate with a growing
amplitude proportional to t1/2

> Large-scale perturbations §; = c;t + ct!/?

» Conclusion:
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Solution of the Gauge Problem of Cosmology

Topics Covered

Structure Formation in a Flat FLRW Universe

Radiation Dominated Universe

General Solution

. t
de(7,) = [Au(@)sin (ury/7) + Aa(@) cos (urv) | V7, 7=
27 1 v Vs 1 2T

=T = B = al), 2=, =
o= S Hy ¢ o hal) o= el =
» Finite scale perturbations oscillate with a growing
amplitude proportional to t1/2
> Large-scale perturbations §; = c;t + ct!/?

» Conclusion:
» CDM and energy density fluctuations are coupled by
gravitation = no seeds from CDM for structure formation
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Gauge Problem of Cosmology
Solution of the Gauge Problem of Cosmology

Topics Covered

Structure Formation in a Flat FLRW Universe

Radiation Dominated Universe

General Solution

5:(7,q) = [Al(q) sin (ury/T) + A2(q) cos ([.Lrﬁ)} VT, T = t

to

27 1 v Vs 1 2T
=————2= Xo=Aa(ty), —=—, = —
M= o H) o0 o ral) o =a el =3

» Finite scale perturbations oscillate with a growing
amplitude proportional to t!/2

> Large-scale perturbations §; = c;t + ct!/?

» Conclusion:
» CDM and energy density fluctuations are coupled by
gravitation = no seeds from CDM for structure formation
» Structure formation can begin successfully only after
decoupling of matter and radiation
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation

Equations of State

» Equations of state for a monatomic perfect fluid:

g(n, T) = nmc® + 3nksT, p(n,T)= nksT

ﬁZ = @ ~ st2 = §kB-r(0) w = @ kBT < 2 7 10_10
€op <> 3 mc?’ £o  mc®
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Gauge Problem of Cosmology
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P Solution of the Gauge Problem of Cosmology

Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation
Equations of State

» Equations of state for a monatomic perfect fluid:
g(n, T) = nmc® + %nkBT, p(n, T) = nkgT

2 _ Po Vs2 _ S5kaTy — P(O) ks T —-10
== = — ., W= —= < 2.7x10
oy €2 3 mc? €  mc2

» Background energy conservation law: T, o< a—2

Pieter G. Miedema Relativistic Perturbation Theory for FLRW Universes
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P Solution of the Gauge Problem of Cosmology

Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation
Equations of State

» Equations of state for a monatomic perfect fluid:

g(n,T)= nmc® + %nkBT, p(n, T) = nkgT

: 2
2. Po _ Vs §kBT(o) L @ kBT < 2 7%x10-10
pr="== 5, W= —s
€0y C 3 mc £(0) mc
» Background energy conservation law: T, o< a—2
» Pressure:
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Gauge Problem of Cosmology

Solution of the Gauge Problem of Cosmology

Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation

Equations of State

» Equations of state for a monatomic perfect fluid:

g(n, T) = nmc® + 3nksT, p(n,T)= nksT

2 — Po Ve 5ksTy o PO

5.(0) - c? N 3 mc?’

€0

» Background energy conservation law:

» Pressure:

ks T

=8 <27x107%0
mc

-2
7—(0) X a

»> background universe: w <1l = pg=0
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Gauge Problem of Cosmology
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P Solution of the Gauge Problem of Cosmology

Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation

Equations of State

» Equations of state for a monatomic perfect fluid:

g(n, T) = nmc® + 3nksT, p(n,T)= nksT

: 2
2. Po _ Vs §kBT(o) L @ kBT < 2 7%x10-10
pr="== 5, W= —s
€0y C 3 mc £(0) mc
» Background energy conservation law: T, o< a—2
» Pressure:

»> background universe: w <1l = pg=0

> perturbed universe: p"* =0 =  Newtonian limit
Therefore pd*® + 0:
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Gauge Problem of Cosmology

Topics Covered
P Solution of the Gauge Problem of Cosmology

Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation

Equations of State

» Equations of state for a monatomic perfect fluid:

g(n, T) = nmc® + 3nksT, p(n,T)= nksT

: 2
2. Po _ Vs §kBT(o) L @ kBT < 2 7%x10-10
pr="== 5, W= —s
€0y C 3 mc £(0) mc
» Background energy conservation law: T, o< a—2
» Pressure:

»> background universe: w <1l = pg=0

> perturbed universe: p"* =0 =  Newtonian limit
Therefore pd*® + 0:

» =0 & ul*=0 = nostructure formation
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Gauge Problem of Cosmology
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P Solution of the Gauge Problem of Cosmology

Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation

Equations of State

» Equations of state for a monatomic perfect fluid:

g(n, T) = nmc® + 3nksT, p(n,T)= nksT

: 2
2. Po _ Vs §kBT(o) L @ kBT < 2 7%x10-10
pr="== 5, W= —s
€0y C 3 mc £(0) mc
» Background energy conservation law: T, o< a—2
» Pressure:

»> background universe: w <1l = pg=0
> perturbed universe: p"* =0 =  Newtonian limit
Therefore pd*® + 0:

» =0 & ul*=0 = nostructure formation
» no local pressure perturbations < no local fluid flow
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Topics Covered

Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation

Evolution Equations
» General relativistic evolution equations

. : V2 2V?

65 + 3H6€ - |:ﬁ22 + gl{s(o):| 55 =—3 3 (6,7 — 65)
a 3a

1d

Ea (6,1 - 68) == —2H(6n - 58)
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Gauge Problem of Cosmology
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation

Evolution Equations
» General relativistic evolution equations

. : V2 2V?

65 + 3H5€ — |:'3232 + gl{g(o)] 65 = —g? ((Sn — 65)
1d

Ea (6,1 - 68) == —2H(6n - 58)

» Solution of the entropy equation (H = a/a)

6, — 8. ox a2

Pieter G. Miedema Relativistic Perturbation Theory for FLRW Universes



Gauge Problem of Cosmology

Topics Covered

Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation

Evolution Equations
» General relativistic evolution equations

. : V2 2V?

65 + 3H6€ - |:ﬁ22 + gl{s(o):| 55 =—3 3 (6,7 — 65)
a 3a

1d

Ea (6,1 - 68) == —2H(6n - 58)

» Solution of the entropy equation (H = a/a)
6, — 8. ox a2
> Kinetic energy density fluctuation (T, < a=2)
~ §kBT(0>(t)5
2 2

-2

5kin(tv x) ~ 55(1‘, x) — 6,,(t,x) T(tdec, X) x a
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation

Evolution Equations
» General relativistic evolution equations

. : V2 2V?

65 + 3H5€ — |:'3232 + gl{g(o)] 65 = —g? ((Sn — 65)
1d

Ea (6,1 - 68) == —2H(6n - 58)

» Solution of the entropy equation (H = a/a)
6, — 8. ox a2
> Kinetic energy density fluctuation (T, < a=2)

3 kaT(t
Sin(t,3) ~ (. 3) — (e 2) ~ 2 BT 51y

-2

> The entropy perturbation s?”® ~ 3kgdr(tgec, x) is a

constant and also a free parameter
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation

Evolution Equation in dimensionless time
» Evolution equation in dimensionless time 7 = t/tgec

2 4 p? 10 4 ul,
n /! m i
O¢ +;5s+ [978/3 - gTQ] 0e = = 8/35T(tder q), T>1

o1 1 5kaTonl(tp) _ 16.48
Adec cH(tp) [z(tdec) +1] V 3 m Adec [PC]

Km =
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Universe after Decoupling of Matter and Radiation

Evolution Equation in dimensionless time

» Evolution equation in dimensionless time 7 = t/tgec

2 4 p? 10 4 ul,
" / m
0 + 9 [978/3 - 9,,2] =~ 157 8/35T(tdec, q), T72>1
2r 1 1 5 kaTony(tp)  16.48

M= Noeo cH(to) [z(taee) + 1] V3 m  Aaec [pC]

> Entropy perturbation s°”° ~ 3 kad7 (tdec, g) random
variable
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Universe after Decoupling of Matter and Radiation

Evolution Equation in dimensionless time
» Evolution equation in dimensionless time 7 = t/tgec

2 4 p? 10 4 p?
n /! m i
O¢ +;5s+ [978/3 - gTQ] 0e = BT 8/35T(tder q), T>1

o1 1 5kaTonl(tp) _ 16.48
Adec cH(tp) [z(tdec) +1] V 3 m Adec [PC]

Km =

> Entropy perturbation s°”° ~ 3 kad7 (tdec, g) random
variable

> Large-scale perturbations: §; = ¢;t%/3 + ¢t ~5/3
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Initial Values just after decoupling

Initial values at t = tgec
» From observation (Planck Collaboration [2020]):
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Initial Values just after decoupling

Initial values at t = tgec
» From observation (Planck Collaboration [2020]):
> |6c(tdec )| S 107°
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Initial Values just after decoupling

Initial values at t = tgec
» From observation (Planck Collaboration [2020]):
> |6c(tdec )| S 107°
» Initially no growth:
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Initial Values just after decoupling

Initial values at t = tgec
» From observation (Planck Collaboration [2020]):
> |6c(tdec )| S 107°
» Initially no growth:
> 5é(tdec, Q) =0
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Gauge Problem of Cosmology
Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe
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Initial Values just after decoupling

Initial values at t = tgec
» From observation (Planck Collaboration [2020]):
> |6c(tdec )| S 107°
» Initially no growth:
> 5é(tdec, Q) =0
» Assumption: the initial value of the entropy perturbation
PYS ~~ 3 kgd7(tdec, q) is a random variable and depends

5 o
on how a perturbation undergoes the very fast transition

from a very high pressure epoch just before decoupling to
the very low pressure era just after decoupling
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Initial Values just after decoupling

Initial values at t = tgec
» From observation (Planck Collaboration [2020]):
> |6c(tdec )| S 107°
» Initially no growth:
> 5é(tdec, Q) =0
» Assumption: the initial value of the entropy perturbation

sﬁg‘ys ~ 3 kb7 (tdec, ) is @ random variable and depends
on how a perturbation undergoes the very fast transition
from a very high pressure epoch just before decoupling to
the very low pressure era just after decoupling

» 07(tgec, g) >0 = large voids
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Initial Values just after decoupling

Initial values at t = tgec
» From observation (Planck Collaboration [2020]):
> |6c(tdec )| S 107°
» Initially no growth:
> 5é(tdec, Q) =0
» Assumption: the initial value of the entropy perturbation

sﬁg‘ys ~ 3 kb7 (tdec, ) is @ random variable and depends
on how a perturbation undergoes the very fast transition
from a very high pressure epoch just before decoupling to
the very low pressure era just after decoupling

» 57(tdec. q) >0 = large voids

» 57(tdec. q) <0 = structure formation
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Structure Formation starting at 1090

24+ —40.11
-0,10
22+ —40.13
20+ -0.09 —10.14
E
< 18} 0.08 —40.17
[%2)
D 16 H40.20 _
o >
< 14F 40.24 0
o £
-g, 12} —0.29 o
S 10t +40.38 E
% 8} J0.51
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41 —11.23
2+ -2.65
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Perturbation Scalkye: in parsec
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Solution of the Gauge Problem of Cosmology
Structure Formation in a Flat FLRW Universe

Time in Myr
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Results
Theory

» Perturbation theory for open, flat and closed FLRW
universes filled with a perfect fluid with an equation of state
for the pressure p = p(n, ¢)

» Newtonian limit in an expanding universe
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Results
Theory

» Perturbation theory for open, flat and closed FLRW
universes filled with a perfect fluid with an equation of state
for the pressure p = p(n, €)

» Newtonian limit in an expanding universe
» Gauge problem of cosmology is solved
» Second-order evolution equation for the true, physical
density fluctuation &, = e%”° /¢,
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Summary of My Results Application to a Flat FLRW Universe

Results
Theory

» Perturbation theory for open, flat and closed FLRW
universes filled with a perfect fluid with an equation of state
for the pressure p = p(n, €)

» Newtonian limit in an expanding universe
» Gauge problem of cosmology is solved
» Second-order evolution equation for the true, physical
density fluctuation &, = e%”° /¢,
» First-order evolution equation for entropy perturbations
de
1+w

proportional to {6,, —
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Summary of My Results Application to a Flat FLRW Universe

Results
Theory

» Perturbation theory for open, flat and closed FLRW
universes filled with a perfect fluid with an equation of state
for the pressure p = p(n, €)

» Newtonian limit in an expanding universe
» Gauge problem of cosmology is solved
» Second-order evolution equation for the true, physical
density fluctuation &, = e%”° /¢,
» First-order evolution equation for entropy perturbations
de

1+w

> Local density perturbations do not affect the global
expansion of the universe

proportional to {6,, —
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» §. oscillates with an amplitude  t1/2
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Results
Structure Formation in a flat FLRW universe
» Radiation dominated universe:
» §. oscillates with an amplitude  t1/2
> b, = %55 also for CDM (baryons: Thomson scattering)
» Structure formation can start only after decoupling
» Universe after decoupling:
» Structure formation depends on both the initial value of the
entropy perturbation and the initial scale Agec Of a density
perturbation
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Results

Structure Formation in a flat FLRW universe
» Radiation dominated universe:

» §. oscillates with an amplitude  t1/2

> b, = %55 also for CDM (baryons: Thomson scattering)

» Structure formation can start only after decoupling

» Universe after decoupling:

» Structure formation depends on both the initial value of the
entropy perturbation and the initial scale Agec Of a density
perturbation

> Only one assumption: s{’® ~ 2 kad (tuec) is random
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Results

Structure Formation in a flat FLRW universe
» Radiation dominated universe:
» §. oscillates with an amplitude  t1/2
> b, = %55 also for CDM (baryons: Thomson scattering)
» Structure formation can start only after decoupling
» Universe after decoupling:
» Structure formation depends on both the initial value of the

entropy perturbation and the initial scale Agec Of a density
perturbation

> Only one assumption: s{’® ~ 2 kad (tuec) is random
> Relativistic Jeans scale: 6.5pc ~ 211y
> Relativistic Jeans mass: 4.3 x 103 Mg
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Theory

Summary of My Results Application to a Flat FLRW Universe

Structure Formation in a flat FLRW universe
» Radiation dominated universe:
» §. oscillates with an amplitude  t1/2
> b, = %55 also for CDM (baryons: Thomson scattering)

>

Structure formation can start only after decoupling

» Universe after decoupling:

|

vvyy

Structure formation depends on both the initial value of the
entropy perturbation and the initial scale Agec Of a density
perturbation

> Only one assumption: s{’® ~ 2 kad (tuec) is random
Relativistic Jeans scale: 6.5pc ~ 211y
Relativistic Jeans mass: 4.3 x 10° M,
First stars z ~ 24-12 (110-300 Myr after the Big Bang)
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Summary of My Results Application to a Flat FLRW Universe

Results
Structure Formation in a flat FLRW universe
» Radiation dominated universe:

» §. oscillates with an amplitude  t1/2

> b, = %55 also for CDM (baryons: Thomson scattering)

» Structure formation can start only after decoupling

» Universe after decoupling:

» Structure formation depends on both the initial value of the
entropy perturbation and the initial scale Agec Of a density
perturbation

> Only one assumption: s{’® ~ 2 kad (tuec) is random

> Relativistic Jeans scale: 6.5pc ~ 211y

> Relativistic Jeans mass: 4.3 x 103 Mg

> First stars z ~ 24-12 (110-300 Myr after the Big Bang)

» | have shown that the General Relativistic perturbation
theory for a flat FLRW universe explains structure
formation in the early universe, without the need of Cold
Dark Matter

Pieter G. Miedema Relativistic Perturbation Theory for FLRW Universes



Further Reading, Software and Contact

[ P G.Miedema.
General Relativistic Evolution Equations for Density
Perturbations in Closed, Flat and Open FLRW Universes
ArXiv e-eprint, September 2014
https://arxiv.org/abs/1410.0211

twitter: @PGMiedema
email: PG.Miedema@ProtonMail.com

Pieter G. Miedema Relativistic Perturbation Theory for FLRW Universes


https://arxiv.org/abs/1410.0211
https://arxiv.org/abs/1601.01260

Further Reading, Software and Contact

[ P G.Miedema.
General Relativistic Evolution Equations for Density
Perturbations in Closed, Flat and Open FLRW Universes
ArXiv e-eprint, September 2014
https://arxiv.org/abs/1410.0211

[ P. G. Miedema.
Structure Formation in the Early Universe
ArXiv e-print, January 2016
https://arxiv.org/abs/1601.01260

twitter: @PGMiedema
email: PG.Miedema@ProtonMail.com

Pieter G. Miedema Relativistic Perturbation Theory for FLRW Universes


https://arxiv.org/abs/1410.0211
https://arxiv.org/abs/1601.01260

	Topics Covered
	Gauge Problem of Cosmology
	Solution of the Gauge Problem of Cosmology
	Structure Formation in a Flat FLRW Universe

	Summary of My Results
	Theory
	Application to a Flat FLRW Universe

	Appendix

