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1. CARTAN INVARIANT INTEGRAL - EXTENSION TO GAUGE
FIELD THEORY

“Lecons sur les Invariants Intégraux ", Librairie Sceintifique A.
Hermann et Fils (1922)
Demand that the integral / over a closed parameterized set
q'(t(s);s), vi(t(s);s), t(s) be independent of t where

B oL 9q' oL dt
I= ?{ds <8vi 95 |y(s) a (8viv L> ds)
oL aL
=: 7{ <8vidq — <6viv — L) dt)
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L Cartan invariant integral - extension to gauge field theory

Free relativistic particle extension

I, = }'{ <N_1vudq“ — % (N~1v2 4+ Nm?) dt)

Require that this vanish under independent ¢ variations,
integrating by parts over the closed interval to get

8l = ]f [(—N_26Nv# + N~Y5v,) dg* + <;N_25Nv2 — N7ty,6v#

1 1 1
—25Nm2> dt — <2N—2d/vv2 — N7ty dvi — 2de2> 5t] =0
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L Cartan invariant integral - extension to gauge field theory

Free relativistic particle extension

dg" . ap
a — 4

Coefficient of SN yields N = m~! (_¢2)1/2
Coefficient of dt is redundant, yielding —m*N = N=1g- §

Coefficient of dg* yields the equation of motion % (N_lc']“) =0

Coefficient of v yields v =
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L Cartan invariant integral - extension to gauge field theory

Free relativistic particle extension to phase space

We have a primary constraint m = % =0.

The required invariant integral becomes

N .
| = 7{ [pudq“ + wdN — (2 (P> +m?) + WN) dt}

resulting in

1
dl, = 7{ [5p# (dg" — Nptdt) — 6q"dp, + ON (-dﬂ - E(P2 + m2)dt>

o (d/v - /\'/dt) ot <(;(p2 + m2> dN + Np3p,, + 67N + 7r5N>

+5N7Tdt:| =0
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L Cartan invariant integral - extension to gauge field theory

Free relativistic particle extension to phase space

The first and second terms result in % = Np* and % =0. The

third term yields the secondary constraint p?> + m? = 0, and the
forth N = %. The remaining terms are redundant.
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L Cartan invariant integral - extension to gauge field theory

Extension to the ADM Lagrangian

Claim: The assumed invariant integral

Inpm = 7{ dx | dgan + PudN" — Hapmdt — P N“d]
where

Hapm = \/A;—g (Pabpab —(p%2)" = N\3g*R - 2N3Pba|b>

with primary constraints P, = 0 yields the correct secondary
constraints and the correct Einstein Hamiltonian equations.

These two systems are examples of a general new invariant integral
approach to constrained Hamiltonian dynamcs, equivalent to the
Rosenfeld-Bergmann-Dirac prodedure.
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2. DERIVATION OF DIFFEOMORPHISM GENERATOR
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L Derivation of diffeomorphism generator

Derivation of reparameterization generator for the free
particle

Take ds in the Poincaré-Cartan increment to correspond to the
change in solutions that results from an infinitesimal
reparameterization t'=t— dse(t) Represent the change in the
variables as dg* = dsg'e and dN = ds(éN + eN). (These are
actually the Lie derivatives with respect to ¢.)

Now use the identity which is the statement that the particle
Lagrangian transforms as a scalar density under
reparameterizations to deduce the existence of a vanishing Noether
charge C,:

dC, d [ Ne . ) B
gt dt( ( +m)+7r(Ne+Ne>>—0
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L Derivation of diffeomorphism generator

Non-projectability of the Noether charge

Must assume variable-dependent reparameterizations
e(t) = N71£(t) to get Legendre-projectable reparameterizations:

szg(p2+m2)+7r(Ne+Né)
— g (P> +m?) + (NN‘lf — NN72NE¢ + g’)
:g(p2—{—m2) —i—Trf.

This is the phase space generator of the N-dependent
reparameterizations.
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New derivation of Pons-Salisbury-Shepley generator

Claim: The analogous substitution into the ADM vanishing
Noether charge yields the Pons-Salisbury-Shepley generator Cpss
[Pons et al. , 1997] of diffeomorphism-induced general coordinate
transformations e/(x) = (N71¢%(x), —N~1N2E0(x) + £3(x)):

Cpss = Puét + M, & + Po(&° — N°¢% + N &%)
+Pa(N,beab§,ob - Nf,obeab + N &7 + Nj;fb - Nbf,ab)
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3. INTRINSIC COORDINATES AND DIFFEOMORPHISM
INVARIANTS



New approaches to constrained dynamics and Hamilton-Jacobi procedures in general relativity

L Intrinsic coordinates and diffeomophism invariants

Free particle evolution in proper time

Choose as the particle time evolution variable T = —mq°®/po. This
is the proper time. Perform the canonical transformation in the
Poincaré-Cartan increment

0G 0G
dq® = PdT —d —dT
podq + 940 T a7
The required generator is
m 0\2
G:—ﬁ(q) —mT +mTIn(T)

with the resulting canonical conjugate

0 2
P _min <_mq> P
Po 2m
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L Intrinsic coordinates and diffeomophism invariants

General covariance and gauge choices

System s still reparameterization covariant - with new generator
1 a 2 :
C,=¢ —P—mIn(T)+§(ppa+m) + €

Now make the proper time gauge choice by setting the evolution
parameter equal to the intrinsic variable T, t = T.

Given particle solutions in any parameterization the gauge
generator can be employed to transform to solutions satisfying the
gauge condition. The remaining canonical variables are invariants
under reparameterizations
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Intrinsic spacetime coordinate variables

Choose appropriate spacetime scalars X* (gab, pCd), constructed
with the use of Weyl scalars, as intrinsic spacetime coordinates.

Perform canonical transformations in the Poincaré-Cartan
increment so that the non-vanishing contribution becomes

dlapm = / dx p*P dgp

dgap + ~——das + ——dX*

0G
= 3 B A
/dX (WudX + pildga + — S0 SXH

5G 5G
08ab
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Intrinsic spacetime coordinate gauge choice

Now make the gauge choices x* = X* (gap, p™).

The diffeomorphism generator Cpss could be employed to
explicitly display the corresponding diffeomorphism invariants, as
shown in [Pons et al. , 2009]
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4. QUANTUM OUTLOOK
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Quantum outlook

Claim: It is likely that every gravitational quantization procedure
now undertaken either explicitly or implicitly invokes a choice of
intrinsic coordinates

A scheme must be sought that takes into account the abundance
of physically distinct gauge choices
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