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Theory
Fluids in circular motions and specific angular momentum
Circular geodesics

Effective potential and thick accretion tori in static spacetimes

]
From the normalisation condition u,u* = —1, we can describe the time component by
. ipe 8tt
using the specific angular momentum | = =—:
oy
u;2 — 7gtt _ /2gap<p

Euler equation for a perfect fluid in circular motion:

Q 1
Oy In|ue| — (1 —QI) = —p—haup

For a barotropic fluid, surfaces of constant | and Q coincide. If d/ # 0, then
Q = Q(I) — relativistic von Zeipel theorem. In that case, integrate Euler equation to

find ,
P dp’
W — Wi, = — —— = In|ut| — In|(ut); —/ dar,
wi= = S =l = Il we) =T
For constant angular momentum and choosing Wi, = — In|(ut)in|, this equation
reduces to

W(l,r,¥) = —% In (—g“(r7 9) — /{g*"”(r,ﬁ))

= 'Polish Doughnuts’
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Theory
Fluids in circular motions and specific angular momentum
Circular geodesics

Circular lightlike and timelike geodesics |

Fluid element at the centre moves along circular timelike geodesic
— study properties of circular geodesics in the considered spacetimes!
Consider geodesics in the equatorial plane — Lagrangian:

1 . . .
L=3 (grttz +gnf* + gw<p2)
Constants of motion:

E= gtti“a L= gopp, £= —gtti’2 - grrfz - g«pgo¢2 )

where € = 0 for lightlike and € = 1 for timelike geodesics.
Defining the effective potential V:

. : L2
—gugnF? +V =E% with V=—gu(r)| —— +¢
8eep(r)

Circular motion (f = 0 and 7 = 0) is equivalent to

OV(e, L,r) -0

V(e, L,r) = E?,
(e r) or
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Theory
Fluids in circular motions and specific angular momentum
Circular geodesics

Circular lightlike and timelike geodesics |l

For lightlike geodesics € = 0, the two conditions are equivalent to

L2 g
= = - ;:, gttg;w = 8o Bir

— position of the photon circle

For timelike geodesics € = 1, the two conditions lead to the "Keplerian” constants of
motion:

2 2
L2 _ ggpcpgtlt 2 gttgglpgp

K — ) K T
8tt8hp — B8t 8tt8hp — B &ir

— Keplerian specific angular momentum (KSAM) and Keplerian angular velocity:

2 — (LK)Q __ 0" 2 — ( gitli )2 __ Ogn
K EK 8,gw> ’ K 8oy EK 6,gw,

Marginally stable circular orbit (last stable circular orbit):

Iy (Fms) < 0

Marginally bound circular orbit:
! !
V(L Li(Fmb), fmb) =1 & EZ(fmp) = 1
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Metric and mass multipole moments
Lightlike and timelike geodesics
Polish doughnuts and the effective potential

Tori in the g-metric

The g-metric

Simplest exact static exterior solution of the vacuum field equations with
non-vanishing quadrupole moment, its metric:

1+qg
ds® = — (1 - ﬂ) dt?
r

2M\ ~9 M2 sin2 9\ ~9C+a) /g2 > 02 22442
+(177> [(1+m> ( 2M+rd19)+r sin ﬂdap},

r

where q: quadrupole parameter, M: mass parameter.
Mass multipole moments (Geroch-Hansen):

M3
Mo = (1 + q)M, Mz:—Tq(q+1)(q+2)

For later comparison, express the g-metric in terms of My and M, (restrict discussion
to g > —1and M > 0):

M 1
M= Mo, [3°22 +1

, g= ——

M3 M

0 /3 My
31\/13 1

-1
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Metric and mass multipole moments
Lightlike and timelike geodesics
Polish doughnuts and the effective potential

Tori in the g-metric

Marginally bound and marginally stable circular orbits

For lightlike geodesics, there is exactly one solution for photon circles:

M,
re=(3+2q)M = (2+,/1+3—§)
MO

Marginally bound circular orbit: only numerically, up to one
Marginally stable circular orbit:

ik = M<4+3qﬁ: V5q2 + 10q+4)

— splits the family of g-metrics intro three classes:

Class | : 00> g > —1/20r —=1/3 < Ma/M3 < 1
o Schwarzschild-like

Class Il : —=1/2>q 2 —0.553 or 1 < Mo/ M3 < 4/3
e two marginally stable, but no photon circle anymore
Class Il : —0.553 2 ¢ > —1or 4/3 < Ma/M3 < oo

o all orbits > 2M are stable
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Lightlike and timelike geodesics

Tori in the g-metric

Depiction of orbits

/Mo

Abbildung: Circular orbits in the g-metric, depending on the quadrupole moment.
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Metric and mass multipole moments
Lightlike and timelike geodesics
Polish doughnuts and the effective potential

Tori in the g-metric

Effective potential in the equatorial plane
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(1—2M) () 2 gin2 g 2(1 — 2M)9

1
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- . Metric and mass multipole moments
Tori in the g-metric q - 7 g 4
Lightlike and timelike geodesic

Polish doughnuts and the effe potential

Effective potential in Class Il spacetimes: the connection of double tori and
fish

1Mo = 3.426,M | M} = 1176 1/ My = 3.447, M, /M3 = 1176 1M = 3.340,M; /13 = 1176

/My riMo /My

Abbildung: Polar dependency of double tori for Class Il spacetimes, depending on the quadrupole moment, forming fish-like structures.
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Metric and mass multipole moments
Tori in Erez-Rosen spacetime Polish doughnuts and the effective potential

The Erez-Rosen spacetime

First found solution of Einstein's vacuum field equations identified as describing the
gravitational field around a central object with a quadrupole moment

dx? dy?
+
x2—1 1—y2

2
ds?2 = —fdt® + 07 |:e2'7(x2 — y2)( ) + (X2 -1)(1- y2)d992
with

f _X- 1 e—2aP2Q2

Tx+1
1 2 -
Y=(1+9 I 5—= 4291 -P) @+ (1—P2)- [(1+ P) (& — @)
2 X —y
1
+5 (= 1) (2Q5 — 3x@1Q2 +3Qu Q2 — Qé)]

with Q@ = Q(x) and P = P(y), and q: quadrupole parameter.
Transformation to Schwarzschild-like coordinates via x = r/M — 1 and y = cos¥.
Multipole moments (Geroch-Hansen):

2
My=M, M,=—q¢*M3
0 2 15q
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Metric and mass multipole moments
Tori in Erez-Rosen spacetime Polish doughnuts and the effective potential

Marginally bound and marginally stable circular orbits

For lightlike geodesics, there are up to 2 solutions for photon circles, determined by:

r—3M — gr(r — 2M)3, Qx(r/M — 1) = 0

Marginally bound circular orbit: only numerically, up to one
Marginally stable circular orbit: also, only numerically, up to two
Orbit properties divide Erez-Rosen spacetimes into 3:

Class |

Class lla

Class lIb

Class Il

:—oo<q<lor—oo<M2/l\/lg’§0.13

o Schwarzschild-like

11<g<2250r0.13 5 Mp/M3 < 1.52

e two photon circles!

12255 g<48o0r152< My/M3 <258

e two marginally stable, but no photon circle anymore - see Class Il g-metric

148 < g<ooor258 < My/M3S < oo

o all orbits > 2M are stable
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Metric and mass multipole moments
n Erez-Rosen spacetime ish doughnuts and the effective potential

Depiction of orbits

unstable circular photon orbit
== stable circular photon orbit
region with two photon circles

Abbildung: Circular orbits in Erez-Rosen spacetime, depending on the quadrupole moment.
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Metric and mass multipole moments
Tori in Erez-Rosen spacetime Polish doughnuts and the effective potential

Effective potential in the equatorial plane
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Metric and mass multipole moments
Tori in Erez-Rosen spacetime Polish doughnuts and the effective potential

Effective potential in Class Il spacetimes

— /My =365, M; /M3 = 7316 —— 1/My =365, M,/ M3 = 7.909 — 1My =365, My M} = 8533

/My /Mo /My

Abbildung: Polar dependency of the effective potential for class Il spacetimes. The black numbers represent the density at the position of
the equipotential surfaces.
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Conclusion

Conclusion

@ both g-metric and Erez-Rosen spacetime can be distinguished into 3 classes
@ In class |, tori are qualitatively similar to the tori in Schwarzschild spacetime
@ In class Il, there are qualitative differences

o double tori, fish-like structures
e two centres
@ no accretion

@ In class Ill, tori cannot have a cusp, thus no accretion
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