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Abstract

We study the Peccei-Quinn (PQ) symmetry of the sterile right-handed neutrino sector and the gauge sym-
metries of the Standard Model. Due to four-fermion interactions, spontaneous breaking of these symmetries 
at the electroweak scale generates top-quark Dirac mass and sterile-neutrino Majorana mass. The top quark 
channel yields massive Higgs, W± and Z0 bosons. The sterile neutrino channel yields the heaviest sterile 
neutrino Majorana mass, sterile Nambu-Goldstone axion (or majoron) and massive scalar χboson. Four-
fermion operators effectively induce their tiny couplings to SM particles. We show that a sterile QCD axion 
is the PQ solution to the strong CP problem. The lightest and heaviest sterile neutrinos (me

N
∼ 102 keV 

and mτ
N

∼ 102 GeV), a sterile QCD axion (ma < 10−8 eV, gaγ < 10−13GeV−1) and a Higgs-like χboson 
(mχ ∼ 102 GeV) can be dark matter particle candidates, for the constraints of their tiny couplings and long 
lifetimes inferred from the W -boson decay width, Xenon1T and precision fine-structure-constant experi-
ments. The axion and χboson couplings to SM particles are below the values reached by current laboratory 
experiments and astrophysical observations for directly or indirectly detecting dark matter particles.
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1. Introduction

Over eight decades, evidence has been built up by astrophysical and cosmological observa-
tions that cannot be explained unless the dark matter is present in addition to normal matter made 
up of fundamental particles in the Standard Model (SM) of particle physics [1,2]. Dark matter 
accounts for approximately 85% of the total matter in the universe. These facts constitute phys-
ically compelling reasons for new fundamental particles and interactions beyond SM. There is 
a broad range of dark matter candidates since evidence has only been observed so far through 
gravitational effects over large length scales, from the size of the largest superclusters of galaxies 
down to the smallest observable dwarf galaxies.

The weakly-interacting massive particle (WIMP), axion-like particles (APLs) and sterile 
right-handed neutrinos are theoretically well-motivated dark matter particle candidates. WIMP 
candidates are of typical 102 GeV masses and electroweak interactions. They are produced ther-
mally in the early Universe and give the correct abundance of dark matter today (WIMP miracle) 
[3–8]. Supersymmetric extensions of the SM predict a new particle with these properties [9]. The 
2
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Peccei-Quinn (PQ) axion [10–13] offers a compelling solution to the strong CP problem of quan-
tum chromodynamics [14–19]. The axion and other light ALPs emerge naturally from theoretical 
models of physics at high energies, including string theory, grand unified theories, and models 
with extra dimensions [19,20]. The extra neutrinos are added in the νMSM, left-right symmetry 
and other extensions of the SM model [21–27]. The right-handed neutrinos νR and four-fermion 
interactions have to be present [28–31], due to chiral gauge symmetries of SM cannot be simply 
consistent with a cutoff field theory [32,33].

There is a large number of ultra-sensitive experiments searching for WIMP particles [2,34,35]. 
Astrophysical observations and laboratory experiments have produced a number of stringent 
limits on ALPs [36–43]. The recent Xenon1T [44] experiment possibly sheds new light on sterile 
neutrinos as dark matter particles [45]. However, so far there has been no unambiguous direct or 
indirect detection of these dark matter particles.

There are several ways to probe into dark matter particle candidates, we adopt an effective 
field theory, analogously to the approach [46,47]. In the previous articles [48,49], we preliminar-
ily study the spontaneous breaking of global U(1) chiral symmetry in the sterile right-handed 
neutrino sector, which leads to three possible DM (dark matter) particle candidates: massive 
sterile neutrinos, pseudoscalar and scalar bosons. In the recent article [45], the right-handed 
neutrinos masses and coupling GR to SM gauge bosons have been inferred by the Xenon1T ex-
periment [44] and constrained by astrophysical observations [50,51]. From these results, we can 
estimate three dark matter particle candidates’ masses and couplings to SM particles. We find 
that sterile neutrinos Majorana masses are generated by spontaneous U(1) symmetry breaking, 
accompany by a pseudoscalar Goldstone boson of PQ type axion a (or Majoron) and massive 
scalar χboson of mass O(102) GeV. They can be potential DM particle candidates, for their very 
long lifetimes and tiny couplings to SM particles.

The article is arranged as follows. In Sec. 2, we briefly introduce the physical compelling 
reasons for right-handed neutrinos and their quadrilinear introductions in an effective theory at 
an ultraviolet (UV) cutoff. Similarly to the analysis of top-quark condensate and spontaneous SM 
electroweak gauge symmetries breaking in Sec. 3, we study the spontaneous breaking of sterile 
neutrino PQ symmetry, the sterile neutrino condensate and Majorana masses in Secs. 4 and 5. 
We present detailed discussions for the sterile QCD axion at the electroweak scale in Sec. 7, and 
the Higgs-analog sterile χboson in Sec. 8. Summary and remarks are in the last section Sec. 9.

2. Sterile neutrinos and their four-fermion interactions

A well-defined quantum field theory for the SM Lagrangian requires a natural regularization 
(UV cutoff �cut) fully preserving the SM chiral-gauge symmetry. The UV cutoff �cut could be 
of the Planck scale or grand unified theory (GUT) scale. Quantum gravity or other new physics 
naturally provides such regularization. However, the no-go theorem [32,33] shows the presence 
of right-handed neutrinos and absence of consistent ways to regularize the SM bilinear fermion 
Lagrangian to exactly preserve the SM chiral-gauge symmetries. This implies SM fermions’ 
and right-handed neutrinos’ four-fermion operators at the UV cutoff. As a theoretical model, 
we adopt the four-fermion operators of the torsion-free Einstein-Cartan Lagrangian with SM 
fermion content and three right-handed neutrinos [48,49,52],

L ⊃ −G
∑(

ψ̄f
L

ψf
R

ψ̄f
R

ψf
L

+ ν̄f c
R

ψf
R

ψ̄f
R

νf c
R

)
+ h.c., (2.1)
f
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where the two component Weyl fermions ψf
L

and ψf
R

respectively are the eigenstates of the 
SM gauge symmetries SUC(3) × SUL(2) × UY (1). For the sake of compact notations, ψf

R
is 

also used to represent three right-handed sterile neutrinos νf
R , which are SM gauged singlets. 

All fermions are massless, they are four-component Dirac fermions ψf = (ψ
f
L + ψ

f
R ), two-

component left-handed Weyl neutrinos νf
L and four-component sterile Majorana neutrinos νf

M =
(ν

f c
R + ν

f
R), where νf c

R = iγ2(ν
f
R)∗. In Eq. (2.1), f = 1, 2, 3 are fermion-family indexes summed 

over respectively for three lepton families (charge q = 0, −1) and three quark families (q =
2/3, −1/3). Eq. (2.1) preserves not only the SM gauge symmetries and global fermion-family 
symmetries but also the global U(1) symmetries for conservations of fermion numbers. We adopt 
the effective four-fermion operators (2.1) and coupling G ∝ O(�−2

cut) in the context of a well-
defined quantum field theory at the high-energy scale �cut. Here, we suppose that the four-
fermion coupling G is the unique coupling, implying effective operators (2.1) at the UV cutoff 
are the same for all SM fermions. The assumptions are (i) such Einstein-Cartan type operators 
should be attributed to the nature of quantum gravity at the UV cutoff; (ii) all SM fermions are 
massless, and their eigenstates of mass and gauge interactions are the same at the UV cutoff. 
However, this is a preliminary approximation in the effective Lagrangian. The SM family mixing 
must occur in the ground state when SM fermion mass and gauge eigenstates are different. Thus 
the effective four-fermion coupling G should be different for different SM fermion species, due 
to family mixing angles that are treated as parameters. We will duly address this issue later.

Among operators in the Lagrangian (2.1), we explicitly show the operators relevant to the 
issues of this article. In the first term of Eq. (2.1), the top-quark channel is given by [53,54]

G(ψ̄ia
L tRa)(t̄

b
RψLib), (2.2)

where a and b are the colour indexes of the top and bottom quarks, the quark SUL(2) doublet 
ψia

L = (taL, ba
L) and singlet taR are the eigenstates of SM electroweak interaction. Coming from 

the second term (ψf
R = ν�

R) in Eq. (2.1), the sterile-neutrinos channel ν�
R (� = e, μ, τ ) is,

G(ν̄�c
R ν�

R)(ν̄�
Rν�c

R ), (2.3)

which preserves the global chiral symmetry Ulepton(1) for the ν�
R lepton-number conservation, 

although (ν̄�
Rν�c

R ) violates the lepton number of family “�” by two units.

3. Spontaneous breaking of SM gauge symmetries

Apart from what is possible new physics at the UV scale �cut explaining the origin of these 
effective four-fermion operators (2.1), it is essential and necessary to study: (i) which dynamics 
of these operators undergo in terms of their couplings as functions of running energy scale μ; 
(ii) associating to these dynamics where the infrared (IR) or ultraviolet (UV) stable fixed point 
of physical couplings locates; (iii) in the domains (scaling regions) of these stable fixed points, 
which physically relevant operators that become effectively dimensional-4 renormalizable oper-
ators following RG equations (scaling laws), while other irrelevant operators are suppressed by 
the cutoff at least O(�−1

cut).
4
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Fig. 1. Left: The tadpole diagram stands for the gap equation in SSB. Right: a bubble diagram, where 	 = 1, γ5 for scalar 
or pseudoscalar coupling vertexes. The solid lines and circle indicate sterile neutrino (or top quark) propagators and loop. 
The four sterile neutrinos (top quarks) interacting vertex is associated with the coupling strength G/2. The indications 
are the same in the following figures, unless otherwise stated.

Fig. 2. The diagram of summing bubbles represents composite scalar boson or pseudo scalar boson (dashed line).

3.1. Top-quark channel and low-energy effective theory

In the domain of the IR-stable fixed point Gc, using the approach of large-N expansion, it 
was shown [53] that the operator (2.2) undergoes the spontaneous symmetry breaking (SSB) 
dynamics, leading to the generation of top-quark mass

mt = −(G/Nc)
∑
a

〈t̄ aLtaR〉 = 2G
i

(2π)4

�cut∫
d4p

mt

(p2 − m2
t )

. (3.1)

The mass gap-equation, see tadpole diagram of Fig. 1, removes the �2
cut-divergence and obtain 

mt � �cut by fine tuning G value. It appears the composite Higgs scalar 〈t̄ t (x)〉 and Nambu-
Goldstone bosons, e.g., 〈t̄ (x)γ5t (x)〉, see Fig. 2. The latter becomes the longitudinal modes of 
the massive Z0 and W± gauge bosons. The effective SM Lagrangian with the bilinear top-quark 
mass term and Yukawa coupling to the composite Higgs boson H at the low-energy scale μ is 
given by [53,54]

L = Lkinetic + gt0(�̄LtRH + h.c.)

+ ZH |DμH |2 − m2
H
H †H − λ0

2
(H †H)2, (3.2)

where the bare Yukawa coupling gt0, static Higgs mass m0(mH
) ≈ �cut and quartic coupling 

λ0 at the UV cutoff scale �cut, and the finite coupling G is given by G = g2
t0/m2

0, see Eqs. (3-
1-3.3) of Ref.[53]. All renormalized quantities received fermion-loop contributions are defined 
with respect to the low-energy scale μ. The conventional renormalization Zψ = 1 for funda-
mental fermions and the unconventional wave-function renormalization (form factor) Z̃H for the 
composite Higgs boson are adopted

Z̃H (μ) = 1

ḡ2
t (μ)

, ḡt (μ) = ZHY

Z
1/2
H

gt0; λ̃(μ) = λ̄(μ)

ḡ4
t (μ)

, λ̄(μ) = Z4H

Z2
H

λ0, (3.3)

where ZHY and Z4H are proper renormalization constants of the Yukawa coupling and quartic 
coupling in Eq. (3.2). In the IR-domain where the SM particle physics is realized at the elec-
5
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Fig. 3. In the top-quark channel, the effective Yukawa coupling ḡt (μ) and quartic couplings λ̃(μ) as functions of energy 
scale μ are determined by RG equations (3.4), (3.5), mass shell condition (3.6) and experimentally measured top quark 
and Higgs mass. The effective quartic coupling λ̃(μ) becomes negative at the energy scale E ≈ 5 TeV. These figures are 
reproduced from Refs. [57,58].

troweak energy scale v = 2−1/4G
−1/2
F ≈ 246 GeV, the full one-loop renormalization group (RG) 

equations for running couplings ḡt (μ
2) and λ̄(μ2) read

16π2 dḡt

dt
=

(
9

2
ḡ2

t − 8ḡ2
3 − 9

4
ḡ2

2 − 17

12
ḡ2

1

)
ḡt , (3.4)

16π2 dλ̄

dt
= 12

[
λ̄2 + (ḡ2

t − A)λ̄ + B − ḡ4
t

]
, t = lnμ (3.5)

where one can find A, B and RG equations for SM SUc(3) × SUL(2) × UY (1) running gauge 
couplings ḡ2

1,2,3 in Eqs. (4.7), (4.8) of Ref. [53]. The SSB-generated top-quark mass mt(μ) =
ḡ2

t (μ)v/
√

2. The composite Higgs-boson is described by its pole-mass m2
H(μ) = 2λ̄(μ)v2, form-

factor Z̃H (μ) = 1/ḡ2
t (μ) and effective quartic coupling λ̃(μ), provided that Z̃H (μ) > 0 and 

λ̃(μ) > 0 are obeyed. As a result, the heaviest top quark mass is generated by the spontaneous 
breaking of SM gauge symmetries in the top sector (2.2) with a t t̄ bound state as a candidate for 
the SM Higgs particle, and three Goldstone bosons becoming the longitudinal modes of massive 
gauge bosons W± and Z0. This scenario provides a low energy effective theory for the SM.

In Refs. [55,56], we explain that among four-fermion operators (2.1), why only the top-quark 
sector (2.2) undergoes the condensation and the top quark mass is generated by spontaneously 
symmetry breaking. The reason is that the top-quark condensation gives the least numbers of 
Goldstone bosons, and this is the energetically favourable ground state of four-fermion interac-
tions (2.1). Other fermion Dirac masses are generated by induced explicitly symmetry breaking, 
attributed to fermion flavour mixing [49]. This point will be further illustrated later when we 
discuss the generation of neutrino Dirac masses.

3.2. Experimental values of top-quark and Higgs masses

To definitely solve the RG equations (3.4) and (3.5) for ḡt and λ̄, it requires boundary 
conditions at a physical energy scale. BHL naturally introduced the theoretical compositeness 
condition Z̃H (�cut) = 1/ḡ2

t (�cut) = 0 and λ̃(�cut) = 0 at the composite scale ∼ �cut, where the 
effective Lagrangian (3.2) is sewed together with the underlying four-fermion Lagrangian (2.2). 
This is the UV completion of the BHL solution at the cutoff �cut. However, their solution to the 
RG equations (3.4) and (3.5) with the compositeness condition cannot reproduce simultaneously 
correct experimental values of the electroweak scale v, the top-quark mass mt , and the Higgs 
boson mass m . Below, we describe our alternative solution to the problem.
H

6
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Instead of the BHL compositeness condition, we obtained [57,59] the solution to the RG 
equations (3.4) and (3.5) by using the boundary conditions based on the experimental values 
of top-quark and Higgs-boson masses, mt ≈ 173 GeV and m

H
≈ 126 GeV, via the mass-shell 

conditions

mt(mt ) = ḡ2
t (mt )v/

√
2 ≈ 173GeV, m

H
(m

H
) = [2λ̄(m

H
)]1/2v ≈ 126GeV, (3.6)

as well as the electroweak scale v = 246 GeV determined by the measurement of W± and Z0

boson masses. As a result we find the solutions for Z̃H (μ) and λ̄(μ), as shown in Fig. 3. In 
low energies μ � Mz, the effective Lagrangian and RG equations (3.2), (3.3), (3.4), (3.5) with 
experimental boundary conditions (3.6) are equivalent to the low-energy SM Lagrangian and 
RG equations of elementary top-quark and Higgs fields. Extrapolating them to high energies 
μ � Mz, we find Z̃H (μ) �= 0 is finite, the composite Higgs boson is a tightly bound state and 
behaves as an elementary particle, and the effective quartic coupling λ̃(μ) becomes negative at 
the energy scale ∼ 5 TeV. This would imply new physics beyond SM at TeV scales, which will 
be briefly explained soon.

We will apply the same solution to the sterile neutrino channel (2.3), studying the spontaneous 
PQ symmetry breaking of the sterile neutrino sector and its relation to the QCD axion. Therefore, 
it is necessary to briefly explain the UV completion of our solution in contrast with the BHL 
solution.

The similarities between both solutions are that they approach the scaling domain of IR fixed 
point at low energies O(v). For the energy scale μ � Mz, Z̃H (μ) �= 0 and λ̃(μ) �= 0 are finite, 
the composite Higgs boson behaves as an interacting and elementary particle, after the proper 
wave-function (form factor) Z̃H (μ) renormalisation. The main differences come up for high 
energy scale μ � Mz. Unlike the BNL solution Z̃H (μ) and λ̃(μ) decrease to zero, our solution 
Z̃H (μ) �= 0 increases and the effective quartic coupling λ̃(μ) becomes negative at the energy 
scale ∼ 5 TeV. This means that the UV completion of our solution is drastically different from 
that of the BHL solution. We give below a brief summary of our UV completion, more details 
can be found in Refs. [52,58,60].

(i) In the strong four-fermion coupling (2.2), there is an SM gauge symmetric phase where 
composite bosons 
 ∝ (ψ̄ψ) and fermions � ∝ (ψ̄ψ)ψ are formed. The latter can be 
viewed as a bound state of a composite boson 
 and an SM fermion ψ [27–29]. They 
behave as elementary particles as long as their form factors Z
 and Z� do not vanish.

(ii) We find [28,30] the critical coupling Gc(�) for the second-order phase transition from 
the strong-coupling SM symmetric phase (G > Gc) to the weak-coupling SM symmetry 
breaking phase (G < Gc). When the running energy μ becomes smaller than the transition 
energy scale �,1 the composite bosons 
 and fermions � dissolve into SM fermions, as 
their form factors Z
, Z� and negative binding energies B vanish. The dissolving dynam-
ics is similar to composite particles (poles) dissolving into their constituents (cuts) in the 
energy-momentum plane, e.g. a deuteron dissolves into a proton and a neutron [61–64].

(iii) In the spontaneous SM symmetry breaking phase, it is shown [55,56] that for an ener-
getically favourable ground state, only (Dirac) massive top quark t and composite Higgs 
boson t̄ t are realised, leading to the BHL top-quark condensate model. Our solution (Fig. 3) 
implies that the new physics energy scale ∼ 5 TeV could be the energy scale � at the tran-

1 In some previous publications, the transition energy scale is indicated by E , while � stands for the UV cutoff �cut.
7
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sition Gc. It is much smaller than the BHL composite scale �cut (2.1), and the fine-tuning 
problem is avoided by replacing �cut → � in the gap equation (3.1). Namely, BHL has 
not considered the SM gauge symmetric phase (i) of composite particles 
 and � and the 
phase transition (ii).

(iv) The critical point of second-order phase transition plays a role for a fixed point of field 
theories [65–70]. The scaling domain of the UV fixed point Gc(�) renders an SM gauge 
symmetric effective field theory for composite bosons and fermions at the energy scale 
� [52,58], described by relevant RG equations. As the running energy scale, μ decreases 
from � to v, the phase transition and dissolving dynamics (ii) proceed, the RG flows take 
the effective theory of composite particles away from the UV fixed point towards the IR-
fixed point of BHL, where an SM gauge symmetry breaking effective theory (3.2) with 
a composite Higgs particle is realised. However, it is hard to quantitatively study these 
properties, because of the non-perturbative nature of strong critical four-fermion coupling.

(v) Based on these discussions, we expect there are at least two “matching” conditions. First, 
the compositeness condition at the cutoff scale �cut, where the SM gauge symmetric ef-
fective Lagrangian of composite bosons 
 and fermions � in the UV scaling domain is 
sewed together with the underlying four-fermion Lagrangian (2.1) for their form factors 
Z
 = Z� = 0. Second, the dissolving condition at the energy scale � ∼ 5 TeV, where the 
BHL effective Lagrangian (3.2) of composite Higgs boson is sewed together with the ef-
fective Lagrangian of composite bosons 
 and fermions � by matching their form factors 
Z
 and Z� to those in Eq. (3.3), as well as matching RG flows between UV and IR scaling 
domains. These are non-perturbative issues and will be subjects for future studies.

4. Spontaneous breaking of sterile neutrino PQ symmetry

The Lagrangian (2.3) with the three right-handed neutrinos ν�
R preserves the sterile neutrino 

lepton-number symmetry Ulepton(1), which can be also called as the sterile neutrino hypercharge 
symmetry UYν

R
(1). The right-handed neutrinos ν�

R hypercharge Y ν
R is proportional to their B −L, 

where B and L are the baryon and lepton numbers of particles. We identify this global chiral 
symmetry Ulepton(1) as the PQ chiral symmetry UPQ

lepton(1). This means that only sterile neutrinos 

carry PQ charge αPQ , ν�
R

→ e
iαPQ ν�

R
and eiαPQ ∈ U

PQ
lepton(1).

When three right-handed neutrinos ν�
R are added into the SM fermion content, the UB−L(1)

symmetry is anomaly free and the gauge-gravitational anomaly is also zero, see for example 
see Ref. [71–73]. The hypercharge UY (1) triangle anomaly-free requires Y ν

R = YL + 1, where 
YL is the hypercharge of SM SUL(2) doublet, Y ν

R and YL remain unconstrained. This gives the 
possibility of electrically millicharged left-handed neutrino ν�

L, other SM fermions and dequan-
tized electric charges, attributed to the mixing of SM hypercharge YSM and (B − L) number 
U(1)-symmetries, see for example Refs. [74–77].

The top-quark channel operator (2.2) and sterile-neutrino channel operator (2.3) have the same 
structure and coupling G. The sterile-neutrino channel should undergo the SSB dynamics, anal-
ogously to the top-quark channel. The spontaneous breaking of the chiral UPQ

lepton(1) symmetry 
leads to the generation of sterile neutrino Majorana masses, axion and massive scalar boson. 
We present in this section the detailed studies and results of spontaneous breaking of global 
U

PQ
lepton(1) symmetry of sterile neutrino channel, in comparison with the spontaneous breaking of 

SM gauge symmetry of top-quark channel.
8
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It has been discussed that the spontaneous breaking of the PQ chiral U(1) symmetry leads to 
the generation of sterile neutrino Majorana mass via a seesaw mechanism, and the violation of 
lepton-number symmetry, i.e., UB−L(1) symmetry breaking. In this case, the Nambu-Goldstone 
mode is an Axion or a Majoron, and they are equivalent, see Refs. [78,79]. In addition, the 
spontaneous symmetry breaking generates the Majorana mass term ν̄c

R
ν

R
requires YR

ν = 0 and 
then YL = −1, which gives the same charge quantization and electrically neutral neutrinos ν�

L

as in SM. This is consistent with the violation of the UB−L(1) symmetry by the Majorana mass 
term, which forbids the mixing of the SM hypercharge and (B − L) number [74,75,77].

4.1. Sterile neutrino condensate and composite bosons

To start this section, let us mention the studies [80–82], where the third neutrino family is 
incorporated into the top-quark condensate model. The Majorana mass term Mν̄c

RνR is explicitly 
introduced in Lagrangian, while the Dirac neutrino condensate 〈ν̄LνR〉 is spontaneously devel-
oped via the operator Gν̄�

L
ν�

R
ν̄�

R
ν�

L
(2.1) in the third SM family (� = τ). It is shown that the 

phenomenological aspects of the top-quark condensate model [53] have been improved. Instead, 
here we study not only the Dirac neutrino condensate, but also the Majorana neutrino condensate 
〈ν̄� c

R ν�
R〉 developed by the Gν̄�c

R
ν�

R
ν̄�

R
ν�c

R
(2.1), leading to the spontaneous generation of Majorana 

neutrino masses.
Similarly to the 〈t̄ata〉 condensate and top-quark Dirac mass generation, see Eqs. (2.2) and 

(3.1) in Sec. 3, the four-fermion operator (2.3) undergoes SSB and develops 〈ν̄f c
R ν

f
R 〉 condensate 

and generates the sterile neutrino Majorana mass. The four-fermion coupling G is identical, the 
family index “f ” and Nf = 3 play the same role as the colour index “a” and Nc = 3. Using 
the approach of large-N expansion, as indicated by the tadpole diagram in Fig. 1, the chiral 
U

PQ
lepton(1)-symmetry is spontaneously broken by non-vanishing vacuum expectation value mM �=

0,

mM = −G
∑

f =1,2,3

〈ν̄f c
R ν

f
R 〉 = 2G

i

(2π)4

�∫
d4p

mM

p2 − (mM)2 . (4.1)

This generates the Majorana mass mM
3 = mM of the most massive sterile neutrino N3

R (mass 
eigenstate), analogously to top-quark mass generation. However, the sterile neutrino condensate 
(4.1) violating the sterile neutrino (lepton) number by two units, differently from the top-quark 
condensate case, where the quark-number conservation is not violated.

The Nambu-Goldstone theorem guarantees the productions of a sterile massless Nambu-
Goldstone boson, i.e. the pseudoscalar bound state

φM = i
∑

f =1,2,3

〈ν̄f,c
R γ5ν

f
R 〉, (4.2)

and a sterile massive scalar particle, i.e. the scalar bound state

φM
H

=
∑

f =1,2,3

〈ν̄f,c
R ν

f
R 〉. (4.3)

Both of them carry two units of the sterile neutrino lepton number. These composite bosons φM

and φM
H

are represented by the poles appearing in the bubble sum, as shown in Feynman diagrams 
of Fig. 2.
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In the same line presented in Ref. [53], the calculation can be done straightforwardly by re-
placements tL → νc

R , tR → νR , t̄L → ν̄c
R , and t̄R → ν̄R . The bubble diagram, see the left diagram 

of Fig. 1, is given by

�s,p(q2) = i(G/2)

∫
d4xeiqx〈ν̄f,c

R 	s,pν
f
R(x), ν̄

f,c
R 	s,pν

f
R(0)〉connected

= (G/2)
[
�s,p(μ2

s,p) + (q2 − μ2
s,p)�′

s,p(μ2)
]

(4.4)

where 	s = 1, μ2
s �= 0 for the scalar channel and 	p = γ5, μ2

p = 0 for the pseudo scalar 
channel. The gap equation (3.1), represented by the tadpole diagram in Fig. 1, requires 
(G/2)�s,p(μ2

s,p) = 1. As a result, the sum of bubble diagram Fig. 2, gives the poles of scalar 
and pseudo scalar propagators,

	s,p(q2) = (G/2)

1 − (G/2)�s,p(q2)
= �′−1

s,p(μ2)

(q2 − μ2
s,p)

. (4.5)

They represent the pesudoscalar composite boson (4.2) and the scalar composite boson (4.3). 
The pseudoscalar Nambu-Goldstone boson φM is an Axion (or a Majoron). The massive scalar 
boson is a Higgs-like boson, in analogy to the case of SM gauge symmetries breaking by top-
quark condensate. Both composite bosons carry two unite of sterile-neutrino lepton numbers.

4.2. Low-energy effective Lagrangian of dark matter particles

Analogously to the discussions in Sec. 3 for the top-quark condensate model, the effective 
Lagrangian of dark matter particles at the low-energy scale μ is given by

LS
eff = LS

kinetic + gt0(N̄
3,c
R N3

RφM
H

+ h.c.)

+ Zφ |∂μφM
H

|2 − m2
φφM

H

†
φM

H
− λ0

2
(φM

H

†
φM

H
)2

+ gt0(N̄
3,c
R γ5N

3
RφM + h.c.) + Zφ |∂μφM |2 + �LS

SM, (4.6)

where LS
kinetic is the bilinear sterile neutrino kinetic terms. Analogously to the top quark in 

Eq. (3.2), N3
R indicates the heaviest mass eigenstate of sterile neutrinos in the third lepton fam-

ily. Apart from the massive scalar boson φM
H

Lagrangian in analogy with the 〈t̄ t〉-condensate 
Lagrangian (3.2), the massless pseudoscalar boson kinetic term Zφ|∂μφM |2 and its interaction 
with sterile neutrinos are present. The �LS

SM represents a possible effective Lagrangian of φM
H

and φM interacting with SM particles. The conventional renormalization ZνR
= 1 for fundamen-

tal sterile neutrinos and the unconventional wave-function renormalization (form factor) Z̃φ for 
the composite scalar boson φM

H
and pseudo scalar boson φM are adopted

Z̃φ(μ) = 1

ḡ2
s (μ)

, ḡs(μ) = ZφY

Z
1/2
φ

gt0; λ̃s(μ) = λ̄s(μ)

ḡ4
s (μ)

, λ̄s(μ) = Z4φ

Z2
φ

λ0, (4.7)

where ZφY and Z4φ are proper renormalisation constants of the Yukawa coupling and quartic 
coupling in Eq. (4.6). In the IR-domain for SM physics via top-quark condensate, see Sec. 3.1, 
the dark matter particle effective Lagrangian is realised at the experimentally unknown sterile 
scale vs ≡ vsterile. The full one-loop RG equations for running couplings ḡs(μ

2) and λ̃s(μ
2) are 

given by
10
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Fig. 4. In the sterile-neutrino channel, the effective Yukawa coupling ḡs (μ) and quartic couplings λ̃s (μ) as functions of 
energy scale μ are determined by RG equations (4.8), (4.9), mass shell condition (4.10). We chose the heaviest neutrino 
mass mM ≈ 0.83 mt ≈ 143 GeV and mχ ≈ 0.92 m

H
≈ 116 GeV by demanding λ̃s = 0 at the energy scale � ≈ 5 TeV, 

for the reasons in text. At this energy scale, the quartic coupling vanishes λ̃ = 0 as that in the top-quark channel (see, the 
right plot of Fig. 3).

16π2 dḡs

dt
= 9

2
ḡ3

s , (4.8)

16π2 dλ̄s

dt
= 12

[
λ̄2

s + ḡ2
s λ̄s − ḡ4

s

]
, t = lnμ, (4.9)

which are the same as RG equations (3.4) and (3.5), but absence of gauge interactions. The 
SSB-generated sterile neutrino Majorana mass mM(μ) = ḡ2

s (μ)vs/
√

2. The composite scalar 
boson φM

H
is described by its pole-mass m2

φ(μ) = 2λ̄s(μ)v2
s , form-factor Z̃φ(μ) = 1/ḡ2

s (μ) and 

effective quartic coupling λ̃s(μ), provided that finite wave-function renormalisation (form factor) 
Z̃φ(μ) > 0 and effective quartic coupling λ̃s(μ) > 0 are obeyed. The sterile neutrino Majorana 
mass mM and sterile scalar particle mass mM

φ satisfy the mass-shell conditions,

mM = ḡs(m
M)vs/

√
2, (mM

φ )2/2 = λ̄s(m
M
φ )v2

s , (4.10)

which are the boundary conditions for RG equations (4.8) and (4.9). The scale vs represents the 
energy scale of the PQ chiral symmetry UPQ

lepton(1) breaking and lepton-number violation [48,49]. 
Analogously to the RG equations (3.4) and (3.5), Equations (4.8) and (4.9) are RG equations in 
the IR scaling domain [53,54]. The boundary conditions (4.10) for RG equations (4.8) and (4.9)
of the sterile neutrino sector are similar to the boundary conditions (3.6) of the RG equations 
(3.4) and (3.5) for the top-quark channel, as discussed in Sec. 3.2.

In the effective Lagrangian (4.6), the pseudo scalar boson φM and scalar boson φM
H are tightly 

bound states of right-handed sterile neutrinos. They behave as elementary bosons, since their 
wave-function renormalization (form factor) Z̃φ(μ) = 1/ḡ2

s (μ) is finite. After proper wave-
function renormalization (4.7), the composite pseudo scalar boson φM (4.2) and scalar boson 
φM

H
(4.3) are defined as axion and massive χboson

φM ⇒ a, φM
H

⇒ χ, mφ ⇒ mχ. (4.11)

The low-energy effective Lagrangian of dark energy particles is

LS
eff = LS

kinetic + ḡs(N̄
3c
R N3

Rχ + h.c.)

+ |∂μχ |2 − m2
χχ†χ − λ̃s

2
(χ†χ)2

+ ḡs(N̄
3c
R γ5N

3
Ra + h.c.) + |∂μa|2 + �LS

SM. (4.12)

Due to the absence of sterile neutrino directly coupling to gauge bosons, the pseudo scalar 
Nambu-Goldstone boson φM (4.2) or axion a (4.11) does not become the longitudinal mode 
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of a gauge boson. This is different from the occurrence in spontaneous SM gauge symmetry 
breaking. The third family Yukawa coupling ḡs is of order of unit, see Fig. 4. The χboson mass 
mχ , sterile neutrino mass spectra and kinetic terms LS

kinetic will be discussed just below. We will 
study in details the term �LS

SM for possible χboson and a axion interactions with SM fermions 
and gauge bosons in Secs. 7 and 8.

4.3. Mass scales of sterile neutrinos, axion and scalar boson

Observe that the top-quark channel (2.2) and sterile-neutrino channel (2.3) have the same 
coupling G and four-fermion interacting structure. Moreover RG equations (3.4), (3.5) of top-
quark channel and (4.8), (4.9) of sterile neutrino channel approach to the same low-energy IR 
scaling domain, where the SM is realized. Therefore, the UPQ

lepton(1) breaking scale vs should be 
the same order magnitude of electroweak gauge symmetry breaking scale v,

vs = fa ≈ v = 246GeV, (4.13)

where fa stands for the axion decay constant, relating to the form factors of the axion a and 
χboson. The differences between two channels come from the gauge coupling terms in the RG 
equations (3.4) and (3.5). However, we cannot determine the RG solutions ḡs(μ

2) and λ̃s(μ
2)

of sterile neutrino channel in the same manner of determining ḡt (μ
2) and λ̃(μ2) in the top-

quark channel. Because the boundary conditions (4.10) of sterile particle masses mM and mχ are 
experimentally unknown.

Since gauge coupling terms in RG equations are perturbative, we do not expect a large quali-
tative difference between the top-quark channel and sterile-neutrino channel RG solutions in the 
IR scaling domain at the electroweak scale. Therefore, we infer that [48,49]

(i) the heaviest sterile neutrino that we identify as the third family one N3
R has a Majorana 

mass mM
3 ≡ mM that should be of the same order of the top quark mass mt ≈ 173 GeV, i.e.,

mM
3 ∼ 102GeV (4.14)

and its Yukawa coupling ḡs ∼ O(1), similarly to the top quark and Higgs Yukawa coupling;
(ii) the sterile axion a is a massless Nambu-Goldstone boson of spontaneous breaking of PQ 

symmetry in the sterile neutrino sector;
(iii) the sterile χboson mass should be of the same order of the Higgs mass m

H
≈ 126 GeV, i.e.,

mχ ∼ 102GeV. (4.15)

To obtain the couplings ḡs(μ
2) and λ̃s(μ

2) of sterile neutrino channel, we select quantitatively 
mM ≈ 0.825mt and mχ ≈ 0.92m

H
, so that the effective quartic coupling λ̃s vanishes at the new 

physics scale � ≈ 5 TeV. The reasons are

(i) in the right plot of Fig. 4 for the top-quark channel, the quartic coupling λ̃(μ2) vanishes 
λ̃(�) = 0 at this scale, indicating the domain of UV fixed point for new physics [52,58,60];

(ii) the four-fermion sterile neutrino interaction (2.3) and top quark interaction (2.2) have the 
same structure and coupling, they should undergo the same dynamics not only in the IR 
domain at electroweak scale v, but also in the UV domain at new physics scale �.
12
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These arguments infer the heaviest sterile neutrino mass mM
3 ∼ mt , χboson mass mχ ∼ m

H

and Yukawa coupling ḡs ∼ O(1) in connection with top quark and Higgs boson masses, and 
their Yukawa coupling. The χboson is a tightly bound state of sterile neutrinos N̄3,c

R and N3
R

pair. The inequality mχ < 2mM
3 follows, due to the negative binding energy. We consider these 

as previsions of this approach. In addition, the axion decay constant fa ∼ 102 GeV (4.13) is 
drastically different from fa > 1011 GeV in traditional axion models, where χboson is absent. 
We will come to these points in due course.

To end this section, we give the analytical solution to RG equation (4.8),

ḡ2
s (μ) = ḡ2

s (Mz)

1 − 9
16π2 ḡ2

s (Mz) ln
(

μ
Mz

) , (4.16)

where Mz is the SM Z0 boson mass. Equation (4.16) is similar to the QED running coupling in 
the IR fixed point domain.

5. Sterile neutrino and warm dark matter particle

5.1. Sterile neutrino family mixing

The sterile neutrino kinetic term LS
kinetic (4.12) consists of the Dirac mass mD

� and Majorana 
mass mM

� terms

mD
� N̄�

LN�
R + mM

� N̄c�
R N�

R + h.c., (5.1)

where N�
L and N�

R respectively represent the mass eigenstates of normal SM neutrinos (ν�
L) and 

sterile neutrinos (ν�
R) in the �-th lepton flavor family. Note that N1,2,3

R = N
e,μ,τ
R indicates sterile 

neutrino in e, μ and τ lepton family respectively. In terms of lepton mass eigenstates (Nl
L, lL)

and (Nl
R, lR), gauge eigenstates ν�

L,R and �L,R are expressed as,

ν�
L,R = (Uν

L,R)�l
′
Nl′

L,R, �L,R = (U�
L,R)�l

′
l′L,R (5.2)

where Uν
L,R and U�

L,R are 3 × 3 unitary matrices in lepton family flavor space. The unitary 
lepton-family mixing matrixes are [49],

U
ν†
L U�

L, U
ν†
L U�

R,

U
ν†
R U�

L, U
ν†
R U�

R. (5.3)

The Pontecorvo-Maki-Nakagawa-Sakata (PMNS) family mixing matrix is [(Uν
L)†U�

L]. Its coun-
terpart in the sector of right-handed leptons and neutrinos is the family mixing matrix [(Uν

R)†U�
R]. 

The mixing between the normal SM neutrinos and sterile neutrinos is given by [(Uν
R)†U�

L] and 
[(Uν

L)†U�
R]. Their counterparts, namely the quark family mixing and quark-lepton mixing matri-

ces can be found in Ref. [49]. The same as the four-fermion coupling G (2.1), all mixing matrix 
elements (5.3) are fundamental parameters in our approach. We have not so far been able to ex-
plain their origins. It could be a rearrangement of the SSB ground state due to gauge interactions 
and flavour physics. It is interesting and worthwhile to consider the scalar democracy [83,84]
to study the origin of family mixing elements (angles) in our model. In terms of these family 
mixing angles (5.3) and SM fermion mass eigenstates, the effective four-fermion operators (2.1)
have different values of effective couplings G for different SM fermion species.
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On the other hand, these mixing angles play an important role in the generation of other SM 
fermion Dirac masses, except for the top-quark mass. In Refs. [49,85], we show in details that it 
is due to the lepton, quark and quark-lepton family mixings via W± effective 1PI operators GW

R

(6.2), the Dyson-Schwinger equations (gap equations) for SM fermion self-energy are coupled 
among SM families,

mD
ij =

�∫
d4p

(2π)4Kij (p)
mD

ij

p2 − (mD
ij )2

+MD
ij [mD

t , (UL,R)†UL,R], (5.4)

where MD
ij [mD

t , (UL,R)†UL,R] is an inhomogeneous term and Kij (p) is the Kernel functions of 

four-fermion interactions2 and/or SM gauge interactions. Owing to the explicit symmetry break-
ing terms MD

ij [mD
t , (UL,R)†UL,R], these inhomogeneous gap equations (5.4) admit nontrivial 

massive solutions, once the top quark mass mt
D is spontaneously generated. Such generation of 

SM fermion Dirac masses is attributed to explicit symmetry breaking without extra Goldstone 
modes. It is due to the quark-lepton mixing, charged leptons and neutrinos acquire their Dirac 
masses mD

� . As a result, such generated SM fermion Dirac mass spectra are closely related to 
flavour mixing matrices UL,R . In summary, the effective four-fermion coupling strength G plays 
the role of generating the top-quark mass by spontaneous symmetry breaking, whereas the family 
flavour mixing angles play the role of generating other SM fermion masses by explicit symmetry 
breaking. All these parameters and their relations should be determined, in connection with dif-
ferent phenomena in SM physics. What we can only explain is that fermion masses and flavour 
mixing angles are closely interconnected in this scenario.

5.2. Sterile neutrino Majorana masses

In the bilinear sterile neutrino mass terms (5.1), the Dirac masses mD
� are generated by explicit 

symmetry breaking due to SM family mixing [49], as discussed in Eq. (5.4). While the Majorana 
masses mM

� are originated from the four-fermion interaction (2.3) undergoing the SSB dynamics 
together with top-quark condensate, see Sec. 3.1. The SSB renders the generation of the most 
massive sterile mass mM

3 = mM . Namely, the diagonal elements of sterile neutrino Majorana 
mass matrix are (0, 0, mM

3 ) attributed to the SSB.
Analogously to the Dirac neutrino mass generation discussed in Eq. (5.4), other light sterile 

neutrino masses mM
1 and mM

2 are generated by explicitly symmetry breaking introduced by the 
four-fermion interaction (2.3) induced 1PI operators and family mixing [(Uν

R)†U�
R] (5.3) between 

light sterile neutrinos N1,2
R and the heaviest sterile neutrino N3

R . The mass-gap equations of sterile 
neutrinos N1,2

R are,

mM
1,2 = 2G

i

(2π)4

�∫
d4p

mM
1,2

p2 − (mM
1,2)

2
+M1,2[mM

3 , (U�
R)†Uν

R], (5.5)

in right-handed side the first term represents the tadpole diagram in Fig. 1 and the second term M
represents the explicit symmetry breaking contributions from the heaviest sterile neutrino mass 
mM

3 via the right-handed lepton family mixing [(U�
R)†Uν

R]. The mass-gap equations (4.1) and 

2 As example, the first term in Eq. (2.1) contains the operator Gν̄� ν� ν̄� ν� that generates neutrino Dirac mass terms.

L R R L

14



S.-S. Xue Nuclear Physics B 980 (2022) 115817
(5.5) are coupled together. The nontrivial and self-consistent solutions of Majorana masses mM
1,2

should be functions of heaviest sterile neutrino Majorana mass mM
3 and family mixing matrix 

elements.
The sterile neutrino Majorana masses (mM

1 , mM
2 , mM

3 ) could be of normal hierarchy structure 
mM

1 < mM
2 < mM

3 ∼ O(102) GeV, depending on the hierarchy of small off-diagonal elements 
of the matrix mixing [(U�

R)†Uν
R] (5.3). The situation is similar to how to achieve the hierarchy 

Dirac mass spectra of SM massive leptons and quarks: the top quark acquires its mass from SSB 
and other fermions acquire their masses from explicit chiral symmetry breaking induced by the 
SM family mixing [49,85]. The detailed studies of sterile neutrino mass spectra will be a future 
subject, since this is not the scope of this article, and we have no experimental information for 
the mixing matrix [(U�

R)†Uν
R] and sterile neutrino mass spectra (mM

1 , mM
2 , mM

3 ).
Nevertheless, we mention the following two points. Why only one sterile neutrino Majorana 

mass is generated by SSB, other two sterile neutrino Majorana masses are generated by explicit 
symmetry breaking. The reason is that only one Nambu-Goldstone boson (axion) is an energet-
ically favourable configuration of the SSB vacuum ground state of nontrivial Majorana mass. 
This is the same as the reason why only the heaviest top quark Dirac mass is generated by the 
SSB with only three Nambu-Goldstone bosons becoming the longitudinal modes of SM massive 
gauge bosons W± and Z0 [55,56,86]. In addition, employing the sea-saw mechanism of the type-
I [87–91], we obtain [49] the normal SM neutrinos are Majorana and their masses, consistently 
with current experiments and observations.

6. Effective right-handed electroweak interactions

In previous section, we adopt the four sterile right-handed neutrino ν�
R operator (2.3) to dis-

cuss the spontaneous breaking of sterile neutrino PQ symmetry Ulepton(1) and Majorana mass 
generation, accompanying with sterile pseudoscalar boson φM (4.2) and sterile scalar boson φM

H

(4.3). Such dynamics does not develop the effective electroweak couplings of the sterile neutrino 
ν�
R , since it is a singlet under all SM gauge groups. However, the effective electroweak couplings 

of the sterile neutrino ν�
R can be induced by the sterile neutrino νf

R
and SM fermions ψf

R
coupling 

operator

Gν̄f c
R

ψf
R

ψ̄f
R

νf c
R

, (6.1)

coming from the second term in the effective Lagrangian (2.1), since SM fermions ψf
R

couple to 
SM gauge bosons. This is the analogy of the effective electromagnetic coupling of SM neutrino 
ν�
L developed via Fermi four-fermion interactions GF(ν̄Lγ ν�)(�̄γννL) and GF (ν̄Lγ νν)(�̄γν�)

between electrically neutral neutrinos ν�
L and charged leptons �, which are mediated by massive 

gauge bosons W± and Z0.

6.1. Induced right-handed neutrino 1PI couplings to SM gauge bosons

Although the detailed formation of the sterile neutrinos and SM fermions four-fermion in-
teractions (6.1) is unknown, in this section we discuss qualitatively and phenomenologically 
four-fermion interaction (2.1) induced 1PI vertexes of sterile neutrinos ν�

R interacting with SM 
gauge bosons [31,92,93],3

3 There are counterparts of these interactions in the quark sector.
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Fig. 5. This is a sketch to show the possible sunset diagrams from the second term of (2.1), namely, sterile neutrino and 
SM fermion four-fermion interactions ν̄f c

R ψ
f
R ψ̄

f
R ν

f c
R , here ψf

R represents SM right-handed fermions. Therefore, via 
SM fermions, these 1PI vertexes lead to effective SM gauge boson couplings to right-handed neutrinos (6.2). Left: the 
effective 1PI interacting vertex (6.2) of the gauge boson W+ and right-handed sterile neutrino ν�

R
, for more details see 

Figure 3 of Ref. [85]. Right: the effective 1PI interacting vertex (6.2) of photon γ and right-handed sterile neutrino ν�
R

, 
and similar one for Z0 boson. The slightly thick solid lines inside sunset diagrams represent right-handed neutrino 
propagators with Dirac mass (left) or Majorana mass (right). A Dirac mass term is present in the internal electron 
propagator from eL to eR in the left sunset diagram.

L ⊃ GW
R (gw/

√
2)�̄Rγ μν�

RW−
μ + GZ

R (gw/
√

2)ν̄�
Rγ μν�

RZ0
μ

+ Gγ

R (e)ν̄�
Rγ μν�

RAμ + h.c. (6.2)

where the SUL(2) gauge coupling gw = e/ sin θW is defined by the electric charge e and Wein-
berg angle θW and relates to the Fermi constant GF/

√
2 = g2

w/8M2
W and the W± gauge boson 

mass MW . These 1PI right-handed interacting vertexes can be induced, for example, from sunset 
diagrams in Fig. 5. In the way of coupling parametrization (6.2), the effective right-handed cou-
plings GW

R , GZ
R and Gγ

R are dimensionless. These effective electroweak couplings are functions 
of the energy scale, the four-fermion coupling G (2.1) and flavour mixing angles (5.3). Their 
values should be different, and small enough so as not to violate current experiments and obser-
vations at low energies. So far we have not been able to theoretically determine or constrain them. 
Nevertheless, at this preliminary step of modelling, we introduce only one effective coupling GR

GR = GW
R ≈ GZ

R ≈ Gγ

R � 1 (6.3)

in the effective right-handed interacting Lagrangian (6.2). The upper limits of these effective 
couplings must be constrained by Earth-based experiments, astrophysical and cosmological ob-
servations.

In Ref. [94], using the vertex GW
R (gw/

√
2)�̄Rγ μν�

RW−
μ (6.2), we calculated its contribution to 

W± boson decay. Comparing with the total W± boson decay width observed, we obtain the con-
straint of coupling GW

R < 4.2 × 10−2. In Ref. [45], we calculated the sterile neutrino decay rates 
(N�

R → ν�
L + γ ) and obtain the more stringent constraint on the upper limit of GW

R < 3.8 × 10−4, 
for which sterile neutrinos can be candidate of dark matter particles, and satisfy astrophysical 
constrains. Further studies are required to see whether such a right-handed electroweak interac-
tion survives the experimental crosschecks.

Moreover, the effective vertexes GZ
R(gw/

√
2)ν̄�

Rγ μν�
RZ0

μ and Gγ

R(e)ν̄�
Rγ μν�

RAμ (6.2) have the 

same structure of SM gauge interacting vertexes (gw/
√

2)ν̄�
Lγ μν�

LZ0
μ and (e)�̄γ μ�Aμ, where 

ν�
L are left-handed neutrinos and � stands for charged leptons. This implies a very tiny effective 

electroweak charge of sterile neutrinos. For a given electroweak process, up to the leading order 
at tree level, additional contributions from these right-handed electroweak operators (6.2) should 
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be at least (GZ
R)2 or (Gγ

R)2 times smaller than SM contributions. The natural question is whether 
such effective right-handed electroweak interactions are consistent with precision experiments, 
astrophysical and cosmological observations, that constrain the upper limits of these effective 
couplings. We are proceeding with these studies. Here, as an example, we estimate the leading 
order (Gγ

R)2 correction from sterile neutrino ν�
R

bubble diagrams that contribute to the photon 
vacuum polarisation,

α ≈ αsm

(
1 + (Gγ

R)2 αsm

15π

m2
e

(me
N)2

)
. (6.4)

Here αsm stands for the SM fine-structure value on the electron mass me shell, and me
N ≈ 90

keV is the lightest sterile neutrino mass, as will be discussed in the next section 6.2. The recent 
precision measurement of fine-structure constant α, namely (αsm/αexp −1) ×109 � −0.6 (Figure 
1) [95], constrains the (Gγ

R) upper limit,

Gγ

R < 3.8 × 10−4. (6.5)

A more quantitative investigation will be presented elsewhere. In this article, we present a de-
tailed study on the QCD-Axion and two-photon coupling gaγ , whose value depends on Gγ

R . One 
of the reasons is that many ongoing experiments and observations are measuring the coupling 
gaγ . Thus we further have an interconnected constrain on the effective coupling Gγ

R to see any 
inconsistency.

Before going on to the QCD axion theories and experiments, in order to gain more insight into 
the order of magnitude of effective coupling Gγ

R ≈ GR value (6.3) and sterile neutrino masses m�
N , 

we briefly recall our study on explaining the recent Xenon1T experiment results based on this 
model (6.2).

6.2. Xenon1T experiment and sterile neutrinos

In the recent article [45], using the effective interactions (6.2) to account for the Xenon1T 
experiment results [44], we find the dominant contribution stemming from the 1PI vertex of SM 
neutrino and sterile neutrino interaction in the electromagnetic (EM) channel,

(Uν
LU�

L)ll
′
ν̄l
L�

μ

l′ N
l′
RAμ + h.c.. (6.6)

It origins from the effective interactions (6.2) and a one-loop Feynman diagram, see Fig. 2 and 
4 of Ref. [45]. Here Aμ is the electromagnetic field and (Uν

LU�
L) is the PMNS mixing matrix. In 

the momentum space of incoming sterile neutrino N�(p
μ
1 ) and outgoing SM neutrinos ν�(k

μ
1 ), 

see the left of Fig. 7, the 1PI vertex �μ is given by

�
μ

l′ (q) = i
eg2

wGRml′

16π2

[
(C0 + 2C1)p

μ
1 + (C0 + 2C2)k

μ
1

]
, (6.7)

here ml′ indicates SM lepton mass. The coefficients C0, C1 and C2 are the three-point Passarino-
Veltman functions [96], computed by the Package-X program [97]. In the low-energy limit 
q2 = (k1 − p1)

2 → 0, C0,1,2 ∝ M−2
W .

The effective operator in Eq. (6.6) represents a peculiar electromagnetic property of normal 
neutrino and sterile neutrino coupling to photon, stemming from the effective right-handed cur-
rent coupling in Eq. (6.2). It is different from the effective electromagnetic operator 〈ν̄j |J em

μ |νi〉
of normal neutrinos states νj and νi (diagonal i = j or transition i �= j ), e.g., the diagonal neu-
trino electric form factor fQν̄γμνAμ and magnetic moment fMν̄σμννFμν , see review [77]. 
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Instead, the operator (6.7) is an effective electromagnetic vertex of normal neutrino state νL

and sterile neutrino state NR . It associates the effective neutrino Dirac mass operator ν̄LNR by 
the Ward-Takahashi identity [49]. We will study its effects on the normal neutrino magnetic mo-
ment, electric form factor and charge radius. The effective operator (6.6) is more similar to the 
effective transition magnetic moment operator μeffν̄LσμνNRFμν , which has been intensively 
discussed [98–101]. In the section 5 of Ref. [45], we compare these two effective operators and 
obtain the relation μeff

μB
∼ GF me

4
√

2π2 GRmτ between the effective coupling GR and the effective tran-
sition magnetic moment μeff/μB . As a result, we obtain the constraint on the upper limit of 
GR or μeff/μB from the available experimental and observational data. However, we find the 
most stringent constraint on GR upper limit comes from the following explanation of the recent 
Xenon1T data.

The effective electromagnetic 1PI interacting vertex (6.6) or (6.7) mainly accounts for the 
Xenon1T experimental result [44] via sterile neutrino N�

R inelastic scattering off an electrons 
bound by nucleus, we find the following possible situations [45]:

(a) Only Ne
R is present today as dark matter component and its Majorana mass me

N = mM
1 ∼ 90

keV, and Nμ
R and Nτ

R have already decayed to SM particles. This is the case if

GR ∼ O(10−4) ; (6.8)

(b) Sterile neutrinos Ne
R and Nμ

R are present today as dark matter particles. Nτ
R has already 

decayed to the SM particles. This indicates mμ
N = mM

2 ∼ 90 keV. This is the case if

GR ∼ O(10−6) ; (6.9)

(c) All sterile neutrinos Ne
R, Nμ

R , and Nτ
R are present today as dark matter particles. This indi-

cates mτ
N = mM

3 ∼ 90 keV. This is the case if

GR ∼ O(10−7) . (6.10)

To determine which situation is the physical reality, more relevant experiments, observations and 
theoretical studies are still needed. Observe that the situation (a) is consistent with the estimated 
upper limit (6.5) from the α precision measurement [95] and assumption (6.3). This implies that 
the situation (a) could be the most possible case. Nevertheless, it is sure that the absolutely upper 
limit of GR coupling is at least,

Gγ

R ∼ GR < 10−4, (6.11)

for the effective right-handed electroweak interactions (6.2).
We further speculate the situation (a) me

N = mM
1 ∼ 102 keV, theoretically inferred mτ

N =
mM

3 ∼ 102 GeV (4.14), and mμ
N = mM

2 ∼ 102 MeV. This mμ
N value is inferred by assuming 

N
μ
R mediating the process leading to events observed in the MiniBooNE experiment [102–104]. 

However, to confirm the neutrino Ne
R as viable warm dark matter particle, one still needs to 

study not only their properties consistently constrained by all cosmological and astrophysical 
observations, but also possible direct and/or indirect detections in laboratory experiments.

To end this section, we have to mention that the induced 1PI EM vertexes (6.2) and (6.7)
possibly explain anomalies or predict new effects due to: (i) sterile neutrinos Ne

R, Nμ
R and Nτ

R

produced by SM neutrinos νe
L, νμ

L and ντ
L quasi-elastic scattering off a nucleus; (ii) sterile neutri-

nos Ne , Nμ and Nτ produced by photons and their annihilation to photons. We are proceeding 
R R R
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the studies on the anomalous muon-magnetic moment [105], and MiniBooNE and LSND exper-
iments [102–104]. In next section, we will study the QCD axion physics by using the 1PI vertex 
Gγ

R (e)ν̄�
Rγ μν�

RAμ (6.2), and the constrain Gγ

R � 10−4 (6.5) or (6.11), as well as sterile neutrino 
masses m�

N .

7. Sterile QCD axion and superlight dark matter particle

We have discussed the possible axion candidate, which is a pseudoscalar bound state of ster-
ile neutrino and anti sterile neutrino pair. It is a Nambu-Goldstone boson of the broken UPQ

lepton

symmetry. The UPQ
lepton symmetry associates with sterile neutrinos only. As discussed in Sec. 4.3, 

the symmetry breaking scale vs is the same order of the electroweak scale v ≈ 246 GeV, and the 
axion decay constant (form factor) fa ≈ vs . Henceforth, the scale relation vs = fa ≈ v (4.13) is 
imposed. In this section, we show that this sterile axion essentially plays the role of PQ QCD 
axion, solving the strong CP problem in QCD.

7.1. Peccei-Quinn axion approach to strong CP problem

First, we briefly recall the original PQ axion model. The SM should possess a global chiral 
PQ U(1) symmetry [10,11], which is necessarily spontaneously broken with a Nambu-Goldstone 
axion [12,13]. Under the PQ transformation, the axion field translates as a(x) → a(x) + αPQfa . 
On the other hand, the PQ current has a chiral anomaly,

∂μJ
μ
PQ = δLA

g̃g̃/δa = ξ
g2

s

32π2 Fa
μνF̃

μν
a + gaγ

e2

32π2 FμνF̃
μν, (7.1)

and the corresponding effective Lagrangian

LA
g̃g̃ = ξ

a

fa

g2
s

32π2 Fa
μνF̃

μν
a + gaγ

a

fa

e2

32π2 FμνF̃
μν, (7.2)

where gs is the SUc(3) strong coupling, e is the electric charge (α = e2/(4π)), ξ is a dimen-
sionless coefficient and gaγ is the coupling of axion and two photons. The anomalous term (7.2)

adds to the QCD Lagrangian with the static CP-violation term Lθ̄
QCD = θ̄

g2
s

32π2 Fa
μνF̃

μν
a . The CP 

invariant QCD vacuum demands the vacuum expectation value 〈Fa
μνF̃

μν
a 〉 ≡ 0 at the minimum 

〈a〉 = −θ̄fa/ξ of axion field potential Lθ
QCD +LA

g̃g̃
. Upon this minimum, the physical axion field 

is then represented by the massive fluctuation field a − 〈a〉. This is the PQ dynamical solution to 
the strong CP problem of QCD. The QCD axion coefficient ξ value depends on axion models, 
for more detailed discussions, see review [106].

In the original PQ QCD axion model, the PQ charge is associated to the SM quarks, two Higgs 
fields are introduced to make the SM invariant under PQ U(1) transformation [10–13,107–109]. 
In this model, the spontaneous breaking of PQ U(1) symmetry is achieved by nonvanishing 
Higgs field vev fa and the coefficient ξ is identified

fa = v = 246GeV and ξ ∼ O(1) (7.3)

in the effective Lagrangian (7.2). The axion-photon coupling gaγ and the axion mass ma are 
given by,

gaγ = 2ξ
mu

, ma = ξmπ

fπ
√

mumd
, (7.4)
mu + md fa mu + md
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where mu,d are u, d quark masses (mu/md ≈ 0.46), mπ ≈ 135 MeV and fπ ≈ 93 MeV are 
pion mass and decay constant. The PQ axion model (7.3) has no any free parameter, in the 
sense that both fa and ξ are fixed. However, such low-energy axion model has been ruled out 
experimentally, since the model yields the branching ratio [109]

Br(K+ → π+ + a) ≈ 3 × 10−5ξ2, (7.5)

which is well above the KEK bound [110] Br(K+ → π+ + nothing) < 3.8 × 10−8. This implies 
that for the scale fa = v, the dimensionless coefficient ξ < 3.56 × 10−2 at least.

In order to see the possible ways for solving this problem, we rewrite the PQ relation (7.4) as

g
exp
aγ ≡ gaγ

α

2πfa

= αma

πfπmπ

(
mu

md

)1/2

, (7.6)

g
exp
aγ (GeV)−1 = 1.26 × 10−10ma(eV), (7.7)

and the modeling coefficient ξ relates to the scale fa

ξ = g
exp
aγ

(
mu + md

mu

)
πfa

α
. (7.8)

The PQ linear relation (7.6), which is independent of fa , locates (dashed line) in the yellow 
region of QCD axion in Fig. 6. The relation (7.8) implies that if the scale fa is a free parameter 
f inv

a � v, the ξ ∼ O(1) possibly agrees with the small experimental value gexp
aγ . This leads to the 

one-parameter QCD axion models at high energies.
High-energy QCD axion models introduce new quark fields which carry PQ charge but are the 

SM gauge singlets. Their vev scales are much larger than the electroweak scale, i.e., f inv
a � v. 

This is the essential difference between the original PQ low-energy axion model and its vari-
ants of high-energy axion models. Basically, two types of high-energy axion models have been 
proposed. The KSVZ model due to Kim [111] and Shifman, Vainshtein and Zakharov [112] in-
troduces a scale field σ with f inv

a = 〈σ 〉 � v and associates PQ charge only to a super-heavy 
quark of mass MQ ∼ f inv

a . The DFSZ model, due to Dine, Fischler and Srednicki [113] and 
Zhitnisky [114], adds to the original PQ model an SM singlet scalar field φ which carries PQ 
charge and f inv

a = 〈φ〉 � v. In Ref. [115], the vacuum expectation value 〈φ〉 �= 0 is achieved 
by the sterile neutrino condensation. The KSVZ and DFSZ linear relations of coupling gexp

aγ and 
mass ma locate in the yellow QCD axion region of Fig. 6. The spread of the yellow QCD axion 
region depends on the detailed modelling of dimensionless coefficient ξ values in the effective 
Lagrangian (7.2). Their essential difference from the original PQ model is that the free scale 
f inv

a � v is chosen value so as to achieve small gexp
aγ and ma values, and meet the constraints 

presented in Fig. 6. These two models are also called invisible models because the effective 
interactions (7.2) between the axion and SM particles are very small for f inv

a > 1011 GeV.
In the next section, we show how the QCD axion can be realized at the electroweak scale 

fa = v, consistently with experimental and observational constraints, in terms of small ξ value 
due to the very tiny coupling of photon and sterile neutrino.

7.2. Sterile-neutrino QCD axion model

We associate PQ charge only to sterile (right-handed) neutrino ν
R

which is an SM gauge 
singlet. The PQ chiral symmetry UPQ is spontaneously broken by the four-sterile-neutrino 
lepton
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Fig. 6. The Left: The sensitivity curves for the axion-photon coupling gs,exp
aγ in terms of axion mass ma . The left figure 

is produced from the figure 2 of Ref. [116]. The green dashed line below is the proposed sensitivity to be reached by the 
upgraded ABRACADABRA experiment. The sterile QCD axion model result (7.23) is plotted and indicated. The PQ 
relation (7.6) is plotted (dashed line), located within the QCD axion yellow region. The Right: The sterile QCD axion 
model result (7.23) with the absolutely upper limits (7.22) (vertical red line) can be probably probed by the proposed 
ABRACADABRA broadband configuration with 5 T and 1 m3 [117].

Fig. 7. Left: the effective interacting vertex (6.2) of photon γ and right-handed sterile neutrino ν�
R

: �γ ∝
eGγ

R
ν̄�
R

γ μν�
R

Aμ = eGγ
R

N̄�
R

γ μN�
R

Aμ . Right: the triangle diagram of massive sterile neutrino N�
R

loop with one ax-

ial Yukawa coupling vertex (mM
3 /fa)γ5 to an axion (dot line), and two coupling vertexes �γ to two photons (wave 

lines). The contribution to the triangle diagram is dominated by the heaviest sterile neutrino N3
R

channel. Note that the 
solid lines in the triangle loop represent massive sterile neutrino N�

R
propagators, in which the Majorana mass term 

mM
�

N̄c�
R

N�
R

(5.1) is present.

interaction (2.3). Sterile neutrinos acquire Majorana masses, accompanying with a compos-
ite Nambu-Goldstone axion a and composite scalar χboson, which carry PQ charges (sterile 
neutrino numbers). The symmetry breaking scale fa ≈ v represents the composite scale of the 
composite axion a and χboson and their decay constants. We show now how these composite 
bosons couple to SM particles and PQ chiral anomalies associating to QED and QCD gauge 
fields are produced.

7.2.1. Axion coupling to two photons and SM fermions
Based on the photon channel vertex (6.2) and triangle diagram of Fig. 7, we use the standard 

approach to calculate triangle anomaly, and obtain an anomalous 1PI contribution to the effective 
Lagrangian at low energies,
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Table 1
We tabulate the constrains of parameters gs

aγ and ξs , and the upper limits of axion 
top quark coupling gt

a , axion-photon coupling gs,exp
aγ and axion mass ma in three 

situations (a), (b) and (c), see Eqs. (6.8), (6.9) and (6.10) inferred from the Xenon1T 
experiment [44] and reference [45].

GR gs
aγ ξs gt

a g
s,exp
aγ [GeV−1] ma [eV]

(a) ∼ 10−4 < 10−8 < 10−12 < 10−13 < 10−13 < 10−8

(b) ∼ 10−6 < 10−12 < 10−16 < 10−17 < 10−17 < 10−14

(c) ∼ 10−7 < 10−14 < 10−18 < 10−19 < 10−19 < 10−16

Fig. 8. Left: the possible Feynman diagram represents leading-order effective coupling of an axion a and two SM 
fermions f̄ f . This diagram is the same as the boxed diagram of Figure 1 in Ref. [111] of the KSVZ model, except 
two replacements: (i) the super heavy quark triangle loop by the massive sterile neutrino N�

R
triangle loop, (ii) two gluon 

lines by two photon lines. Right: the induced 1PI axial Yukawa coupling gf
a (7.11) or (7.13) of an axion a and two SM 

fermions f̄ f .

Leff ⊃ gs
aγ

a

fa

e2

32π2 FμνF̃
μν, (7.9)

where fa = v at electroweak scale (4.13). This anomalous 1PI contribution (7.9) yields the QED 
anomalous term in the PQ effective Lagrangian (7.2).

The effective axion and two photons coupling gs
aγ is the basic parameter of the present sterile 

QCD axion model. It relates to the effective coupling Gγ

R (6.2) between photon and right-handed 
(sterile) neutrinos,

gs
aγ = (Gγ

R)2 ≈ (GR)2 < 10−8. (7.10)

This absolutely upper limit 10−8 on gs
aγ comes from the situation (a) Gγ

R ∼ GR ∼ 10−4 (6.8) and 
the α precision measurement (6.5). Other two possible situations: (b) gs

aγ < 10−12 for GR ∼ 10−6

(6.9) and (c) gs
aγ < 10−14 for GR ∼ 10−7 (6.10), inferred from the Xenon1T experiment [44] and 

reference [45], see also Table 1. Moreover, we should point out that it is possible for Gγ

R < GR . In 
fact, the effective coupling Gγ

R in the effective right-handed interacting Lagrangian (6.2) has to 
be determined or constrained by more experiments and observations, such as those for probing 
axion-like particles studied in the present article.

The anomalous 1PI vertex (7.9) induces an effective axial Yukawa coupling between the axion 
a and SM fermions f = q, �, see Fig. 8, which can be estimated as,
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iα2gs
aγ

(
m

f

fa

)
ln

(
mM

3

m
f

)
(f̄ γ5f )a, (7.11)

where mM
3 is the heaviest sterile neutrino Majorana mass and m

f
is SM fermion masses. Such 

axion-Yukawa coupling (7.11) is analogous to the result (6) in Ref. [111] of the KSVZ model, 
where a heavy electroweak singlet quark is introduced. As a result, the corresponding effective 
Lagrangian is

Leff ⊃ i
∑
q

g
q
a (q̄γ5q)a + i

∑
�

g�
a(�̄γ5�)a (7.12)

where the sum is over all SM quarks or charged leptons, and (q̄γ5q) ≡ (q̄cγ5qc) is a colour
singlet, the same below. The axion Yukawa couplings gq,�

a to SM quarks and charged leptons 
f = q, � are given by

g
f
a = α2gs

aγ

(
m

f

fa

)
ln

(
mM

3

m
f

)
� 1, (7.13)

and gf
a � 1 is due to gs

aγ � 1 (7.10). This axial Yukawa coupling (7.13) is proportional to 
SM fermion mass mf , and ln(mM

3 /m
f
) is a slowly varying function of mf . Thus the axion 

decay to two SM fermions should be dominated by heavy fermion channels. Considering the 
top-quark channel (mf = mt ) and assuming the heaviest sterile neutrino mass mM

3 = v, we have 
the absolutely upper limit of the largest axion-fermion Yukawa coupling

gt
a = α2gs

aγ

(
mt

fa

)
ln

(
mM

3

mt

)
< 1.88 × 10−13. (7.14)

In Table 1, we tabulate the upper limits of gt
a for all situations (a), (b) and (c) inferred from the 

Xenon1T experiment [44] and reference [45].

7.2.2. Axion mass and coupling to QCD anomaly
Now we see how to achieve the QCD anomalous term in the effective PQ Lagrangian (7.2). 

Using the axion and quarks axial coupling (7.12), (7.13) and employing standard approach to 
calculate axial anomaly, i.e., the anomalous triangle diagram (left) of Fig. 9, we obtain the anoma-
lous QCD term

Leff ⊃ ξs

a

fa

g2
s

32π2 Fa
μνF̃

μν
a , (7.15)

in the PQ effective Lagrangian (7.2). As a result, we determine the model-dependent QCD axion 
coefficient ξ for the sterile QCD axion model

ξs = α2gs
aγ

∑
q

ln

(
mM

3

mq

)
. (7.16)

This result ξs ∝ gs
aγ � 1 is different from the parameter-free PQ axion model ξ ∼ O(1) (7.3), 

though the PQ symmetry breaking scale is the same fa = v at electroweak one. This result is also 
different from invisible axion models of KSVZ and DFSZ types with PQ symmetry breaking 
scale f inv

a � v. The ξs smallness is due to the tiny coupling of photon and right-handed neutrino 
Gγ (6.2), see also (7.10), in contrast with the suppression by a newly introduced high-energy 
R
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Fig. 9. Left: The axial current Jμ
PQ

anomaly (7.1) or (7.2) is obtained by calculating this triangle quark-loop diagram in 
usual manner. The axial coupling gf

a = g
q
a (7.13) and two gluons are represented by g̃ and g̃. This shows that a is the 

PQ QCD axion. Right: The χboson decay to two SM gauge bosons G̃ and G̃′ via this SM fermion loop triangle diagram. 
The coupling gf

χ = mf /fa is the scalar coupling of χboson and SM fermions. The SM gauge couplings g and g′ relate 
to gauge bosons G̃G̃′ = γ γ, γZ0, Z0Z0, W+W− and two gluons.

scale f inv
a � v in invisible axion models. The common feature of sterile QCD axion and invisible 

QCD axion models is one free parameter model. The former is the photon and sterile neutrino 
coupling Gγ

R , and the latter is the PQ symmetry breaking scale f inv
a .

We cannot determine the factor 
∑

q ln(mM
3 /mq), which is expected to be ∼ O(1) or at most 

∼ O(10). The reason is that the heaviest sterile neutrino Nτ
R (mM

3 ∼ 102 GeV) gives main con-
tribution to the triangle diagrams of Figs. 7 and 8, thus ln(mM

3 /mu,d) < 10. Then, from the gs
aγ

upper limit (7.10), the absolute upper limit on ξs yields,

ξs < 10−12 (7.17)

at least for (a) gs
aγ < 10−8 in the situation (6.8). Whereas (b) ξs < 10−16 and gs

aγ < 10−12 in the 
situation (6.9); ξs < 10−18 and gs

aγ < 10−14 in the situation (6.10), see Table 1.
Once the dimensionless coefficient ξs is determined, following the PQ QCD axion approach 

in Refs. [108,109] and [111], we can approximately calculate the axion mass ma,

ma ≈ ξsmπ

fπ

fa

√
mumd

mu + md

, (7.18)

for the sterile QCD axion model. This relation is similar to the relation (7.4) for the PQ axion 
model, changing the dimensionless coefficient from ξ (7.3) to ξs (7.16). It is also similar to the 
one obtained in Ref. [111], changing the coupling from the QCD αs to the QED α.

Corresponding to the axial coupling (7.12), the axial current of sterile neutrino UPQ
lepton(1)

symmetry is Jμ
PQ = δLeff/δ(∂μa),

J
μ
PQ = −fa∂

μa +
∑
q

g
q
a (q̄γ5γ

μq) +
∑

�

g�
a(�̄γ5γ

μ�). (7.19)

This axial current has the correct PQ chiral anomaly (7.1).
It should also be mentioned that the axial coupling (7.12) of axion and SM leptons gives the 

next order correction to the axion-photon coupling (7.9)

gs
aγ → gs

aγ

[
1 + α2

∑
�

ln(mM
3 /m

�
)
]
. (7.20)

This is obtained by calculating the triangle diagram (Right) of Fig. 7 in the standard way.
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7.2.3. Sterile QCD axion at electroweak scale
This sterile QCD axion model provides the PQ solution to the strong CP problem of QCD 

in the usual manner described in Sec. 7.1. Observe that the QCD CP-violation parameter θ̄ � 1
and the sterile QCD-axion coefficient ξs � 1 (7.16). This implies the possibility θ̄ ∼ ξs that the 
sterile-neutrino composed QCD axion condensation |〈a〉| = θ̄fa/ξs ∼ fa is the same order of 
magnitude of electroweak scale fa = v.

Due to the smallness of sterile neutrino coupling (6.2) or (6.3), the axion-photon coupling gs
aγ

(7.10), axion-fermion Yukawa coupling (7.13), the sterile QCD-axion coefficient ξs (7.16) and 
axion mass ma (7.4) are very small, even for the PQ symmetry UPQ

lepton(1) breaking scale fa is the 
same as the electroweak scale v. This result is drastically different from the PQ original model, 
whose the axion-photon coupling ξ ∼ O(1) (7.3). Moreover, the sterile QCD-axion scenario has 
a striking difference from the KSVZ and DFSZ models, where the couplings of axion and other 
SM particles are suppressed instead by a high-energy scale fa ∼ 1011 GeV. Nevertheless, the 
sterile-neutrino composed axion discussed here is just a QCD axion of PQ type, rather than an 
extra axion-like particle (ALP).

The physical axion acquires its mass ma at the minimum of axion potential, and can also re-
ceive the contribution from the explicit breaking of the PQ chiral symmetry UPQ

lepton(1). Namely, 

generated by explicit chiral symmetry breaking (5.5), sterile neutrino mass terms mM
1,2 (5.1) con-

tribute to the axion mass ma . This is analogous to the pion mass mπ receives contributions from 
the u and d quark masses. In this case, anomalous current conservation (7.1) is modified to

∂μJ
μ
PQ = fam

2
aa + ξs

g2
s

32π2 Fa
μνF̃

μν
a + gs

aγ

e2

32π2 FμνF̃
μν, (7.21)

where the term fam
2
aa is added. This is similar to the partial conservation of axial current (PCAC) 

for the π meson Physics.

7.3. Sterile QCD axion candidate for superlight dark matter particle

In the present sterile QCD axion model, the induced 1PI effective operators of axion couplings 
to SM particles (7.12) and (7.15) violate the lepton number conservation, since such a sterile 
axion a carries two units of lepton (PQ) numbers. Any lepton-number violating process due 
to these 1PI effective operators is highly suppressed. The reason is that the sterile QCD axion 
coefficient ξs (7.16), the axion-photon coupling gs

aγ (7.10) and axion-fermion couplings gq,�
a

(7.13) are very small. This implies that the interactions between the sterile sector (N�
R, a, χ) and 

the SM particles are very tiny.
Now we are in the position of studying the parameter space of axion coupling (gs,exp

aγ ) and 
axion mass (ma) for the sterile QCD axion model. From the absolutely upper limit gs

aγ < 10−8

(7.10) for the situation (a) GR ∼ 10−4 (6.8), we use Eqs. (7.17) and (7.18) to obtain the absolutely 
upper limits of experimentally related axion mass ma and axion-photon coupling gs,exp

aγ

ma ≈ ξsmπ

fπ

fa

√
mumd

mu + md

< 10−8eV,

g
s,exp
aγ ≡ gs

aγ

α

2πfa

< 10−13GeV−1, (7.22)

where fa ≈ 246 GeV and α = 1/137. Other two possible situations (b) and (c) can be found in 
Table 1. These upper bounds (7.14) and (7.22) are below the limits reached by current laboratory 
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experiments and astrophysical observations. For example gaγ < 1.4 × 10−10GeV−1 and 3.1 ×
10−10 < ma < 8.3 × 10−9 eV from the ABRACADABRA experiments [37], and at ma ∼ 20
peV reaching 4.0 × 10−11GeV−1 [36]. These results are competitive with the most stringent 
astrophysical constraints in these mass ranges. The future experiments [116,118,119] are possible 
to probe the sterile QCD axion relation (7.6) in the coupling-mass range bound by Eqs. (7.14)
and (7.22).

In addition, using the relations (7.16) and (7.18), we obtain the relationship between axion 
mass ma and axion-photon coupling gs,exp

aγ for the sterile QCD axion model

ma(eV) = 2.69 × 105
∑
q

ln

(
mM

3

mq

)
g

s,exp
aγ (GeV−1), (7.23)

where the gs,exp
aγ is defined by Eq. (7.22). The difference between the relation (7.23) and the PQ 

relation (7.7) comes from the difference between ξ = ξ(gaγ ) (7.4) and ξs = ξs(g
s
aγ ) (7.16). In 

the conventional parameter space (gs,exp
aγ , ma) of axion coupling and mass, we plot in Fig. 6 the 

sterile QCD axion relation (7.23) for 
∑

q ln(mM
3 /mq) ∈ [1 − 10]. To compare and contrast, we 

also show in Fig. 6 (left) the results of other QCD axion models, available data (solid lines) that 
exclude some parts of the parameter space, as well as proposed sensitivities (dashed lines) that 
will be reached by new or upgraded experimental and observational measurements.

As a result, we find that the existing data have not excluded the sterile QCD axion model 
for its absolutely upper limits on the axion coupling gs,exp

aγ and mass ma (7.22), see also Ta-
ble 1. Moreover, we point out that the sterile QCD axion model can be probably probed by the 
proposed sensitivity of upgraded ABRACADABRA experiments [37] in the range of axion cou-
pling gs,exp

aγ ∼ (10−14 − 10−16) GeV−1 and mass ma ∼ (10−8 − 10−11) eV. To illustrate this 
possibility, we show more detailed plots in Fig. 6 (right).

These properties (7.14) and (7.22) indicate that the sterile axion a couplings and decay rates 
to SM particles are so small. Therefore such axion has a lifetime longer than the Universe life-
time. Its role in normal astrophysical processes should be negligible. It participates in gravitating 
processes. This implies that the sterile axion could be a candidate for superlight dark matter par-
ticles. The extremely tiny axion mass gravitationally accounts for the formation, evolution and 
structure of the Universe at very large scales. However, to verify these situations, further studies 
are required.

8. Sterile Higgs-like boson and massive dark matter particle

We turn to another composite boson, massive χboson of mχ ∼ 102 GeV (4.15), as a conse-

quence of broken UPQ
lepton(1) symmetry of sterile neutrinos. This massive scalar χboson is the 

counterpart of the Higgs boson in the electroweak symmetry breaking. It is absent in the usual 
QCD axion models. We study its effective couplings to SM fermions and gauge bosons, so as 
to estimate its decay rate to SM particles and interacting cross-section with nucleons, in com-
parison with currently ongoing experiments detecting massive dark matter particles at the mass 
range ∼ 102 GeV. Because of very tiny decay rates and interacting cross-sections, the χboson 
has a lifetime longer than the Universe, could be a candidate for massive dark matter particles. 
We examine the χboson decay rates and interacting cross-sections to SM particles and nucleons, 
in comparison with currently ongoing experiments detecting massive dark matter particles in the 
mass range of ∼ 102 GeV. The knowledge of χboson coupling strength to SM particles is an 
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essential prerequisite for understanding how the χboson couples to and decouples from the ther-
mal state of SM particles in the early Universe. Thereby, we can further figure out which kind 
of dark matter particle relics, WIMP or else that the χboson can be a candidate for. This subject 
however will be discussed in a separate article.

8.1. Massive scalar boson couplings to SM particles

Replacing the axion a by the χboson and Dirac matrix γ5 by unity 1 in Figs. 7 and 8, the 
similar discussions and calculations lead to the estimated coupling between the scalar χboson 
and two photons. The results give rise to the 1PI contribution to the effective Lagrangian,

Leff ⊃ gs
χγ

χ

fa

e2

32π2 FμνF
μν. (8.1)

This is analogous to the Higgs boson coupling to two photons via a triangle SM fermion loop, 
see for example Ref. [120]. We assume the effective coupling of χboson and two photons is not 
larger than gs

aγ ,

gs
χγ � gs

aγ < 10−8, (8.2)

whose value in the order of magnitude is probably close to the value of the axion-photon coupling 
gs

aγ (7.10). The experimentally related coupling is defined as,

g
s,exp
χγ ≡ gs

χγ

α

2πfa

< 10−13GeV−1, (8.3)

where the same decay constant fa = v is at the electroweak scale.
The scalar Yukawa coupling between the χboson and SM fermions f = q, � yields

iα2gs
χγ

(
m

f

fa

)
ln

(
mM

3

m
f

)
(f̄ f )χ. (8.4)

The corresponding effective Lagrangian is

Leff ⊃ i
∑
q

gq
χ (q̄q)χ + i

∑
�

g�
χ (�̄�)χ, (8.5)

where the sum is over all SM quarks or charged leptons. The χboson scalar Yukawa couplings 
g

q,�
χ to SM fermions are given by

gf
χ = α2gs

χγ

(
m

f

fa

)
ln

(
mM

3

m
f

)
< 10−13. (8.6)

The absolutely upper limit of the coupling gf
χ < 10−13 come from the estimates (8.2) and (8.3), 

as well as discussions below Eq. (7.16), analogously to the axion case. Actually, these are coun-
terparts of the axion axial couplings (7.11), (7.13) and effective Lagrangian (7.12).

As a consequence of these non-vanishing gauge couplings, the massive χboson can decay 
to two photons and an SM fermion pair f̄ f . In addition to photon-pair γ γ , the χboson can 
decay to SM gauge boson pair G̃′G̃ = γZ0, Z0Z0, W+W− and two gluons g̃g̃ via the triangle 
SM fermion-loop diagram, as illustrated in the right diagram of Fig. 9. These decays are only 
possible when the χboson mass mχ is larger than the kinematic thresholds of decay channels. 
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The effective contact interacting Lagrangians for the decay channel χ → G̃′G̃ is the same as the 
one (8.1) for the photon pair channel χ → γ γ . However, the electric coupling e2 in Eq. (8.1)
should be replaced by gauge coupling gg′ associating to two gauge bosons G̃G̃′ in final states.4

These decay and interacting channels with the final state of gamma rays play a pronounced role 
among the various possible messengers from massive dark matter particles [121–123].

8.2. Possible ways to probe sterile Higgs-like scalar boson

The induced 1PI effective operators of χboson couplings to SM particles (8.1) and (8.5) vi-
olate the lepton number conservation, since such a χboson carries two units of lepton (PQ) 
numbers. Lepton-number violating processes due to these 1PI effective operators are highly sup-
pressed, as the χboson-photon coupling gs

χγ (8.1) and axion-fermion couplings gf
χ (8.6) are very 

small.
These effective 1PI operators of χboson have the same form as the operators of Higgs boson 

couplings to SM fermions and gauge bosons. However, compared with Higgs and SM fermions 
couplings gf

H
= (mf /v), the χboson and SM fermions couplings gf

χ (8.6) is much smaller by a 
factor

(gf
χ /gf

H
) = α2gs

χγ ln(mM
3 /m

f
) < 10−13. (8.7)

Therefore, the decay rates of χboson to SM particles are at least (gf
χ /gf

H
)2 smaller than the 

counterparts of Higgs boson decay channels. For instance, the χboson decay rates are given by

	(χ → f̄ f ) = (gf
χ /gf

H
)2(mχ/m

H
)	(H → f̄ f ), (8.8)

	(χ → G̃′G̃) = (gf
χ /gf

H
)2(mχ/m

H
)3	(H → G̃′G̃), (8.9)

where 	(H → f̄ f ) ∝ GF m2
f m

H
[124,125] and 	(H → G̃′G̃) ∝ α2GF m3

H
are the rates of the 

Higgs decay via SM fermion and boson channels [120,126,127].
As consequences, it gives a further constraint on the coupling gs

χγ value for the χboson life-

time τχ = 	−1
χ being longer than ∼ 4.4 × 1017 seconds of Universe age [128]. This implies that 

the massive χboson could be a candidate for dark matter particles of masses ∼ O(102) GeV, 
provided that its interactions with SM particles are much weaker than electroweak interactions. 
However, we need to also consider the possibilities of χboson direct decays to sterile neutrinos. 
Fig. 4 shows ḡs ∼ O(1) for the Yukawa coupling ḡsN̄

3c
R N3

Rχ (4.12), but χboson cannot directly 
decay to two sterile neutrinos N̄3c

R and N3
R pair. Because the χboson mass mχ is smaller than the 

pair mass 2mM
3 , see Sec. 4.3.

Moreover, given the χboson mass mχ ∼ 102 GeV and the coupling of χboson and SM 
fermions gq

χ (8.6), the cross section of χboson scattering off nucleon (u, d quarks) can be 
estimated as σχn ∼ (g

q
χ )2/m2

χ < 10−58cm2. Similarly, the estimated cross section of χboson 
annihilation χχ → f̄ f [8] is the same order of magnitude O[(gq

χ )2/m2
χ ]. These cross-sections 

are so small that they are far below the limits reached by current LHC and underground dark 
matter experiments, for example, σχn ∼ 10−49cm2 at 102 GeV [6]. These cross-sections are also 
below the neutrino floor of neutrino coherent scattering background [129]. Therefore, massive 

4 The decay rates of various channels can be obtained, as an analogy, see Eqs. (80)-(83) for the heavy pion-like com-
posite boson decay at TeV scale in Ref. [52].
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Table 2
We tabulate the constrains of parameters gs

χγ and the upper limits of χboson top quark 
coupling gt

χ , χboson-nucleon cross section σχn , χboson-photon coupling gs,exp
χγ and 

χboson mass mχ in three situations (a), (b)and (c), see Eqs. (6.8), (6.9) and (6.10) inferred 
from the Xenon1T experiment [44] and reference [45].

GR gs
χγ gt

χ σχn [cm2] g
s,exp
χγ [GeV−1] mχ [GeV]

(a) ∼ 10−4 < 10−8 < 10−13 < 10−58 < 10−13 ∼ 102

(b) ∼ 10−6 < 10−12 < 10−17 < 10−66 < 10−17 ∼ 102

(c) ∼ 10−7 < 10−14 < 10−19 < 10−70 < 10−19 ∼ 102

χboson is not expected to give important contributions to astrophysical processes. However, 
it should play important roles in self-gravitating processes of relevant length scale, e.g., dwarf 
galaxy formations.

To end this section, for reader’s convenience, we summarize the properties of the χboson 
in Table 2, analogously to Table 1 for the sterile QCD axion. We note that the χboson mass 
mχ ∼ O(102) GeV and coupling gs,exp

χγ < 10−13 GeV−1. However, it should be pointed out that 
there is not a relation between the χboson coupling gs,exp

χγ and mass mχ , like the one for the sterile 
QCD axion relation (7.6). It would be interesting to see the possibility to probe the χboson based 
on its effective electromagnetic interaction (8.1) and by using special methods that are adopted 
or proposed to detect the axion [36,37,116,118,119].

9. Summary and remarks

The article presents a theoretical framework of the spontaneous PQ symmetry breaking of the 
operator (2.3) of right-handed neutrinos ν�

R and their induced interactions (6.2) with SM parti-

cles. We discuss three possible types of DM particle candidates: (i) the sterile neutrinos N1,2,3
R

of masses O(102) keV, O(102) MeV and O(102) GeV; (ii) the superlight pseudoscalar axion 
a of ma < 10−8 eV; (iii) the massive scalar χboson of mχ ∼ O(102) GeV, and later ones are 
composed by formers. The constraints from W -boson decay width, the Xenon1T and precision 
fine-structure-constant α experiments give the upper limits of their indirectly induced interacting 
strengths to SM particles: (i) ν�

R couplings to SM gauge bosons (6.2); (ii) a axion couplings to 
SM gauge bosons (7.9) and fermions (7.12); (iii) χboson couplings to SM gauge bosons (8.1)
and fermions (8.5). These upper limits listed in Tables 1 and 2 allow us to preliminarily estimate 
the lifetimes of these sterile particles, being larger than Universe age. This is the necessary but 
not sufficient condition for them to be possible DM particle candidates. In addition, these upper 
limits have to be consistent with the facts of their negligible contributions to all known astro-
physics processes, current laboratory experiments and astrophysical observations for directly or 
indirectly detecting these DM particle candidates.

In such a taxonomy of DM particle candidates, their different mass scales could qualitatively 
account for gravitational effects at different length scales. However, to give a quantitative de-
scription of these effects, one may need to know the self-interactions of these DM particles, see 
for example Ref. [42]. It should be mentioned that at the high order of the large-N expansion in 
Sec. 4, one can obtain the axion and χboson self-interactions. Also, the high-order contributions 
of coupling GR between DM and SM particles can induce the 1PI self-interacting of these dark 
matter particles.

Moreover, whether or not the relic densities of these DM particle candidates can account for 
the gravitational effects observed in galactic and cosmological scales. How to understand their 
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relic abundances that contribute to the total relic abundance of DM particles observed in the 
present time. To answer these questions, we have to use these DM particle candidates’ mass 
spectra and their couplings to SM particles in Boltzmann rate equations to study their produc-
tions, thermodynamical states and evolutions in the early Universe, and when they decouple from 
thermal equilibrium or energy equilibration with SM particles. For example, we might be able 
to see any relation between the χboson and WIMP dark matter particles. Moreover, we have 
to mention the possibility of the fourth type of DM particle candidates, being very massive and 
much heavier than the χboson mass. They are gravitationally produced [130–141], and could be 
candidates for the cold dark matter (CDM).

All DM particle candidates contribute to the total relic abundance of dark matter �DMh2 =
0.120 ± 0.001 observed today [142–144]. This demands that the contribution from each DM 
particle candidate should be smaller than this amount. The natural question is then how much 
contribution from each DM particle candidate proposed in this article. These questions are sub-
jects of future studies.
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