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o Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe - dark energy, inflation?
o Relation between gravity, quantum theory and gauge theories?
= ACDM model of general relativity challenged by theory & observations.
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o Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe - dark energy, inflation?
o Relation between gravity, quantum theory and gauge theories?
= ACDM model of general relativity challenged by theory & observations.
o Teleparallel gravity:
Based on a different (flat) connection - gravity is not mediated by curvature.
Gravity encoded in torsion: metric teleparallel gravity.
Gravity encoded in nonmetricity: symmetric teleparallel gravity.
Both torsion & nonmetricity: general teleparallel gravity.
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e Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe - dark energy, inflation?
o Relation between gravity, quantum theory and gauge theories?
= ACDM model of general relativity challenged by theory & observations.
o Teleparallel gravity:
Based on a different (flat) connection - gravity is not mediated by curvature.
Gravity encoded in torsion: metric teleparallel gravity.
Gravity encoded in nonmetricity: symmetric teleparallel gravity.
Both torsion & nonmetricity: general teleparallel gravity.
e Modified gravity theories based on teleparallel gravity:
o General functions of teleparallel scalar: f(T), f(Q), f(G) gravity.
o Most general Lagrangian quadratic in torsion or nonmetricity.
o Scalar fields coupled to teleparallel geometry.
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e Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe - dark energy, inflation?
o Relation between gravity, quantum theory and gauge theories?
= ACDM model of general relativity challenged by theory & observations.
o Teleparallel gravity:
Based on a different (flat) connection - gravity is not mediated by curvature.
Gravity encoded in torsion: metric teleparallel gravity.
Gravity encoded in nonmetricity: symmetric teleparallel gravity.
Both torsion & nonmetricity: general teleparallel gravity.
e Modified gravity theories based on teleparallel gravity:
o General functions of teleparallel scalar: f(T), f(Q), f(G) gravity.
o Most general Lagrangian quadratic in torsion or nonmetricity.
o Scalar fields coupled to teleparallel geometry.

e Teleparallel cosmology:

o Make use of cosmological symmetry in order to find most general geometry.
o Modified Friedmann equations for each class of gravity theories.
o Use method of dynamical systems to study cosmological dynamics.
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The trinity of geometric models of gravity
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Cosmologically symmetric metric-affine geometry

1. Most general metric with cosmological symmetry:
o Metric in space-time split:
G = —nuny, + hy, (1)
o Unit normal covector field:
n,dx* = —Ndt. (2)
o Spatial metric (gives projection onto spatial slices):

> [dr®dr
2

h.,dx* @ dx” = A + r2(d¥ ® dv + sin® 9dp @ dy) | . (3)

= Metric depends on lapse N(t) and scale factor A(t).
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Cosmologically symmetric metric-affine geometry

1. Most general metric with cosmological symmetry:
o Metric in space-time split:
Quv = —nNyuny + hp,l/ . (1)

o Unit normal covector field:
n,dx" = —Ndt. (2)

o Spatial metric (gives projection onto spatial slices):

> [dr®dr
2

h.,dx* @ dx” = A + r2(d¥ ® dv + sin® 9dp @ dy) | . (3)

= Metric depends on lapse N(t) and scale factor A(t).
2. Most general affine connection with cosmological symmetry:
o Connection characterized by cosmologically symmetric torsion and nonmetricity:

2 2
T, = 7‘(7] hf:np]+7'2nagonyp), Qo = Z\(Q1 npn,n,+2Q2n,h,, +293h,,n,)) . (4)

= Connection depends on five free functions 71 (t), T2(t), Q1 (1), Qa(t), Qs(1).
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Cosmologically symmetric teleparallel geometry

o Define conformal time derivative and conformal Hubble parameter:

_Adf A

!
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Cosmologically symmetric teleparallel geometry

o Define conformal time derivative and conformal Hubble parameter:

_Adf A

/
f=~a =7 (5)

e R*,,; =0ifand only if:

(Q1+)H-Ti+ Q)+ (H—-Ti+Q2) =0, (6a)

To(H—Th + Q2) =0, (6b)
(Q+Q)H-Ti+Q—9Q3)—(H—Ti+Q2—9Q3) =0, (6c)
To(H—T1+Q2—Q3)=0, (6d)
H—Ti+Q)H-Ti+Q—Q3)—TF+U7=0, (6e)

T, =0. (6f)
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Cosmologically symmetric teleparallel geometry

o Define conformal time derivative and conformal Hubble parameter:

_Adf A

/
f=~a =7 (5)

e R*,,; =0ifand only if:

(Q1+)H-Ti+ Q)+ (H—-Ti+Q2) =0, (6a)

To(H—Th + Q2) =0, (6b)
(Q+Q)H-Ti+Q—9Q3)—(H—Ti+Q2—9Q3) =0, (6c)
To(H—T1+Q2—Q3)=0, (6d)
H—Ti+Q)H-Ti+Q—Q3)—TF+U7=0, (6e)

T, =0. (6f)

= Different branches of solutions for u = 0 and u # 0.
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Solution branches

Te=u+#0
H-T1+Q2=0
H-T1+Q2—-Q3=0

y

u=0
T2=0
H-Ti+2=0

H—T1+Q—Q3=0
Y

T2=0
(H-Ti+Q)(H-Ti+Q— Q3) =—u?#0
Q1+ Qp = —TEZL
u=0 u=0
To=0 To=0
H-Ti+Q#0 H-Ti+2=0

H—-—T1+Q—93=0 H—-—Ti+Q—Q3#0

_ (H-T1+) _ (H=Ti+9:—Q3)
Q1+ Q= -G 0+ 0, = U0t
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Solution branches

To=u+#0 Qup=0
H—-T1+092=0
H—-T1+Q—Q3=0
To=uU#0
y Ti=H
u=0
To=0 \
H—-T1+92=0 u=20
H—Ti+Q—Q3=0 T2=0
\ Ti=H
/
To=0
(H-Ti+Q)H-Ti+Q—Q3)=-U>#0 T:=0
Qi + Qp = — (BTt ) Ti—H=iu#0
1 2 H-T1+Q2 1
u=0 u=0
To=0 To=0
H—-T1i+#0 H—-T1+Q92=0

H—-—T1+Q—93=0 H—-—Ti+Q—Q3#0

_ _(H-T1+Qn) _ (H-Ti+Q,—Q3)
Q1+ Q=- H—T1+22 Q1+ Q= H—T1+Q2—Q3
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Solution branches

—— S—
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Solution branches
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Solution branches
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Aside: f(K) and scalar-teleparallel theories

e General action of f(K) gravity with K € {T, Q, G}:

S——ﬁ/f )v/=gdx. (7)
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Aside: f(K) and scalar-teleparallel theories

o General action of f(K) gravity with K € {T, Q, G}:

_ 4
§=-5 / F(K)v/=gd*x 7)

» Introduce scalar field ¢ = K and Lagrange multiplier :
S= 5z | If6) ~ v(6~ Klv=gex. ®)
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Aside: f(K) and scalar-teleparallel theories

e General action of f(K) gravity with K € {T, Q, G}:

_ 4
§=-5 / F(K)v/=gd*x )
¢ Introduce scalar field ¢ = K and Lagrange multiplier :
S= 5z | If6) ~ v(6~ Klv=gex. ®)
= Constraint equations:
p=K, »="1(s). (9)
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Aside: f(K) and scalar-teleparallel theories

e General action of f(K) gravity with K € {T, Q, G}:

_ 4
§=-5 / F(K)y/=gd*x 7)
¢ Introduce scalar field ¢ = K and Lagrange multiplier :
S= 5z | If6) ~ v(6~ Klv=gex. ®)
= Constraint equations:
p=K, »="1(s). (9)
¢ Integrate out v: 1
S=-prz | [0~ F()(6 ~ K)lv=gd". (10)
M
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Aside: f(K) and scalar-teleparallel theories

e General action of f(K) gravity with K € {T, Q, G}:

_ 4
§=-5 / F(K)y/=gd*x 7)
¢ Introduce scalar field ¢ = K and Lagrange multiplier :
S= 5z | If6) ~ v(6~ Klv=gex. ®)
= Constraint equations:
p=K, »="1(s). (9)
¢ Integrate out v: 1
_ ' o — A4
S= 53 [ 110) = ()6~ Klv=gdx. (10)
« Integrate out ¢ with —2;@2u'(¢) = ()~(y):
S= 5z [ 0K~ 22U(w))v=gd*x. (11)
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Example 1: general spatially flat f(T) cosmology
o Ansatz for spatially flat (k = 0) cosmology:

0%, =diag(1,a(t), a(t),a(t)) = gudx"dx’ = —df? + &(t)j;dx'dx’.  (12)
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Example 1: general spatially flat f(T) cosmology
e Ansatz for spatially flat (k = 0) cosmology:

0%, =diag(1,a(t), a(t),a(t)) = gudx"dx’ = —df? + &(t)j;dx'dx’.  (12)
e Ansatz for perfect fluid matter:
oM = (p+ p)uru” + pg"’, u" =(1,0,0,0). (13)
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Example 1: general spatially flat f(T) cosmology
e Ansatz for spatially flat (k = 0) cosmology:

0%, =diag(1,a(t), a(t),a(t)) = gudx"dx’ = —df? + &(t)j;dx'dx’.  (12)

e Ansatz for perfect fluid matter:

oM = (p+ p)utu” + pg"”, u* =(1,0,0,0). (13)

» Cosmological field equations using T = —6H?:
12H?fr + f = 2K2p, (14a)
48HPHfrr — (12H? + 4H)fr — f = 2k2p. (14b)
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Example 1: general spatially flat f(T) cosmology
e Ansatz for spatially flat (k = 0) cosmology:

0%, =diag(1,a(t), a(t),a(t)) = gudx"dx’ = —df? + &(t)j;dx'dx’.  (12)

e Ansatz for perfect fluid matter:

oW = (p+ p)utu” + pg"”, u*=(1,0,0,0). (13)

» Cosmological field equations using T = —6H?:
12H?fr + f = 2K2p, (14a)
48HPHfrr — (12H? + 4H)fr — f = 2k2p. (14b)

e Consider mixture of dust and radiation matter:

1
p=pm+tpr, P=Pm+pPr, Pm=0, Przgpr- (15)
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Example 1: general spatially flat f(T) cosmology
e Ansatz for spatially flat (k = 0) cosmology:

0%, =diag(1,a(t), a(t),a(t)) = gudx"dx’ = —df? + &(t)j;dx'dx’.  (12)

Ansatz for perfect fluid matter:

oW = (p+ p)utu” + pg"”, u*=(1,0,0,0). (13)

» Cosmological field equations using T = —6H?:
12H?fr + f = 2K2p, (14a)
48HPHfrr — (12H? + 4H)fr — f = 2k2p. (14b)

Consider mixture of dust and radiation matter:

1

pP=pm+pr, P=Pm+pr, Pm=0, Przgpr- (15)
e Cosmological dynamics as a dynamical system uH, sar, ualiknanova 171:
: . X +3)H
WH) = 12H2F +F, X = — P & X—Hx(X—1), H= X3 g
(H) r Pr—+ Pm ( ) (In W)n (16)

Manuel Hohmann (University of Tartu) Dynamical systems & teleparallel cosmology 6th Zeldovich meeting - 15. July 2026 8/16



Example 1: dynamical system of power law f(T)

o Consider simple power law model:

f(T)y=T+a(-T)". (17)
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Example 1: dynamical system of power law f(T)

o Consider simple power law model:
f(TYy=T+a(-T)". (17)
e Function in dynamical system:

W =6H? + (1 — 2n)a(6H?)".  (18)

Manuel Hohmann (University of Tartu) Dynamical systems & teleparallel cosmology 6th Zeldovich meeting - 15. July 2026 9/16



Example 1: dynamical system of power law f(T)

—oo —H* 0 H* o
o Consider simple power law model: 1t - T
S| B
_ _ n
(TYy=T+o(-T)". (17) ,;%

W =6H? + (1 — 2n)a(6H?)".  (18)

« Function in dynamical system: :ii 7

\\ A /- ‘ﬂ

e Fora>0, <n<tora<0,n<: o '///J

Big bang at H = co, X = 1. §§ g
Transition from a < 0to 2 > 0. LT

De Sitter attractor at H = H*, X = 0. . ‘ ‘ ‘ .

Phantom or non-phantom, no crossing. -H 0 H @

o

o O O
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Example 2: newer general relativity of type 2 (vacuum)
e Parameters in cosmological field equations - non-degenerate system:

a=1+3¢, a=2c¢, az=¢, a4=0. (19)
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Example 2: newer general relativity of type 2 (vacuum)
e Parameters in cosmological field equations - non-degenerate system:

a=1+3¢, a=2c¢, az=¢, a4=0. (19)
— Dynamics obtained by solving for time derivatives H, K, L.
o Branch 1: )
H=¢(3H + K)?, (20a)
. 1 > 3H?
K = —5(38H + K)(8H + K) = 3(3H + K)? = S (20b)
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Example 2: newer general relativity of type 2 (vacuum)
e Parameters in cosmological field equations - non-degenerate system:

aj=1+3¢, ap=2¢, az=¢, a;=0. (19)
— Dynamics obtained by solving for time derivatives H, K, L.
o Branch 1: )
H=e(3H + K2, (20a)
. 1 > 3H?
K = —5(8H + K)(OH + K) — 3e(3H + K)* — . (20)
o Branch 2: .
H = e(5H + L)?, (21a)
K =KL, (21b)
. 1 » 3H?
L=—5(BH+L)(11H+L) = 5e(5H + L)* = =~ (21¢c)
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Example 2: newer general relativity of type 2 (vacuum)
e Parameters in cosmological field equations - non-degenerate system:

a1:1+36a 32:26, as = e, a4:0' (19)
— Dynamics obtained by solving for time derivatives H, K, L.
o Branch 1: )
H=¢(3H + K)?, (20a)
. 1 > 3H?
K = —5(8H + K)(9H + K) = 3¢(3H + K)? = =~ (20b)
o Branch 2: ]
H = e(5H + L)?, (21a)
K =KL, (21b)
. 1 » 3H?
L=—5(BH+L)(11H+L) = 5e(5H + L)* = =~ (21¢c)
o Branch 3:
H=¢(BH - 4K — L)?, (22a)
K =KL, (220)
. 2
[ = 2_27H2 —BH(4K + L) + 8K? + %LZ +3¢(8H — 4K — L)? + % : (22¢)
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Example

o Use Poincaré disk model for (H, K).
e Lines mark angular fixed points.

o Stability:

o Repeller: dashed line.

o Attractor: solid line.
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Use Poincaré disk model for (H, K).
Lines mark angular fixed points.
Stability:

o Repeller: dashed line.

o Attractor: solid line.

Radial dynamics:

o Blue line: Z — 0.
o Redline: Z — oo.
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e H, K, L projected onto sphere.
e Only hemisphere H > 0 shown.
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e H, K, L projected onto sphere.
e Only hemisphere H > 0 shown.
¢ Points mark angular fixed points.
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H, K, L projected onto sphere.
Only hemisphere H > 0 shown.
Points mark angular fixed points.
Stability:

Repeller: empty rectangle.
Attractor: filled rectangle.

Saddle: crossed rectangle.
Non-hyperbolic: circle.

O O O O
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e H, K, L projected onto sphere.

e Only hemisphere H > 0 shown.
¢ Points mark angular fixed points.
o Stability:

Repeller: empty rectangle.
Attractor: filled rectangle.
Saddle: crossed rectangle.
Non-hyperbolic: circle.

¢ Radial dynamics:

o Blue point: Z — 0.
o Red point: Z — oc.
o Black point: Z = const.

O O O O
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e H, K, L projected onto sphere.

e Only hemisphere H > 0 shown.
¢ Points mark angular fixed points.
o Stability:

Repeller: empty rectangle.
Attractor: filled rectangle.
Saddle: crossed rectangle.
Non-hyperbolic: circle.

¢ Radial dynamics:

o Blue point: Z — 0.
o Red point: Z — oc.
o Black point: Z = const.

O O O O

o Colors mark separatrices.
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e H, K, L projected onto sphere.
e Only hemisphere H > 0 shown.
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e H, K, L projected onto sphere.
e Only hemisphere H > 0 shown.
¢ Points mark angular fixed points.
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H, K, L projected onto sphere.
Only hemisphere H > 0 shown.
Points mark angular fixed points.
Stability:

o Repeller: empty rectangle.

o Attractor: filled rectangle.

o Saddle: crossed rectangle.
o Non-hyperbolic: circle.
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H, K, L projected onto sphere.
Only hemisphere H > 0 shown.
Points mark angular fixed points.
Stability:

o Repeller: empty rectangle.

o Attractor: filled rectangle.

o Saddle: crossed rectangle.

o Non-hyperbolic: circle.
Radial dynamics:

o Blue point: Z — 0.
o Red point: Z — oc.
o Black point: Z = const.

Dynamical systems & teleparallel cosmology 6th Zeldovich meeting - 15. July 2026



Manuel Hohmann (University of Tartu)

H, K, L projected onto sphere.
Only hemisphere H > 0 shown.
Points mark angular fixed points.
Stability:

o Repeller: empty rectangle.

o Attractor: filled rectangle.

o Saddle: crossed rectangle.

o Non-hyperbolic: circle.
Radial dynamics:

o Blue point: Z — 0.
o Red point: Z — oc.
o Black point: Z = const.

Colors mark separatrices.
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Example 2: cosmological phenomenology of type 2 newer GR

o Hubble parameter: H = ¢(xH + yK + zL)? for all three branches.

= Fore > 0: H > 0, only bounces are possible, no turnarounds.
= For e < 0: H <0, only turnarounds are possible, no bounces.
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Example 2: cosmological phenomenology of type 2 newer GR

o Hubble parameter: H = ¢(xH + yK + zL)? for all three branches.

= Fore > 0: H > 0, only bounces are possible, no turnarounds.
= For e < 0: H <0, only turnarounds are possible, no bounces.

o Effective dark energy:
o General form of barotropic index:

_ 2¢ 2
wy=—-1-— W(XH-F}/K-FZL) . (23)

= wy < —1fore>0and w, > —1fore<0.
= No crossing of phantom divide possible.
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Example 2: cosmological phenomenology of type 2 newer GR

o Hubble parameter: H = ¢(xH + yK + zL)? for all three branches.

= Fore > 0: H > 0, only bounces are possible, no turnarounds.
= Fore < 0: H <0, only turnarounds are possible, no bounces.

o Effective dark energy:
o General form of barotropic index:

_ 2¢ 2
wy,=—-1- W(XH-F}/K-FZL) . (23)

= wy < —1fore>0and w, > —1fore<0.
= No crossing of phantom divide possible.

 Asymptotic behavior and finite time singularities with Z > 0 or Z < 0:
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Conclusion

o Teleparallel gravity:
o Dynamical field is flat affine connection (vanishing curvature).
o Gravity mediated by torsion, nonmetricity or both.
o Modified gravity theories: f(K), scalar-K or general quadratic theories.
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Conclusion

o Teleparallel gravity:

o Dynamical field is flat affine connection (vanishing curvature).

o Gravity mediated by torsion, nonmetricity or both.

o Modified gravity theories: f(K), scalar-K or general quadratic theories.
e Cosmologically symmetric teleparallel background geometry:

o Metric takes familiar Robertson-Walker form.
o Different branches for flat connection:

general | symmetric | metric
spatially flat 3 3 1
spatially curved 2 1 2
scalar functions 2 1 0
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Conclusion

o Teleparallel gravity:

o Dynamical field is flat affine connection (vanishing curvature).

o Gravity mediated by torsion, nonmetricity or both.

o Modified gravity theories: f(K), scalar-K or general quadratic theories.
e Cosmologically symmetric teleparallel background geometry:

o Metric takes familiar Robertson-Walker form.
o Different branches for flat connection:

general | symmetric | metric
spatially flat 3 3 1
spatially curved 2 1 2
scalar functions 2 1 0

e Dynamical systems approach in teleparallel cosmology:
System of first-order differential equations.

Possible to find attractive fixed point solutions.
Attractors with accelerating expansion: dark energy.
Dynamical dark energy can address Hubble tension.

O O O O
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Conclusion

o Teleparallel gravity:

o Dynamical field is flat affine connection (vanishing curvature).

o Gravity mediated by torsion, nonmetricity or both.

o Modified gravity theories: f(K), scalar-K or general quadratic theories.
e Cosmologically symmetric teleparallel background geometry:

o Metric takes familiar Robertson-Walker form.
o Different branches for flat connection:

general | symmetric | metric
spatially flat 3 3 1
spatially curved 2 1 2
scalar functions 2 1 0

e Dynamical systems approach in teleparallel cosmology:

O O O O

System of first-order differential equations.

Possible to find attractive fixed point solutions.
Attractors with accelerating expansion: dark energy.
Dynamical dark energy can address Hubble tension.

= Outlook: Complete classification of teleparallel cosmologies.
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