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GW reflection and damping

o If an electromagnetic wave passes through a plasma, there is a critical wavelength
Ac: if the EM wave has A < A¢ then it is minimally affected by the plasma, but
for A > Ac the wave can be almost completely reflected. Can something similar
happen to GWs?

o It has been known since 19661 that if a GW propagates from r to r + A through
a dissipative medium with shear viscosity n

(his b )(r + B) = (hy b )(r) exp(—8mnA)

However, in Sl units,

AG
87”773 = 8mnA x 2.477 x 10736

8mnA =

Thus, while energy is transferred from GWs to viscous matter, the effect is
treated as negligibly small.

1E.g., S.W. Hawking, Perturbations of an expanding universe, Astrophys. J. 145, 5447(1966).
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The Bondi-Sachs formalism

Coordinates are based on outgoing null hypersurfaces, (u, r,x*); u labels the null
hypersurface, r is a radial coordinate, and x” are angular coordinates 0, ¢. Then

ds? = — (e (1+ Wer) — rPhagUUP) du? — 2¢*% dudr
— 2r2hagUBdudx? + rPhapdx”dx® .

Minkowski spacetime has W, = 8 = UA =0, hag = gag with gag a unit sphere
metric, gagdx?dxB = d6? + sin2 0d$2. We define perturbations

B=R(2A()e"") Zp, We =R (Wf’”(r)e""”) Za,
U=R(UPA(ne"") 1255, =R (SPA(r)e™") 2252,
where U = UAqa, J = h"Bq”qB /2 with ga = (1,isin0) and where sZ5 > are

spin-weighted spherical harmonics. This “separation of variables” ansatz leads to the
linearized Einstein equations reducing to ODEs in r with solutions polynomials in 1/r.
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Perturbative solution about flat spacetime

s =0,
120%C 12ivC, 6C. 3
[2,2] _ 40 40 40 . . =
W, S T s T A T Cino exp(2irv) =
U[2 2] 21/2 \/6C40
r2

4 C, C,
_ 4ivvBGu @ RN (,- v 3 ) ,
r

r3 B2
2.2] 2°V6Cu | 2v6Cy0
Sl

1 2
+ Cino exp(2irv) V6 (—3 —2iZ Y ) .
r

r2 r
Defining the rescaled GW strain by Ho = r(hy + ihx ), we find
Ho = §R(H0 exp(il/u))zz;g with Hy = —2\/6V2 Cyo -

Note that, for large r, J = hy + ihyx, and that Cjo represents the magnitude of
incoming GWs.
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The model: GW source surrounded by a spherical matter shell

Source
A %

Figure: GW source inside a spherical shell of mass Ms between r = ry and r = rp + A.

o Construct solutions (a) Exterior to the shell, (b) Within the shell, and (c) Interior

to the shell.
o Enforce continuity of the metric and first derivatives at the boundaries of the
shell, and so construct a complete solution.
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The modified GW strain due to a dust shell

H=Hy |1+

rn rg ™ 4 rg T

2Ms _iMsA iMs Ne—4irom /X ]

Each of the terms containing Ms represents a correction to the wave strain in the
absence of the shell.

@ The first correction, 2Ms/ry represents the (well-known) gravitational red-shift
effect.

o The second correction term, iMsA/(mr2), is out of phase with the leading terms
1+ 2Ms/ry and hence represents a phase shift of the GW without changing the
GW energy.

@ The third correction term represents a partial reflection of the GW by the shell,
and leads to the possibility of a matter shell causing a GW echo.
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GW echoes: GW150914

@ There has been previous work on whether the astrophysical environment might
modify a GW signal including the possibility of an echo?.

@ The magnitude of the echo term can be written
2M A

Ms o
n 8mr

where X is the wavelength, and the echo delay is 2rp.

2E.g., Barausse, E., Cardoso, V., Pani, P.: Can environmental effects spoil precision gravitational-wave
astrophysics? Phys. Rev. D 89(10), 104059 (2014); Konoplya, R.A., Stuchlik, Z., Zhidenko, A.: Echoes of
compact objects: new physics near the surface and matter at a distance. Phys. Rev. D 99, 024007 (2019); Abedi,
J., Dykaar, H., Afshordi, N.: Echoes from the Abyss: tentative evidence for Planck-scale structure at black hole
horizons. Phys. Rev. D 96(8), 082004 (2017)
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Astrophysical example: Shell around BBH merger

??150914: Template (blue), Template + shell effects (red)

GW amplitude
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Figure: The effect of a matter shell of radius 900km and mass 60M¢ on the signal of GW150914.
The original signal is in blue, and the original signal plus modifications is in red.
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Viscous damping of GWs

Using the conservation conditions V, Tpcg®® = 0, the velocity field is found, from
which the shear tensor o,, and shear scalar 02 = 0,00 can be evaluated. We use
the formula that the rate of energy loss per unit volume is En = —2no?. This quantity
is evaluated, then integrated over a shell of radius r and thickness Ar and then
time-averaged (denoted as ( )) over a wave period. We find

22 % 4506 315)\8 >

EN o2 6
(En) = —12nClpv°Ar <1 T 52 T paana T 26,6,6 T 28,8,8

The rate of energy output as GWs is <EGW> = 3C2,v%/(4r) so that

. . 22 % 450%  315)8
<E”> = _16ﬂnAr<EGW> <1 T 57272 T Sajan4 T 26,6,6 T 288,58

Energy conservation means that energy absorbed by the viscous fluid is balanced by a
reduction in the GW energy. Thus

<EGW> (I’ + Ar) = <Ecw> (r)><

A2 94 45)\6 3158
|:1 — 16mnAr (1 + + + + )

2r2g2 - 24r4n4  26/676 28,848

which can be expressed as an ODE in r.
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The GW strain

Since Egy o H2 where H = r(hy + ihy ), the ODE in Egyy becomes one in H yielding

2
H(ro) =H(ri)exp | —8mn| ri(a — 1) — (1- ofl)
2I’,’7‘(2
3¢ 3 N s 45)8 7
T ) T (e ) et e ) )

where rj, ro are the inner and outer radii of the shell and ro, = ar; with o > 1.
If r; > X Hawking's result from 1966 is recovered

H(ro) = H(ri) exp (—8mn(ro — ri)) ,

whereas for A > r;

H(ro) = H(r;) exp (— S (- a7)) :

32r7 77

This formula is often insensitive to the value of a: (1 —a~7) is 0.99 for « = 2 and is
0.5 for oo = 1.104.
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GW Heating

Energy lost by GWs = Energy gained by viscous fluid.
The calculation of changes to the temperature T needs
o Specific heat capacity C
o Density p

o Energy of GWs AEgw
o Thermal diffusivity «.

Let )
r
Y=
Then DCnAE
T-To= H [DoYo,0 + D2Y2,0 + DaYa o]
réc3Cp

with Do, Dy, D4 having the same funcional form

When there is good heat flow in the shell (o Au /r? >> 1), or if the GW sgnal is
on average isotropic, then

GnAEgy (315+ 45 n 9 " 2 +1)
- r2c3Cp DA VTr2c3Cp \ 8 g P* P2

For large r, T — Ty falls off as r—2, but for small r/ X\ fall-off goes as r—10,
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The heating effect as a function

T-To
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The GW damping/heating effects for ¢ > 2

@ Formulas for the GW damping and heating effects have been obtained for £ > 2.

o For long wavelengths, the effects are enhanced, so in astrophysical cases where
the £ = 2 mode is damped, higher order ¢ modes are unlikely to be detected.

o Since higher £ modes transport less energy than the £ = 2 mode, the heating
effect of higher £ modes is unlikely to be significant.
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The damping/heating effects on a spherically symmetric background

@ Making the ansatz of a small perturbation about a static spherically symmetric
spacetime leads to

B =Bo(r) + R(BRPA(r)e )0 225, U=RUPA(r)e"")12Z,,,
We = Wo(r) + RWPA(r)e ) Zon, J=RUIBA(r)e )22, .

where By(r), Wo(r) are easily determined from the background density and
pressure.

e For Schwarzschild, Bo(r) = 0, Wo(r) = —2M/r?.

@ Manipulation of the Einstein equations leads to a master equation which has
simple analytic solutions in the Minkowski case, but in general has to be solved
numerically.

@ Then the conservation conditions V;Tp.g%¢ = 0 lead to the perturbed velcoity
components, from which the shear tensor o,, can be evaluated and thus the GW
damping and heating effects.
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The damping/heating effects on a Schwarzschild background

Ratio of GW damping factors

fe(M=1)/fg(M=0)
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r

Using a Minkowski background underestimates the damping/heating effect by a factor
9 for matter at r = 6M for GWSs with frequency v = 0.254 (which is the frequency at
the time of merger of two black holes).
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General spherically symmetric, static matter distribution

~ g b .
- “
| / \\ -
// \\
| / - \
| [ \ |
‘\ Jrc M.
| \ / |
\\\ — /,
\ /
N )
\ / Vacuum
- //,//

Bishop The interaction of gravitational waves with matter



Astrophysical applications

GW interactions with matter may be significant for:
o Core collapse supernovae (CCSNe)
@ Post-merger signal from a binary neutron star merger
o Primordial GWs from the inflationary era
o And perhaps other cases

Some further details are in the next talk by Monos Naidoo, and in the Bibliography.
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Conclusions

Measurable changes occur when GWs pass through a dust shell.

If the shell is viscous, then GW damping and heating occur.

The effects are enhanced when the background is Schwarzschild and near the
ISCO.

GW damping and heating can be astrophysically significant.

Key point: GW interactions with matter have long been regarded as being too
small to be significant, but that may not be the case when A > r;.
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