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INTRODUCTION

We present the formulation of the Riemann-Cartan theory

Affine connections and metricity conditions

Generalisation of field equations in [/, theory via
the variational principle

New neutrino oscillation formulas, in the presence of
torsion

Quantized Dirac Fields in torsionful gravity
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It follows directly from the transformation laws that the sum of two affine
connections is not a tensor, while the antisymmetric part of the affine connections

She = 5 Lhe = Lep) = I

trasforms as a tensor. qa 1s called Cartan tensor
where the coefficients 1 o are called affine connection coefficients.

A generalization of the Einstein-Cartan theory is obtained by considering the
non-metricit tion: __
icity equation Vagbc _ —Qabc

where V. is the covariant derivative depending on the affine connections, and
Qabe is the non-metricity tensor.
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We shall analyze a theory such that the condition Quse = 0 is satisfied, ensuring the
conservation of length units and angles under parallel transport.

Affine connections can be expressed in the form
Iy = {5} - Kiyf

k. quk |k ik -k
where {f}} denote the Christoffel symbols, while I{;}.“J represents the contortion

tensor, which a priori depends both on the metric and on the torsion.

The linearly connected space L,, endowed with the metric g, reduces to the
Riemann—Cartan space-time Vs in the case where Qe =0

In turn, U, reduces to the Riemann space-time Y4 characteristic of General
Relativity in the absence of torsion.

Finally, 4 reduces to the Minkowski space—timeR4 in the absence of curvature.

=0 .. §=0 .. R=0
(Lyg) S 0,5 v, "5 R,
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The action of the matter field with the gravitational field is of the form:

L / e (—g)% R(g. 09, 5.05)

W= [ de (~g)h2(¥.00.0.00.5) + (5
Varying the action with respect to the independent variables
R
_5(€R) ij o(eR) = Qkf,u

- = keo QO ok
07ij Ob-e’-j

and using the modified Palatini equation
0R;; = Vi (0I)) — Vi(oIy;) + 285m0

mJ

FIELD EQUATIONS Theory [

G = XY ik _ fridk




The second equation is an algebraic relationship between

spin and torsion, while the first is a generalisation of
Einstein’s equation.

By expressing Einstein's tensor in its Riemannian pariG({}) and it’s

non-Riemannian part, we find -y
GI({}) = o'

In this equation, ¢ has been defined as the combined energy-momentum
tensor,.expressed as:

rooN .y 1
|oifk::gtf%—ﬂﬂ——4rf?rjg-——OTJLerE+—T Tlf-+- L; (4T Erﬂi]4—7jnki

_
\_7 L k] mi)

A

o' is symmetrical by definition and satisfies the law of conservation

In the absence of torsion, the field equations reduce to those of general relativity.
The geometric concept of torsion is intrinsically linked to local transformations of

the Poincaré group.
The local Poincaré group leads to Riemann-Cartan geometry

Friedrich W. Hehl, Paul von der Heyde, G. David Kerlick, General relativity with spin and torsion: Foundations and prospects, Rev. Mod. Phys. 1976.
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MIXING IN QUANTUM MECHANICS

For three flavour states, we have:

—is
c12€13 $12€13 size "
Ve 17!
i5 5
Vp | = | —S12€C23 — C128238138L C12C23 — 8128238136t $23C13 1)
vr 05 iS5 V3
512823 — C12€23513€ —C12823 — §12€23513€ €23C13
The oscillation formulae for ve — ve is
4 .2 .2 Am%l L
P(ve — ve) =1 — cos 613 sin”(2012) sin
4F
.2 2 .2 Am%lL .2 .2 Am%zL
— sin“(26;3) |cos” 615 sin + sin” 045 sin
4F 4F

S. M. Bilenky and B. Pontecorvo, Phys. Rep. 41 (1978) 225
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Mixing in quantum field theory

Pontecorvo's formalism has been generalised to QFT and corrections have
been made to the formulas we have seen. The generalisation to QFT
considers the mixing between fields [1].

The generalisation in QFT was also made for 3 flavours [2]
Or.(t) = 1 — sin’(20y,) cos® 013 [|U{‘2|2 sin” (Alyt) + |Vis|? sin® (Qlfgt)]
— sin2(26,3) cos? b1 [|U{<3|2 sin? (AK;t) + [VE|? sin’ (Qlfgt)]

— sin?(2613) sin? 615 [|U;‘3|2 sin? (AKt) + |V|? sin? (Q‘2‘3t)]

[1] M.Blasone and G.Vitiello, Annals Phys. 244: 283-311, (1995)
[2] M. Blasone, A. Capolupo, and G. Vitiello, Phys. Rev. D 66, 025033 (2002)
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Neutrino oscillation formulas in the precence of costant torsion

3h
2

The field satisfied the equation | i7" 0,V — mW = — T (r)y\7° ¥

The solutions for free particles with spin aligned or opposite to the axial torsion are given by:

It
1 o era
0 1
T At k N ky—ik
u. =N et uz =N 1 —2 +
£ i k Bz +m N;” are obtained from the
1+1k2 - k3 . o . o, o
Ef+mt E; +i- normalisation condition
+k3 k]—lkg
EX+mt EZ+m—
oyt | 5| an| 2 Ui =1
v, = NT| Efsmt vp = N— E -+ | . =
1 0
0 1 )
~ 4

m: =m; %hT

Er = VI2+mt.

A. Capolupo, G. D. Maria, S. Monda, A. Quaranta, R. Serao, Universe 10(4), 170 (2024).
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The linearity of the generator allows us to define the flavour annihilators of the fields
and assuming that: ;. _ (0,0, l;;’l)

() = ereusafy +ouen (M) o, + (%2(0)87%,)

k,ve
e s (M) o+ (20) B

", = & and Z”Tﬁ = ;(”' for constant torsion
ij;k if;k ij;k ij;k

These equations for annihilators have a structure similar to that in QFT, but the
Bogoliubov coefficients are different.

EEE = NENF |14+ ——F = cos(¢%),
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Neutrino oscillation formulas in the presence of constant torsion for
three flavour generations

QT:;‘F—HJ,—; (t) — < )‘ Qvg .

vl (5) =7 (0] = Qu, =2 [0);

The following relationship is satisfied:

QT:JP—s-m( } + Q IJP—HJ“( ) + "QTD'F,—H)' (f} =1

From the analysis of this structure, we can retrace the calculations made in field theory
to include torsion, since the entire effect is contained in the Bogoliubov coefficients.

2 2
2
vf,-—wf,-(t) = 1 — sin?(26012) cos®(613) [ I‘;;k sin (Arlzk ) + Z”l;k sin (QEZk )]
2
.2 2 rr r rr r

— sin“(2613) cos“(612) { I'13k sin (Alsk ) + lek sin (lezt)]

— sin?(26013) sin?(612) | [T, - 2sm (A" ) + X7 2sm (Q” )
13 12)11% 23k 23k 23k 23k

here 7 = &, A7 - = Btz o _ TEtRz o =E7 and X2 = X for constant torsion
where r = 2 g T Tz ij;k ij;k ij;k ij;k

A. Capolupo, G. D. Maria, S. Monda, A. Quaranta, R. Serao, Universe 10(4), 170 (2024). Pag. 11
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Figure 1. Color on line. Plots of the oscillation formulae in a constant torsion background: in the
left-hand panel QTi_wf (t) (blue line) and Q*Lf,f —1,(t) (red line) as a function of time. Torsion was
picked to be comparable to the momentum as T3 =2 x 10 eV. In the right panel, the detail of the

same formulae and the comparison with the corresponding quantum mechanics oscillation formulae
(dashed line) are reported.

k k

QTJ:E—H:E % Qluﬂ — Ve
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The field satisfied the equation | (779, —m)¥(x) = nTP(t)vpy

Y (x)

In order to derive the solution of the Dirac equation with torsion, we write
the spinor in the following form

=) / N (DB) e

(27r

We use ansatz wxl  fr(DELP) ..
5 =¥ P f t d
ug\(t,x) =e ( 2o (DAEA(D) ) or positive energy an

vzt x) = ez‘p.x( _ﬁfg((?)i)tif(/\}g(;) ) for negative energy.
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Dirac Field Quantization with Time-Dependent Torsion

fﬁ,)t(t) = exp{ —f%q/\ﬂciﬁi} EXp{ —pr ,\i’}CﬁA
[ : ini '
Zralt) = (5, oy 0P| 1Al exp{—icopat} Gy

where  @Wpa = \/m2 + (p+7AT0)%

By imposing normalisation condition

2
(0] +

2
a0 = ks

we determine

Wy, A+

Cy :
(27) 2 \/(wp;L+m) -|—(p+11.li’0)

pA =
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The linearity of the generator allows us to define the flavour annihilators of the fields
and assuming that: ;. _ (0,0, l;g’l)

*
ol (f) = 612{313&1%’1 + Slzﬂlg((riz;g(t)) &%2 + ¢ (E;;_’E(t)) Ijjéfz)

k,lfg
_id rr * oy rfsrr rt
te s ((rmﬁé(f)) Aps TE (le;ic'(t))ﬁ —EB) ’

", =T1I'"". and X".=Y". fortime-dependent torsion
17,k 17,k ij;k ij;k

In this case, the Bogoliubov coefficients are
lp+n1°
(w;',’_‘_ + mi) (“’;:,+ + mf) i

o . j i -V (c= - Uil 2
I (t) = (2n)° exp{—f(w;;,— — wp’_) f} (Cp',i) (Cﬁ:f) 1+ (w;,,— l]:m)ﬂ(w;’,_ + m};) | ,

Hq"."_;}’.' (t) = (2m)° exp{—z’(w;_,_ — w}l,}_,_) t} (C;{i)* (C;{j) 1+

Yi}!';; (t) = (2m)° exp{—l—ftzqaiﬁi} exp{—l—:’ (w’;;'+ + w;,,+) f} (Cg‘:ﬁ) ' (ng) ' (P + UTO) ; -

Y5 () = (27)? exp{—l—ftzqat“ﬁ"} exp{—i—i (w;’+ + wi,}+) t} (C;{i) " (C;:j) " (p - T]TO) : —

wherei,j=1,2,3and j > i.
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From the analysis of this structure, we can retrace the calculations made for the case of
constant torsion, since the entire effect is contained in the Bogoliubov coefficients.

1 1T
0.8F
0.6F
Qesselt) Qonre(t) 08
041
0.2f
0.6
0| 1 1 1 1 1 1 1 1 L L L L
0 2000 4000 6000 8000 10000 0 100 200 300 400 500 600

t(ev") t(ev')
Figure 4. Color on line. Plots of the oscillation formulae in a time-dependent torsion: in the left-

hand panel, Q v,—v, (t) (blue line) and le sy, (t) (red line) are plotted as a function of time. In the
right panel, the details of the same formulae and the comparison with the corresponding quantum
mechanics oscillation formulae (dashed line) are reported. We consider 79 =5 x 1073 eV.

-

k

QTMP—HJF ?é Q?pr — e
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CP Violation and Flavor Vacuum

We study the impact of torsion on the CP violation in neutrino oscillation due to
the presence of Dirac phase in the mixing matrix.

2
+ _ ++
sin (2A12;Et) |21 ;E

) (ZQ;tsiét) ‘Flsk

r:i::l:
‘ 12k

2 2
: + +4+ +4
sm(ZQ ;Ic't)'i' + (|F12k‘ ‘ZlSk

rcp( ) =4]cp

2
. +
) sin (zazs;}.t)
+ ++
(‘ZIZk‘ ‘Elsk sin (2A13;Et) + ‘213;

. +
z| sin (2013;?(.1‘)} ,

o AM M lll’lm"lh “ I . .o {
e L
o 2000 t(ev™") 4000 60[00 o ZOIOO t(ev") 40Ioo 60]00

Plot of Afrp;lcp(f) (blue line) and Az‘cp(t) (red line) for costant torsion (left panel) and for
Time-dependent torsion (right panel)



Expectation values of the number operators

.p

Eiﬂ:
b=z

N7z =1 OOINT £10(0) = fOR)ING 110(8)); = hocha B[
Nz =1 (OW)INT £10(6)); = HOWING, 21001 = |~s1aczs +ePenpsamsns| |2
Niz =5 (O(IN] £10(t)) = f<0(f)|N’ PG

s12823 + €' C12!323513| ‘Z

!

| + 553613 |E

’

12;k 23;k

2

!

:‘ C12823 + €' 512623513| ‘Z

23;k 13;k

where, r =1, |.

ol 03l Plots of %V, ;2 as a function of‘k‘
ol 025} N1 (blue solid), N2 (red dashed line) and
coal 02" N3 (orange dotted line).
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Quantized Dirac Fields in torsionful gravity

Let us consider the Friedmann.Lemaitre-Robertson-Walker (FLWR) metric
HD "'D J - "J
€, =0, e, = (.J(I‘.)OM

The plane-wave expansion of the fermionic field is given by the usual relation:

A

Ansatz for positive-energy and negative-energy particles

This field satisfies the equation: o () — Em-m( fp(t)ﬁﬁ(p} )
” 3V o s e 9p(t)AEX (D)
Dy — Myp = —=T"3,7°¢ | (D (5
]-6 't-‘-')t(ﬁ m) — eiDT gp( )fl(p)A )
. s () AEA(P)

Due to torsion, the Hamiltonian is not diagonal in the annihilators of the free fields
and takes the following form:

_ bl bh=(bh bl
H = J‘ d3 I b;:%i(ﬂbﬁ: bE = (hi_c':—l—’ bﬁ_::,_—" d;}:,_,_- dﬂ___—)




Quantized Dirac Fields in torsionful gravity

Where .7#;:(t) is defined as follow:

Pe ) 0 Vi
N R T V=10
GO=1 0 v Qp. o
Vz(t) 0 0 Qr (1)

H can be diagonalised by the following Bogoliubov transformation

Bki(z‘) :a? 1(t}bg L R(1)
() =2 (t)dy _R(t)

The vacuum annihilated by operators B; . (t) and Dz .(t) denoted by [0.(t)) is linked to
the vacuum [0) annihilated by operato'rs' b . and dj; . as follows :

0(t)) = 2" |0)




Quantized Dirac Fields in torsionful gravity

Defining the tensor as follows [

L =(0.(t

Dy FH

11| 0c(t0)) = gy (0c(to) |17

We have shown that

LM £ ()

c(tﬂ)>

Furthermore, the vacuum expectation value of the energy-momentum tensor is non-zero

{“c.'[:tﬂ:] |: TIH,L" :| “r_'(f"[il]} f’é ()

. . . o p o (0(to) | T o O (tg)) 1
This leads to a typical equation of state for radiation w = p (0c(to) |: Too :| Oc(to)) 3

Torsion introduces additional terms into Einstein’s equation

1 3V

R-,r.:u - glr.:uR T:u + — 64 QIL::,-L L




CONCLUSIONS

The Einstein-Cartan theory is a modification of general relativity.

Since spin and torsion are intrinsically linked, it has been shown how torsion couples
to Dirac fermions.

‘ We derived new oscillation formulae which are dependent on the spin orientations of the
neutrino fields.

‘ We showed that the energy splitting induced by the torsion term affects the oscillation
frequencies and the Bogoliubov coefficients which represent the amplitudes of the
oscillation formulae.

‘ The torsion effects are relevant on neutrino oscillations in non-relativistic regimes.
Therefore, experiments studying neutrinos with very low momenta, such as PTOLEMY,

could provide verification of such results in the future.
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Il caso in esame del mixing tra tre sapori del neutrino risulta particolarmente interes-
sante poiché include la violazione C'P. A fissato spin si consideri la quantita ﬂfc p definita
come segue:

-

A1) = QT L, () + QTW%( )

:){Qq (1), afTT 0)} ){5}%(5),&2%(0)}(2+
~[{a™e, .88 @} - {8, @6 @}

Ricordando che risultano soddisfatte le seguenti relazioni:

Y Q,t)=Q, (WlQ=1 e (7|Qv,)=-1,

si mostra la validita della seguente identita:

Z&mp . pO=euT

Nel caso della transizione v, — v, si mostra che la quantita &fﬂ p assume la seguente
forma: |

2 2
: + ] +
sin (Q&IE;Et) ‘VIZ;E sin (Qﬂls;fét) —
4|2 ++]%) L. + 4+ %) L +
+ (‘Um;é’) N ‘VIS;E) ) S (2&23;Et) (‘Vm o ‘VIS;E‘ ) s (2923;Et) T

) )
o+ . +
‘Ula;ﬁ:' sin (ZQla;Et)

A p(t) = 4Jop [)U;;.

2
. + ++
sin (2&13;£t) " ‘Vl -

Inoltre Allop(t) = _&i?cp(t) con r =T, ].
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Figura 3.10: Nel pannello di sinistra ¢ stato riportato 'andamento dell’asimmetria C'P a
fissato spin up 1 in funzione del tempo per i valori dei parametri riportati in Tab.(3.1) in
cui ¢ stato scelto il valore di torsione tale per cui %h’fS = 50eV. Nel pannello di destra
¢ stato confrontato l'andamento dell’asimmetria C'P a fissato spin up T con quello a spin
down | in funzione del tempo per gl stessi valori dei parametri.
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Figura 3.11: Nel pannello di sinistra ¢ stato riportato 'andamento dell’asimmetria CP a
fissato spin up 1 in funzione del tempo per i valori dei parametri riportati in Tab.(3.1) in
cui ¢ stato scelto il valore di torsione tale per cui —hT3 = 1000eV. Nel pannello di destra
¢ stato confrontato 'andamento dell’asimmetria OP a fissato spin up 1 con quello a spin
down | in funzione del tempo per gli stessi valori dei parametri.




La generalizzazione a tre sapori, oltre alla violazione C'P, induce, a differenza del caso
di due generazioni, un differente numero di particelle condensate a seconda della massa
in analisi. Si mostra infatti tramite le relazioni che legano gli operatori di creazione e
distruzione a sapore definito con quelle a massa definita le seguenti identita:

Nz =r O@IN] 210®); = (O@)| N} -10())

2 2
— o2 2 ++ 2 11
= shes [Vigg| + b Vil Ny =1 O@IN; £10(0) = 7 OB N, -[0(t));
2
= s%,¢7 V__) + s ‘V_i‘ .
N,z =r (Ot |N;,g|0(t)>f=f<0(tJ|NT4|0(f}> 12 [Vipg| T8 [Viaz
. 2
= ‘—5126234—635612523513 ‘Vl;;‘ + $33C74C1, V;;;‘

N =7 O@INY L10(), = £ @I NY [0(6),
2 2 2
‘Vé%‘ + 533C13C13 ’VEE;%

_ i6
= ‘—512623 T € C12523513

Nz =1 O@INT |0(t)>f=f<0(t)|N‘f3,E|0(tJ>f

id id
= |—C12823 + € 812023513 512823 + € €12C23513

2 2
++
‘Vla:.fé) '

4+
vl +

Nz =1 (0@ N? 2 10(t); = 7 (O@®)| N} - [0(2))
2 i 2.2
‘ T |S12823 T € €12€23513 Vla;.i?;" -

id —_
= |—c12823 + € 312623513‘ VEE-E



Figura 3.12: Nel pannello di sinistra sono riportati gli andamenti di Nj 7 fissato spin up

T in funzione di |E ‘ per i valori dei parametri riportati in Tab.(3.1) in cui ¢ stato scelto
il valore di torsione tale per cui %h’f3 = 50eV. Nel pannello di destra sono riportati gli

andamenti di N; “I’E a fissato spin down | in funzione di ‘E | per gli stessi valori dei parametri.

— NI

1000 2000 3000 4000 5000 6000

Figura 3.13: Nel pannello di sinistra sono riportati gli andamenti di N;T 7@ fissato spin up

T in funzione di

El per i valori dei parametri riportati in Tab.(3.1) in cui ¢ stato scelto il

valore di torsione tale per cui %hT3 = 1000eV. Nel pannello di destra sono riportati gli

andamenti di A"; J’E a fissato spin down | in funzione di ‘E | per gli stessi valori dei parametri.
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