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What to do with this?



Group field theory in a nutshell

Basics
4 GFT for simplicial gravity coupled
to a massless scalar field x (matter)

0:SU@2)*xR—=C (orR)

@(QI»X) = @(91»~'-794»X)

4 Peter—-Weyl: mode decomposition

(91, X Zw )D? (1)

D7(gr) convolution of Wigner D-matrices
with SU(2) intertwiner(s), J multi-index

N
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Motivation
4 Spin foam models [Reisenberger,

Rovelli, De Pietri, Krasnov, ...]

ZGFT = /D¢D<ﬁ e~ Sle:?l
— Z )\nv(F)AF
T

A coupling, Ar spinfoam amplitude
4 Feynman expansion generates a
sum over graphs I' dual to simplicial
complexes (triangulations of
spacetime)

4 Path integral provides a sum over
all possible geometries and
topologies
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Canonical quantisation of GFT  [0riti, Gielen, Sindoni, Wilson-Ewing, Marchetti, ...]

4 Shift perspective: Hilbert space quantisation by postulating [Oriti]

$1(x), &Y (X/)} =0500(x —x')

4 Abstract Fock space (we call this algebraic approach)

ps0l0) =0, |4) = ¢}

4 Construct algebraic operators such as number and scalar field
A N o1
N=Z/dxw3(><)w(><), = Z/ X) ¢s(x)
J

4 No dynamics so far! Physical states should satisfy 6f[f(“’ S22 |gy =

4 Recent focus on “peaked coherent states” [Marchetti, Oriti] which depend
on a parameter o such that (x) = xo = dynamics wrt (quantum) clock
expectation values [tempus post quantum]

4 But no clear link with constraint and classical theory!
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Deparametrised approach [Wilson-Ewing, Gielen, Polaczek, ...]

4 Work with ¢ € R and choose x as time variable before quantisation
4 From the GFT action (free theory)

Soli /desa 200 (K + KP02) ¢,(x)

one can define canonical momenta 7 () of the field ¢ ;(x) and find a
relational Hamiltonian (which gives evolution via PB {-, H})

o _% ; lw + K§O)¢J(X)WJ(X)]

4 Now perform genuine canonical quantisation [¢ (), 7

(X )] 10
4 Define again number operator (using {aJ aJ, X } Sy
N0 =) ahoas )

J

4 Evolution is clear N(y) = eifX N(0) =X but y naive classical time
parameter! (What about clock-covariance?) [tempus ante quantum]
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GFT cosmology [Oriti, Gielen, Wilson-Ewing, Sindoni, ...]

4 Both approaches yield compelling results that recover cosmology
4 We are ignoring interactions: this can describe homogeneous settings
4 One finds the volume dynamics gives quantum-corrected FLRW

Bouncing FLRW cosmology

(Al d<f/(><)>>24w2 <1+ o P )
(Vo0) X Vo) (V)2

Agreement with GR (V’/ V)2 = 127G at late times requires identification w? = 37 G

4 Here V(x) is the GFT volume operator (~ number of &), v is volume
of GFT quanta, E and Q? initial conditions

4 Spacetime emerges as a
collection of excited states
(analogy: condensate physics)

4 Can we define properly the relational dynamics encoded in f/(X)?
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The goal: clarify dynamics in canonical GFT

What is a satisfactory definition of relational quantum dynamics in

quantum gravity? E.g., for the simple GFT number operator N(x)

Leverage complementary strengths of GFT approaches

4 Clear classical phase space and Hamiltonian formulation

4 Genuine canonical quantisation in a gauge-independent way

4 Hilbert space formulation in terms of constraints (i.e., Dirac)

4 Physical observables evolving in a tempus post quantum setting

In a sense, we wish connect to known quantisation methods
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Parametrisation of classical GFT [AC, S. Gielen — arXiv:2407.03432)

4 Parametrise the theory Sy[¢] so that both ¢ and x depend on a
fiducial parameter 7 (here focus on a single J)

1 0-¢)?
Slond = 3 [ ar [IKO1e0.0 + K] 552

(0-x)

4 Defining conjugate momenta 7, and p, one can rewrite the action as

Slp, x] = /dT (707 + pyOrx — NC)

with N Lagrange multiplier (Lapse) and the constraint

C=p,+H(p,m,)=0
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Parametrisation of classical GFT [AC, S. Gielen — arXiv:2407.03432)

4 Parametrise the theory Sy[¢] so that both ¢ and x depend on a
fiducial parameter 7 (here focus on a single J)

1 0-¢)?
Slond = 3 [ ar [IKO1e0.0 + K] 552

(0-x)

4 Defining conjugate momenta 7, and p, one can rewrite the action as

Slp, x] = /dT (707 + pyOrx — NC)

with N Lagrange multiplier (Lapse) and the constraint
C=p,+H(p,m,)=0

4 We know how to define relational Dirac Observables (DO) following
[Rovelli, Dittrich, Thiemann, Tambornino,...] such that {F, C} ~ 0

o~ (o — )"
anan(XO) ~ Z n| {fﬁa’ HS"}TL

n=0
with f, GFT space phase function
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Quantum theory: kinematics [arXiv:2407.03432]

4 Promote to operators on Hyin = Hy ® H,, such that

[95,7%4,0] =1, [)A(af’x] =i
Geometry sector (GFT) Matter sector (scalar field)
4 Quantum Hamiltonian 4 Isomorphic to particle on a line
1 &2 XIx) = xIx)
H,= - £ _ | KO|p? .
2 <|K(2) | i Dxlpx) = pxlpy)

with (x|x") = 6(x — x’) (same for py)

4 Eigenvalue problem
& P 4 "Time operator”

Hy|yE)y = BlyE)

solved by Parabolic Cylinder
functions (£ denotes degeneracy)
4 Spectral decomposition

>2=/dxx|x><x|

4 Clock Hamiltonian decomposition

i~ [ ag 1ot =i [ o p) 0
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Quantum theory: dynamics [arXiv:2407.03432]

Dirac quantisation (as in other known systems, e.g., LQC)

4 Constraint C' = p, ® I, + I, ® H, with physical states
O|\I’phys> =0

4 Use group averaging 6(6’) = % [ da ¢@C to define inner product

(Wohys|Wphys) phys := (Wkin|6(C)[Wkin ) kin
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Quantum theory: dynamics [arXiv:2407.03432]

Dirac quantisation (as in other known systems, e.g., LQC)

4 Constraint C' = p, ® I, + I, ® H, with physical states
O|‘I’phys> =0

4 Use group averaging 6(6’) = % [ da ¢@C to define inner product

(Wohys|Wphys) phys := (Wkin|6(C)[Wkin ) kin
4 Frozen formalism (and the “problem of time")
Uy ()| Wpys) = | Wphys) with Uyplcr) = e710Px @ e~iotle

4 But we can quantise relational DO! One now chooses the (quantum)
clock x and defines dynamics wrt its eigenvalues [Hohn, Lock, Smith]

4 In particular we define the DO associated to the GFT number 91 = afa

Fp(o) = 5= [ da Uola) (o)l © ) U ()

Andrea Calcinari Marcel Grossmann Meeting — Pescara Tuesday air July, 2024 8 /12


http://arxiv.org/abs/2407.03432

Page-Wootters formalism in GFT [arXiv:2407.03432]

4 Aiming for a “tempus post quantum” setting, we apply the
Page-Wootters formalism (thanks to the “trinity of relational quantum
dynamics" [Hohn, Lock, Smith]) for the first time in quantum gravity

4 PW is equivalent to Dirac quantisation [Héhn, Lock, Smith]
4 Conditioned state |1)(x0)), = (<X0| ® ]I¢> |V phys)

4 Physical state — history state |Wpnys) = [ dxo [Xo)x @ [¥(x0))e

4 Inner product (a priori different from Dirac quantisation)

<\IJphyS|\I’phyS>PW = <\ijhy5| <|X0><X0| ® Hw) | W phys )kin

+ X
X0

Andrea Calcinari Marcel Grossmann Meeting — Pescara Tuesday air July, 2024 9/12


http://arxiv.org/abs/2407.03432

Result and interpretation for QG [arXiv:2407.03432]

4 One finds that the expectation value of Dirac observable in the physical
inner product matches with the Page-Wootters evaluation
Np(xo) := <‘I’phyS‘ND(XO)|\I’phyS>phyS
= <\I’phy5|(5t|‘1’Phy5>PW
= W<¢(XO)|§I|w(XO)><P
«p<w| (A];[(XO) sﬁ Uw(XO) |¢><p

4 Moreover, it gives the deparametrised result back!

4 Strengthens deparametrised: quantisation and choice of clock commute

4 GFT observables interpreted as conditional on the clock

4 Consistent framework that allows to answer relevant questions about
quantum geometry at any specific value of relational time

4 GFT quanta are seen as associated to the same clock reading
(synchronisation issues [Marchetti, Kotecha, Oriti])
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Multiple modes and “multi-fingered time” [arXiv:2407.03432]

4 Single reparametr. invariance Hyin = H, @ H* with H' = Q ; H

NtOt(XO — Prot 1/}| |:® XO :|mtot |:® Uap; X0 :||¢>met
= g (V] Z Uw Xo) aJaJ (A]SDJ(XO) V) oree
J
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Multiple modes and “multi-fingered time” [arXiv:2407.03432]

4 Single reparametr. invariance Hyin = H, @ H* with H' = Q ; H

NtOt(XU — Prot 1/}| |:® XO :|mtot |:® Uap; X0 :||¢>met
= g (V] Z Uw Xo) aJaJ (A]SDJ(XO) V) oree
J

4 Multiple reparametr. invariances (i.e., super-Hamiltonian Y, N;C)
- Here we have Hyjp = Hi* @ HY = Q) (HX, ® Hw,)
- multi-constraint Dirac (Wuhys|¥pnys)bys = (Yiinl [1; 6(C.r)[Wiin)kin
- multi-clock PW (g [Wpnss) oy = (pnys! ( @, XD X1) & TE W oy
<\IJPhYS|NB)t({X3})|\I]Phy5>'p\)/fllys = <\Pphy5|§ttot‘quhy5>yw

= o (¥ Z 5,08 abas Uy, (60) [0,
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Conclusion: proper relational dynamics in GFT

4 Acknowledge pros and cons of literature
- We leverage complementary strengths of existing approaches!

4 Clear phase space and kinematical structure
- Relational DO and genuine canonical quantisation
- In particular DO (Poisson-)commute with the constraint

4 Quantum dynamics: Dirac and Page—Wootters
- Constrained quantisation in terms of Hilbert spaces Hynys, Hkin
- Quantum DO evolving wrt eigenvalues of “time operator”
- Describe quantum geometry at specific “time slices” of [Wppys)
- Multiple modes under control (realisation of multi-fingered time)

4 Fully covariant framework
- Quantise without the need to single out a clock beforehand
- One can now study changes of quantum reference frame

4 Full field theory? (Infinite tensor products and functional techniques)
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