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Spin waves (SW): collective excitations of magnetic moments in ordered 

magnets. Magnons are quantized SW, corresponding to quasi-particles that 

obey Bose-Einstein statistics*. Quantum magnonics is an emerging area of 

research due to its importance to quantum information and computation*.

Magnons

* H. Y. Yuan et.al., Physics Reports 965, 1 (2022).  † M. Hongo et.al., Phys. Rev. B 104, 134403 (2022). 

Magnons propagate in distinct magnetic materials: Ferromagnetic, 

ferrimagnetic, and antiferromagnetic. Magnonic excitations in 

antiferromagnetics exhibit linear dispersion relations (relativistic-like) and a 

continuum  effective field theory (EFT) description of low energy excitations is 

possible†.



Antiferromagnetic materials: spin systems on a cubic lattice with SO(3) 

symmetry-breaking interactions, described by the Hamiltonian,

Magnons

* Picture extracted from O. Pylypovskyi et.al., Phys. Rev. B 103, 134413 (2021). 

where                is the single-ion anisotropic interaction.



Magnons

* M. Hongo et.al., Phys. Rev. B 104, 134403 (2022).

The magnetic state of a spin octamer is characterized the Néel vector 

(staggered magnetic moment),                                               . In the long 

wavelength regime, the SO(3) gauge invariant effective Lagrangian in the 

quadratic approximation can be expressed as*

where

of a complex scalar field

are low-energy parameters. Realizing the Néel vector in terms

(1)



Effective field theory of magnons

where

The Lagrangian (1) acquires the form

and                                      . Here

The corresponding relativistic wave equation is a Klein-Gordon 
like equation for           : 

● The ratio                     plays the role of the speed of light;
● The energy gap     plays the role of mass (For antiferromagnetic* MnF

2
,                       ) 

*Bayrakci et.al., Science 312, 1926 (2006). 



Formulation based on strong-field QED
External fields: time-independent steplike magnetic fields:

Complete sets of solutions of the KG equation have the form:

The total potential energy experienced by a magnon with positive      is

where the scalar field obeys the eigenvalue equations



Formulation based on strong-field QED

with real asymptotic momenta 

The field is homogeneous at “left”                            and “right”                   

regions: solutions have well-defined asymptotic forms, 

provided

The normalization constants                   are calculated via the inner product



They are complete and orthonormal

Formulation based on strong-field QED
Solutions are subjected to the normalization conditions

where                                                                                        Inner product on t-const. plane:                                                                                       

where                          



Canonical quantization
The conditions                                 introduce restrictions on the quantum numbers. For 

critical fields                                           , the manifold of quantum numbers divides into 5 

ranges*. Particle creation occurs only in the Klein zone† :

The quantization is realized using exact solutions of the KG Eq. classified as particle 

/antiparticle states and incoming/outgoing states. Solutions are classified as follows†:

*S. P. Gavrilov, D. M. Gitman, Phys. Rev. D 87, (2016). † T. C. Adorno, S. P. Gavrilov, D. M. Gitman, https://arxiv.org/abs/2310.20035

IN-solutions: OUT-solutions:

Then, we can introduce IN and OUT vacua and sets of creation/annihilation operators:

IN-set: OUT-set:

https://arxiv.org/abs/2310.20035


Canonical quantization
The operators annihilate the corresponding vacua and obey the anticom. relations:

With the aid of the operators, the quantization of the KG field reads:

where



Canonical quantization
Using the orthogonality between solutions we can establish the Bogoliubov transform.:

Using these relations, we can calculate the mean number of OUT particles created 

from the IN vacuum, total numbers, and vacuum-vacuum transition probabilities:



Exactly-solvable external fields

(I) L-constant step

(II) Sauter-like step

(III) Exponential step

(IV) Inverse-square step



“Gradually-varying” field configuration:

(I) L-constant step

“Sharply-varying” field configuration:



(II) Sauter-like step

“Gradually-varying” field configuration:

“Sharply-varying” field configuration:



(III) Exponential step

“Gradually-varying” field configuration:

“Sharply-varying” field configuration:



(IV) Inverse-square step

“Gradually-varying” field configuration:

“Sharply-varying” field configuration:



Total quantities
In the gradually-varying regime, total numbers can be presented in a universal form*

*See also S. P. Gavrilov, D. M. Gitman, S. Shishmarev, Phys. Rev. D  99, 116014 (2019)



Summary

● Effective field theory (EFT) models for low-energy 

magnons — scalar QED (sQED) with external fields

● Quantized the EFT model rigorously, in the framework 

of QED with inhomogeneous external fields

● Computed pertinent quantities characteryzing 

magnon-antimagnon pair production from the 

vacuum 
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