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Dawn of GW astronomy
• GWs from compact binary mergers have been detected.

• GWs become a new tool for extracting astronomical information.
• The next candidate must be a supernova explosion.

• GW asteroseismology
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Next candidate of GW sources
• core-collapse supernovae

• compared to the binary merger, the system is almost spherically symmetric
• less energy of gravitational waves

• many numerical simulations show the existence of GW signals 
• SN GWs depend on the SN models, such as progenitor mass and EOS

• how to extract the astronomical information from the GW observations?
• what is the origin of the SN GWs?
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2. NUMERICAL METHODS

In our full GR radiation-hydrodynamics simulations, we
solve the evolution equations of metric, hydrodynamics, and
neutrino radiation. Each of them is solved in an operator-
splitting manner, but the system evolves self-consistently as a
whole satisfying the Hamiltonian and momentum constraints
(Kuroda et al. 2012, 2014).

Regarding the metric evolution, we evolve the standard BSSN
variables g̃ij, f, Ãij, K, and G̃i (Shibata & Nakamura 1995;
Baumgarte & Shapiro 1999). The gauge is specified by the “1
+log” lapse and by the Gamma-driver-shift condition.

In the radiation-hydrodynamic part, the total stress-energy
tensor ( )

abT total is expressed as

( )( ) ( )
¯

( )å= +ab ab

n n n n
n
ab

Î

T T T , 1total fluid
, ,e e x

where ( )
abT fluid and ( )n

abT are the stress-energy tensor of fluid and
the neutrino radiation field, respectively. All radiation and
hydrodynamical variables are evolved in conservative ways.
We consider all three flavors of neutrinos ( ¯n n n, ,e e x) with nx

representing heavy-lepton neutrinos (i.e., n nm t, and their anti-
particles). To follow the 3D hydrodynamics up to 1400 ms
postbounce, we shall omit the energy dependence of the
radiation in this work (see, however, Kuroda et al. 2016).

We use three EoSs based on the relativistic-mean-field
theory with different nuclear interaction treatments, which are
DD2 and TM1 of Hempel & Schaffner-Bielich (2010) and
SFHx of Steiner et al. (2013). For SFHx, DD2, and TM14, the
maximum gravitational mass Mmax and the radius of cold NS R
in the vertical part of the mass–radius relationship are

=M 2.13max , 2.42, and 2.21 :M and ~R 12, 13, and, 14.5

km, respectively (Fischer et al. 2014). SFHx is thus softest
followed in order by DD2 and TM1. Among these three, while
DD2 is consistent with nuclear experiments, such as for its
symmetry energy (Lattimer & Lim 2013), SFHx is the best-fit
model with the observational mass–radius relationship. All
EoSs are compatible with NS mass measurement ∼2.04 :M
(Demorest et al. 2010). Our 3D-GR models are named DD2,
TM1, and SFHx, which simply reflects the EoS used.
We study a frequently used 15 Me star of Woosley &

Weaver (1995). The 3D computational domain is a cubic box
with 15,000 km width, and nested boxes with eight refinement
levels are embedded. Each box contains 1283 cells, and the
minimum grid size near the origin is D =x 458 m. In the
vicinity of the stalled shock front ~R 100 km, our resolution
achieves D ~x 1.9 km, i.e., the effective angular resolution
becomes ~1 .
Extraction of GWs from our simulations is done by the

conventional quadrupole formula in which the transverse and
the trace-free gravitational field hij is expressed by (Misner
et al. 1973)

( ) ( ) ( ) ( )q f
q f q f

=
++ + ´ ´h

A e A e
D

,
, ,

. 2ij

In Equation (2), ( )q f+ ´A , represents the amplitude of
orthogonally polarized wave components with emission angle
( )q f, dependence (Scheidegger et al. 2010; Kuroda
et al. 2014), + ´e denotes unit polarization tensors, and D is
the source distance where we set D=10 kpc in this Letter.

3. RESULTS

We start by describing the hydrodynamics at bounce. The
central rest mass density rc reaches r = 3.69,c 3.75 and 4.50
×1014 g cm−3 for TM1, DD2, and SFHx, which is higher, as
expected, for the softer EOS (e.g., Fischer et al. 2014).

Figure 1. In each set of panels, we plot (top) the gravitational-wave amplitude of plus mode +A [cm] and (bottom) the characteristic wave strain in the frequency-time
domain h̃ in a logarithmic scale that is overplotted by the expected peak frequency Fpeak (black line denoted by “A”). “B” indicates the low-frequency component. The
component “A” is originated from the PNS g-mode oscillation (Marek & Janka 2009; Müller et al. 2013). The component “B” is considered to be associated with the
SASI activities (see Section 3). Left and right panels are for TM1 and SFHx, respectively. We note that SFHx (left) and TM1 (right) are the softer and stiffer EoS
models, respectively.

4 The symmetry energy S at nuclear saturation density is S=28.67, 31.67,
and 36.95 MeV, respectively (e.g., Fischer et al. 2014).
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Comparison with GW signals 
• GW signals correspond to g1-mode in an early phase and f-mode after avoided crossing.

• time evolution of frequencies strongly depends on supernova models
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Figure 5. Comparison between the gravitational wave signals obtained from the numerical simulation (background contour) and several
eigenfrequencies for the PNS with ρs = 1011 g/cm3, where circles, diamonds, and squares denote the f -, pi-, and gi-modes for i = 1 or
2. The source distance is assumed to be D = 10 kpc.

S̃(f, Tpb) =
1
2

∫ Tpb+∆t

Tpb−∆t

d2I−zz

dt2

[
1 + cos

(
π(t− Tpb)

2∆t

)]
exp(−2πift)dt, (6)

where 2∆t denotes the width of the window function and I−zz is the zz-component of the reduced mass-quadrupole tensor I−jk

given by Eq. (11) in Murphy, Ott, & Burrows (2009). In Fig. 5, we show the resultant value of hchar with contour, adopting

that D = 10 kpc and ∆t = 20 ms. In this figure, one can clearly observe the ramp up signals from ∼ 500 hertz up to ∼ 1.5

kilohertz in the time interval of Tpb ≃ 0.15− 0.65 sec. On this figure, we also plot the several eigenfrequencies on PNS model

with ρs = 1011 g/cm3. From this figure, it is obviously found that the ramp up signals correspond well to the g1-mode in

the early phase and to the f -mode after the avoided crossing. But, since the g1-mode frequency depends on ρs in the early

phase as mentioned before, it is not sure whether or not the ramp up signal corresponds well to the g1-mode for different PNS

models provided with the different numerical simulations. In order to check this point, we calculate the gravitational wave

signals from the 2D numerical simulations with completely different progenitor models and EOSs as in Table 1 and compare

it with the eigenmodes calculated for the corresponding PNS with ρs = 1011 g/cm3. Then, we find that the ramp up signals

still seem to be good agreement with the g1-mode on the PNS model with 1011 g/cm3 as shown in Fig. A1 (see the details in

Appendix A).

Now, it is observationally important what one can learn from the direct observation of the gravitational wave signals after

supernova explosion, assuming that principal signals are the ramp up signals appearing in numerical simulations. That is,

since the ramp up signals partially correspond to the f - and g1-mode frequencies, it is very useful if one could connect these

frequencies to the PNS properties. In the left panel of Fig. 6, we show the f - and g1-mode frequencies for the PNS model with

ρs = 1011 g/cm3 as a function of the square root of the normalized PNS average density, (MPNS/1.4M⊙)
1/2(RPNS/10km)−3/2.

With this data, we successfully find that the f - and g1-mode frequencies, which correspond to the ramp up signals, are well

expressed as

f(kHz) = −3.250− 0.978 ln(x) + 15.984x− 15.051x2, (7)

where x is the square root of the normalized PNS average density, i.e., x = (MPNS/1.4M⊙)
1/2(RPNS/10km)−3/2. In practice,

the frequency predicted from Eq. (7) is also plotted with the thick-solid line in the left panel of Fig. 6. Thus, using Eq. (7), one

could get the evolution of the PNS average density via the observed frequency of gravitational wave after supernova explosion.

In this study, since we consider only one progenitor model and one EOS, it is difficult to say how this relation is independent

of the models. Even so, this relation seems to be independent of the models at least in the early phase, as shown in Fig. A2

in Appendix A. Anyway, additional models should be considered in the future.

The relation similar to Eq. (7) has already been proposed, as a function of x in Sotani & Sumiyoshi (2019);

f(kHz) = 0.9733− 2.7171x+ 13.7809x2, (8)

and as a function of x̄ ≡ MPNS/R
2
PNS in the unit of M⊙/km

2 in Torres-Forné et al. (2019b);

f(kHz) = 12.4× 102x̄− 378× 103x̄2 + 4.24× 107x̄3, (9)

although in Torres-Forné et al. (2019b) the ramp up signal is identified as g2-mode in their classification. Eq. (8) are derived

for the f -mode frequency after the avoided crossing with the g1-mode with the PNS models provided by the 1D numerical

simulations, which are eventually collapsed into black hole. In the left panel of Fig. 6, we also plot the thick-dotted line

c⃝ 0000 RAS, MNRAS 000, 000–000
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Universal relations
• The g1- and f-mode frequencies can be well expressed as a PNS properties

• average density seems to be more suitable than surface gravity
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FIG. 5: In the left panel, the f - and g1-mode frequencies for various PNS models are shown as a function of the square root of the normalized
PNS average density. The thick-solid line is the fitting formula for the g1-mode (f -mode) frequency before (after) the avoided crossing between
the f - and g1-modes, which is given by Eq. (3), while thick-dashed line denotes the empirical formula derived in Ref. [46] (Eq. (4)). On the
other hand, in the right panel the same frequencies shown in the left panel are shown as a function of the surface gravity, where the thick-solid
line denotes the fitting formula given by Eq. (5). The thick-dotted line is the universal relation derived in Ref. [25], but it is amended [69].

with the thick-dashed line. We remark that this relation is obtained for the case of the failed supernova with general rela-
tivistic simulation, i.e., the PNS considered in Ref. [46] would eventually collapse to a black hole, focusing on the region
of (MPNS/1.4M⊙)1/2(RPNS/10 km)−3/2 >

∼ 0.1. By comparing this empirical relation to the gravitational wave frequencies
obtained in this study and the fitting formula given by Eq. (3), one can observe a significant deviation for the later phase. Un-
fortunately, we can not identify why this deviation comes from, but it may be because the dependence of the gravitational wave
frequencies on the PNS average density in a black hole formation is simply different from that for the case of successful su-
pernova, or it may comes from the treatment of the general relativistic effect in the simulation. On the other hand, it is also
suggested that the gravitational wave frequency is expressed as a function of the PNS surface gravity in Refs. [25, 52]. In a
similar way, we also show the gravitational wave frequencies for various PNS models as a function of the PNS surface gravity
in the right panel of Fig. 5, where the thick-solid line denotes the fitting formula given by

f(kHz) = −0.0752− 0.2600 ln(x̄3) + 0.7446x̄3 − 0.0600x̄2
3, (5)

where x̄3 denotes x̄/0.001 and x̄ is the PNS surface gravity defined by x̄ ≡ MPNS/R2
PNS in the unit of M⊙ km−2. For reference,

we also show the universal relation derived in Ref. [25] with the thick-dotted line, where the standard deviation of the data is
76 Hz. We note that the universal relation in Ref. [25] had a missing factor and the amended relation is plotted in this figure
[69], instead of the original relation. Since we have already shown that the relation between the PNS surface gravity and the
average density weakly depends on the PNS model, as shown in the top panel of Fig. 2, we expected that the gravitational
wave frequencies corresponding to the signals in numerical simulation could be also expressed as a function of the PNS surface
gravity almost independently of the PNS models. However, the gravitational wave frequencies seem to depend a little on the PNS
models, if they are considered as a function of the PNS surface gravity. That is, to characterize the gravitational wave frequency,
the PNS average density may be better than the surface gravity, based on the eigenfrequencies computed using the linearised
theory with the Cowling approximation. Anyway, as shown in Figs. 3 and 9, the resultant eigenfrequencies systematically
deviate from the gravitational wave signals appearing in the numerical simulation, which is the same order of magnitude as the
differences seen between modes when using surface gravity.

Furthermore, we discuss the impact on the observables due to the different treatment of non-uniform matter in EOS. That is,
as mentioned before, TGTF and TGLD are constructed with the same nuclear properties for uniform matter, but the treatment in
non-uniform matter is different from each other. This difference hardly affects the cold neutron star properties [62, 70], while we
find that it strongly affects the evolution of the PNS properties and gravitational wave frequencies in this study. The treatment of
non-uniform matter affects the nuclear composition at the PNS surface, as in Fig. 6, where the left and right panels correspond
to the models with TGTF and TGLD at Tpb = 0.07 sec. In the figure, the mass fractions of the neutron, proton, alpha particle,
and representative single nucleus for the models with TGTF are shown as Xn, Xp, Xα, and XA, while those of the neutron,
proton, deuteron, triton, helion, alpha particle, other light nuclei with Z ≤ 5, and nuclei with Z ≥ 6 for the models with TGLD
are shown as Xn, Xp, Xd, Xt, Xh, Xα, XZ≤5, and XZ≥6, respectively. From this figure, one can observe that for the models
with TGLD not only the neutron, proton, and alpha particle, but also various nuclei, deuteron, triton, and helion can appear even
inside the PNS region, which corresponds to the density region for ρ ≥ 1011 g/cm3.

The difference between the results with TGTF and TGLD may be understood as follows. The nuclear composition changes
the strength of the neutrino cooling. At the PNS surface, the absorption and scattering by nucleon are the dominant opacity

HS, Takiwaki, Togashi, 2021 (STT21)

average density surface gravity



Comparison of universal relations
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presented for the hot PNS, in Torres-Forné et al. (2019a),
Sotani et al. (2021) and Mori et al. (2023)

In Torres-Forné et al. (2019a), the authors conducted a linear
perturbation analysis of the region inside the shock in 25 1D
simulations from two different supernova simulation codes.
None of the models they analyze successfully explode. They
use a subset of the same KEPLER progenitors employed in this
work, with solar-metallicity progenitors spanning 11–75Me
(and one 10−4 metallicity progenitor). The majority of their
models used an approximate treatment of gravity and a single
nuclear EOS, LS220 (Lattimer & Douglas Swesty 1991); they
included two additional models with the BHBλ EOS (a variant
of BHBλj, without j mesons), as well as three additional
models with other EOS. While the linear perturbation analysis
was also done using GREAT, they employ a different outer
boundary condition. They impose that ηr= 0 at the edge of the
shock (as opposed to setting ΔP= 0 as in this work; see
Section 3).

Sotani et al. (2021) take a different approach, modeling a
single 20Me progenitor in 2D with an approximate treatment
of gravity, and four different EOS including DD2 and SFHo.
All of their models explode (H. Sotani 2023, private commu-
nication). Their linear perturbation analysis adopts the Cowling
approximation (only allowing the lapse to vary), but employs
the same boundary condition of ΔP= 0 at the PNS surface as
in this work. Generally, their methodology appears to be
consistent with GREAT at the ∼10% level (Sotani &
Takiwaki 2020a).

The recent work by Mori et al. (2023) presents results for
one exploding low-mass progenitor (9.6Me). They also use the

GREAT code to compute the eigenfrequencies, and they also
impose boundary conditions at the PNS surface. However, they
focus on the long-term evolution of the eigenfrequencies
In Figure 8, we show the relations identified in each of these

works together with the f-mode frequency versus hot PNS
surface gravity from our suite of models. Frequencies from the
time interval 0.4–0.7 s post-bounce (i.e., after the avoided
crossing; see also Section 5.2) are shown in fully opaque
symbols; frequencies from times before 0.4 s post-bounce are
shown with semi-transparent symbols. Our models occupy a
(relatively small) subset of the frequency—surface gravity
space indicated by the various universal fit relations. The points
corresponding to times before the avoided crossing (semi-
transparent symbols) agree the least with the universal relations
from the literature, both in their location in the frequency—
surface gravity space and in the shape of their evolution with
time (and hence increasing surface gravity).
We do not expect a perfect match between the universal

relations from the literature and our models, as the underlying
simulations of core collapse differ in their underlying physical
and numerical assumptions. For example, our simulations are
based on fully general-relativistic hydrodynamics. Only a
subset of models in Torres-Forné et al. (2019a), specifically
those from the “CoCoNuT” code (Dimmelmeier et al. 2005),
also employ general-relativistic hydrodynamics. We also
include the fit to these models only (yellow line and shaded
confidence interval) in the figure, which shows slightly lower
frequencies for a given surface gravity than the fit to all models
(black solid line). This fit and our models match somewhat
better, pointing to the importance of how gravity is treated in
the simulations of core collapse for the resulting GW
frequencies. There are other differences between CoCoNuT
and our simulation code: CoCoNut uses a leakage scheme for
neutrino transport, while our code employs the IDSA scheme
for electron-flavor neutrinos and spectral leakage for heavy-
flavor neutrinos (see Section 2).
Yet another aspect to consider is that, in our work, we only

include simulations of core collapse that resulted in a
successful explosion. This is also the case for Sotani et al.
(2021) and Mori et al. (2023), but not for Torres-Forné et al.
(2019a). The range of hot PNS surface gravity values covered
by our models is comparable to that of Sotani et al. (2021) and
Mori et al. (2023), all of which are smaller than the range
covered by Torres-Forné et al. (2019a). Generally, the surface
gravity of the PNS will increase over time as the PNS continues
to accrete material (especially for nonexploding simulations)
and at later times shrinks in radius from neutrino emission.
Thus, the relations identified in Torres-Forné et al. (2019a)
cover a larger range of MPNS/RPNS

2 , as their models do not
explode, in contrast to the other works and our work.
Finally, our analysis exhibits some dependence on the EOS

in the differential evolution of the GW frequency versus the
surface gravity (see the vertical offsets between groups of
points for different EOS choices in Figure 8). This points to a
further difference between this work and the literature. Our
work spans a larger range of initial stellar masses and
metallicities as well as more different nuclear EOS. However,
without a systematic exploration of all these confounding
factors, we cannot identify how they individually contribute to
overall differences we find.

Figure 8. The f-mode frequency at each time against the hot PNS surface
gravity MPNS/RPNS

2 at the same times from the suite of exploding models
considered in this work (colored points). We overplot fits of the dominant
frequency of GW emission as a function of MPNS/RPNS

2 from the erratum
(Torres-Forné et al. 2021) to Torres-Forné et al. (2019a, solid black line fit,
with a shaded region for the 2σ confidence interval), and a similar fit only
considering the “CoCoNuT” general-relativistic models used in this same work
(dashed yellow line fit, also with a shaded confidence interval). This fit takes the
same form as the fit to all of the models (see Table 1 of Torres-Forné et al. 2019a),
with a = 0 Hz, b = 5.88 × 105 HzMe

−1 km2, c =− 86.2× 106 HzMe
−2 km4, and

d = 4.67 × 109 Hz Me
−3 km6. We also include a similar fit from Sotani et al.

(2021) in the form of their Equation 5 (dotted black line), and the fit from Table 5
of Mori et al. (2023) labeled as “0.2–20” that extends to 20 s post-bounce (dashed–
dotted black line). As we expect the f-mode after the avoided crossing at ∼0.4 s to
correspond to the dominant mode of emission, points from times after the avoided
crossing are comparable to the displayed fits from the literature. Points prior to the
avoided crossing at ∼0.4 s post-bounce are partly transparent and included for
completeness.
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to express the GW fre., M/R3 or M/R2 ?

using 1D simulation



What we want to confirm
• Which is better to express the supernova gravitational waves, M/R^3 or M/R^2?
• The gravitational wave spectra in the simulation deviate from the PNS oscillation frequency. 
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Figure 5. Comparison between the gravitational wave signals obtained from the numerical simulation (background contour) and several
eigenfrequencies for the PNS with ρs = 1011 g/cm3, where circles, diamonds, and squares denote the f -, pi-, and gi-modes for i = 1 or
2. The source distance is assumed to be D = 10 kpc.

S̃(f, Tpb) =
1
2

∫ Tpb+∆t

Tpb−∆t

d2I−zz

dt2

[
1 + cos

(
π(t− Tpb)

2∆t

)]
exp(−2πift)dt, (6)

where 2∆t denotes the width of the window function and I−zz is the zz-component of the reduced mass-quadrupole tensor I−jk

given by Eq. (11) in Murphy, Ott, & Burrows (2009). In Fig. 5, we show the resultant value of hchar with contour, adopting

that D = 10 kpc and ∆t = 20 ms. In this figure, one can clearly observe the ramp up signals from ∼ 500 hertz up to ∼ 1.5

kilohertz in the time interval of Tpb ≃ 0.15− 0.65 sec. On this figure, we also plot the several eigenfrequencies on PNS model

with ρs = 1011 g/cm3. From this figure, it is obviously found that the ramp up signals correspond well to the g1-mode in

the early phase and to the f -mode after the avoided crossing. But, since the g1-mode frequency depends on ρs in the early

phase as mentioned before, it is not sure whether or not the ramp up signal corresponds well to the g1-mode for different PNS

models provided with the different numerical simulations. In order to check this point, we calculate the gravitational wave

signals from the 2D numerical simulations with completely different progenitor models and EOSs as in Table 1 and compare

it with the eigenmodes calculated for the corresponding PNS with ρs = 1011 g/cm3. Then, we find that the ramp up signals

still seem to be good agreement with the g1-mode on the PNS model with 1011 g/cm3 as shown in Fig. A1 (see the details in

Appendix A).

Now, it is observationally important what one can learn from the direct observation of the gravitational wave signals after

supernova explosion, assuming that principal signals are the ramp up signals appearing in numerical simulations. That is,

since the ramp up signals partially correspond to the f - and g1-mode frequencies, it is very useful if one could connect these

frequencies to the PNS properties. In the left panel of Fig. 6, we show the f - and g1-mode frequencies for the PNS model with

ρs = 1011 g/cm3 as a function of the square root of the normalized PNS average density, (MPNS/1.4M⊙)
1/2(RPNS/10km)−3/2.

With this data, we successfully find that the f - and g1-mode frequencies, which correspond to the ramp up signals, are well

expressed as

f(kHz) = −3.250− 0.978 ln(x) + 15.984x− 15.051x2, (7)

where x is the square root of the normalized PNS average density, i.e., x = (MPNS/1.4M⊙)
1/2(RPNS/10km)−3/2. In practice,

the frequency predicted from Eq. (7) is also plotted with the thick-solid line in the left panel of Fig. 6. Thus, using Eq. (7), one

could get the evolution of the PNS average density via the observed frequency of gravitational wave after supernova explosion.

In this study, since we consider only one progenitor model and one EOS, it is difficult to say how this relation is independent

of the models. Even so, this relation seems to be independent of the models at least in the early phase, as shown in Fig. A2

in Appendix A. Anyway, additional models should be considered in the future.

The relation similar to Eq. (7) has already been proposed, as a function of x in Sotani & Sumiyoshi (2019);

f(kHz) = 0.9733− 2.7171x+ 13.7809x2, (8)

and as a function of x̄ ≡ MPNS/R
2
PNS in the unit of M⊙/km

2 in Torres-Forné et al. (2019b);

f(kHz) = 12.4× 102x̄− 378× 103x̄2 + 4.24× 107x̄3, (9)

although in Torres-Forné et al. (2019b) the ramp up signal is identified as g2-mode in their classification. Eq. (8) are derived

for the f -mode frequency after the avoided crossing with the g1-mode with the PNS models provided by the 1D numerical

simulations, which are eventually collapsed into black hole. In the left panel of Fig. 6, we also plot the thick-dotted line

c⃝ 0000 RAS, MNRAS 000, 000–000
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Average density or Surface gravity
• Supernova models

• SFHo EOS
• S12 & S20 (Woosley & Heger 07)

• We see how PNS frequencies (corresponding to GW signals in the simulations) depend on
- interpolations in the simulations (2nd or 5th-order) in Newtonian
- treatment of gravity in the simulations (Newtonian or GR)

• Newtonian simulation with approximate potential (effective GR)
• 2nd-order interpolation with Harten-Lax-van Leer contact (STT21)
• 5th-order interpolation with Harten-Lax-van Leer discontinuities

• Relativistic simulations (GR)
• conformal flatness approximation
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results with effective GR and GR treatments, while the dashed line denotes the results shown in STT21 with effective GR but
a different numerical scheme (see the text for details).

On the other hand, we also make a simulation with a relativistic framework, assuming the conformal flatness.
PLEASE ADD THE DETAILS FOR YOUR SIMULATIONS, Bernhard.

Furthermore, the results may depend on the numerical scheme in performing the simulations, even if one adopts
the same progenitor model and EOS. To see such a dependence on the numerical scheme, we also consider the
results discussed in [24], which is obtained with effective GR, adopting the S20 models and SFHo EOS as same
as in this study (hereafter the results shown in [24] denote as STT21). This model has been calculated basically
with the same numerical scheme (using 3DnSNe code) as in the simulations in this study with effective GR, but a
different interpolation has been adopted, i.e., the 2nd-order interpolation with Harten-Lax-van Leer contact (HLLC).
Therefore, in this study, we will see which protoneutron star property is suitable for universally expressing the
supernova gravitational waves, focusing on the results with effective GR using two different interpolations and those
with GR.

In Fig. 1, we show the time dependence of the shock radius for several supernova models considered in this study.
First, one can observe that the behavior with effective GR using the S20 model is very similar to that obtained in
STT21, i.e., the behavior of explosion may be less sensitive to the numerical scheme in performing the simulations.
Moreover, one can observe that the S20 model seems to be easier to explode than the S12 model in both cases with
effective GR and GR. Anyway, the increase of the protoneutron star mass suppresses after the mass accretion clams
down due to the explosion (see Fig. 2).

B. Protoneutron star properties

For making a linear analysis, we have to prepare a spherically symmetric background protoneutron star model.
So, using the simulation data shown above, the properties such as pressure, density, sound velocity, and so on, are
averaged in the angular direction. Unlike a cold neutron star, the surface of a protoneutron star is not a sharp
boundary, i.e., the matter exists even outside the protoneutron star. In this study, as usual, we set the protoneutron
star surface where the density becomes 1011 g/cm3.

In general, the protoneutron star mass increases with time due to the mass accretion, while the radius decreases
due to the relativistic effect. In Fig. 2, we show the mass and radius of the protoneutron stars considered in this study
as a function of the core bounce time, Tpb, where the open and filled marks denote the results with effective GR and
GR, respectively. For reference, we also show the results shown in STT21 with double-circles. From this figure, one
can see that the protoneutron star radius with GR shrinks faster than that with effective GR. We also found that the
protoneutron star mass and radius slightly depend on the numerical scheme by comparing the result with effective
GR using the S20 model to the result in STT21, even though the behavior of shock radius is very similar to each
other as shown in Fig. 1.

In addition, in Fig. 3, we show the time evolution of the average density (top panel), surface gravity (middle panel),
and compactness (bottom panel) for several protoneutron star models, which are important properties for discussing
the universal relations expressing the gravitational wave frequencies. From this figure, one can see the significant
deviation of the results in STT21 from those calculated in this study with effective GR using the S20 model, i.e., the
time evolution of MPNS/R3

PNS, MPSN/R2
PNS, and MPNS/RPNS are sensitive to the numerical scheme in the simulation.

Furthermore, as pointed out in [24, 47], we can confirm that the surface gravity strongly depends on the stellar

HS, Mueller, Takiwaki 24



universal relations
in effective GR
• the sequence of the GW signals from the g1- to 
f-modes is well expressed with the empirical relation 
as a function of the root square of the average density,
even if the interpolation in the simulations is different.

• Meanwhile, those frequencies seem to depend on the interpolation in the simulations
if one considers the function of the surface gravity.
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FIG. 5: In the left panel, the f - and g1-mode frequencies for various PNS models are shown as a function of the square root of the normalized
PNS average density. The thick-solid line is the fitting formula for the g1-mode (f -mode) frequency before (after) the avoided crossing between
the f - and g1-modes, which is given by Eq. (3), while thick-dashed line denotes the empirical formula derived in Ref. [46] (Eq. (4)). On the
other hand, in the right panel the same frequencies shown in the left panel are shown as a function of the surface gravity, where the thick-solid
line denotes the fitting formula given by Eq. (5). The thick-dotted line is the universal relation derived in Ref. [25], but it is amended [69].

with the thick-dashed line. We remark that this relation is obtained for the case of the failed supernova with general rela-
tivistic simulation, i.e., the PNS considered in Ref. [46] would eventually collapse to a black hole, focusing on the region
of (MPNS/1.4M⊙)1/2(RPNS/10 km)−3/2 >

∼ 0.1. By comparing this empirical relation to the gravitational wave frequencies
obtained in this study and the fitting formula given by Eq. (3), one can observe a significant deviation for the later phase. Un-
fortunately, we can not identify why this deviation comes from, but it may be because the dependence of the gravitational wave
frequencies on the PNS average density in a black hole formation is simply different from that for the case of successful su-
pernova, or it may comes from the treatment of the general relativistic effect in the simulation. On the other hand, it is also
suggested that the gravitational wave frequency is expressed as a function of the PNS surface gravity in Refs. [25, 52]. In a
similar way, we also show the gravitational wave frequencies for various PNS models as a function of the PNS surface gravity
in the right panel of Fig. 5, where the thick-solid line denotes the fitting formula given by

f(kHz) = −0.0752− 0.2600 ln(x̄3) + 0.7446x̄3 − 0.0600x̄2
3, (5)

where x̄3 denotes x̄/0.001 and x̄ is the PNS surface gravity defined by x̄ ≡ MPNS/R2
PNS in the unit of M⊙ km−2. For reference,

we also show the universal relation derived in Ref. [25] with the thick-dotted line, where the standard deviation of the data is
76 Hz. We note that the universal relation in Ref. [25] had a missing factor and the amended relation is plotted in this figure
[69], instead of the original relation. Since we have already shown that the relation between the PNS surface gravity and the
average density weakly depends on the PNS model, as shown in the top panel of Fig. 2, we expected that the gravitational
wave frequencies corresponding to the signals in numerical simulation could be also expressed as a function of the PNS surface
gravity almost independently of the PNS models. However, the gravitational wave frequencies seem to depend a little on the PNS
models, if they are considered as a function of the PNS surface gravity. That is, to characterize the gravitational wave frequency,
the PNS average density may be better than the surface gravity, based on the eigenfrequencies computed using the linearised
theory with the Cowling approximation. Anyway, as shown in Figs. 3 and 9, the resultant eigenfrequencies systematically
deviate from the gravitational wave signals appearing in the numerical simulation, which is the same order of magnitude as the
differences seen between modes when using surface gravity.

Furthermore, we discuss the impact on the observables due to the different treatment of non-uniform matter in EOS. That is,
as mentioned before, TGTF and TGLD are constructed with the same nuclear properties for uniform matter, but the treatment in
non-uniform matter is different from each other. This difference hardly affects the cold neutron star properties [62, 70], while we
find that it strongly affects the evolution of the PNS properties and gravitational wave frequencies in this study. The treatment of
non-uniform matter affects the nuclear composition at the PNS surface, as in Fig. 6, where the left and right panels correspond
to the models with TGTF and TGLD at Tpb = 0.07 sec. In the figure, the mass fractions of the neutron, proton, alpha particle,
and representative single nucleus for the models with TGTF are shown as Xn, Xp, Xα, and XA, while those of the neutron,
proton, deuteron, triton, helion, alpha particle, other light nuclei with Z ≤ 5, and nuclei with Z ≥ 6 for the models with TGLD
are shown as Xn, Xp, Xd, Xt, Xh, Xα, XZ≤5, and XZ≥6, respectively. From this figure, one can observe that for the models
with TGLD not only the neutron, proton, and alpha particle, but also various nuclei, deuteron, triton, and helion can appear even
inside the PNS region, which corresponds to the density region for ρ ≥ 1011 g/cm3.

The difference between the results with TGTF and TGLD may be understood as follows. The nuclear composition changes
the strength of the neutrino cooling. At the PNS surface, the absorption and scattering by nucleon are the dominant opacity
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universal relations
in GR

• The sequence from the g1- to f-mode frequencies 
are well expressed with the protoneutron star average density, 
even for the case of GR simulations.

• The dependence of the g1- and f-modes on the surface gravity with GR simulation are more 
or less similar to those with effective GR simulations newly done in this study, which deviate 
from the empirical relation derived in STT21
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FIG. 5: In the left panel, the f - and g1-mode frequencies for various PNS models are shown as a function of the square root of the normalized
PNS average density. The thick-solid line is the fitting formula for the g1-mode (f -mode) frequency before (after) the avoided crossing between
the f - and g1-modes, which is given by Eq. (3), while thick-dashed line denotes the empirical formula derived in Ref. [46] (Eq. (4)). On the
other hand, in the right panel the same frequencies shown in the left panel are shown as a function of the surface gravity, where the thick-solid
line denotes the fitting formula given by Eq. (5). The thick-dotted line is the universal relation derived in Ref. [25], but it is amended [69].

with the thick-dashed line. We remark that this relation is obtained for the case of the failed supernova with general rela-
tivistic simulation, i.e., the PNS considered in Ref. [46] would eventually collapse to a black hole, focusing on the region
of (MPNS/1.4M⊙)1/2(RPNS/10 km)−3/2 >

∼ 0.1. By comparing this empirical relation to the gravitational wave frequencies
obtained in this study and the fitting formula given by Eq. (3), one can observe a significant deviation for the later phase. Un-
fortunately, we can not identify why this deviation comes from, but it may be because the dependence of the gravitational wave
frequencies on the PNS average density in a black hole formation is simply different from that for the case of successful su-
pernova, or it may comes from the treatment of the general relativistic effect in the simulation. On the other hand, it is also
suggested that the gravitational wave frequency is expressed as a function of the PNS surface gravity in Refs. [25, 52]. In a
similar way, we also show the gravitational wave frequencies for various PNS models as a function of the PNS surface gravity
in the right panel of Fig. 5, where the thick-solid line denotes the fitting formula given by

f(kHz) = −0.0752− 0.2600 ln(x̄3) + 0.7446x̄3 − 0.0600x̄2
3, (5)

where x̄3 denotes x̄/0.001 and x̄ is the PNS surface gravity defined by x̄ ≡ MPNS/R2
PNS in the unit of M⊙ km−2. For reference,

we also show the universal relation derived in Ref. [25] with the thick-dotted line, where the standard deviation of the data is
76 Hz. We note that the universal relation in Ref. [25] had a missing factor and the amended relation is plotted in this figure
[69], instead of the original relation. Since we have already shown that the relation between the PNS surface gravity and the
average density weakly depends on the PNS model, as shown in the top panel of Fig. 2, we expected that the gravitational
wave frequencies corresponding to the signals in numerical simulation could be also expressed as a function of the PNS surface
gravity almost independently of the PNS models. However, the gravitational wave frequencies seem to depend a little on the PNS
models, if they are considered as a function of the PNS surface gravity. That is, to characterize the gravitational wave frequency,
the PNS average density may be better than the surface gravity, based on the eigenfrequencies computed using the linearised
theory with the Cowling approximation. Anyway, as shown in Figs. 3 and 9, the resultant eigenfrequencies systematically
deviate from the gravitational wave signals appearing in the numerical simulation, which is the same order of magnitude as the
differences seen between modes when using surface gravity.

Furthermore, we discuss the impact on the observables due to the different treatment of non-uniform matter in EOS. That is,
as mentioned before, TGTF and TGLD are constructed with the same nuclear properties for uniform matter, but the treatment in
non-uniform matter is different from each other. This difference hardly affects the cold neutron star properties [62, 70], while we
find that it strongly affects the evolution of the PNS properties and gravitational wave frequencies in this study. The treatment of
non-uniform matter affects the nuclear composition at the PNS surface, as in Fig. 6, where the left and right panels correspond
to the models with TGTF and TGLD at Tpb = 0.07 sec. In the figure, the mass fractions of the neutron, proton, alpha particle,
and representative single nucleus for the models with TGTF are shown as Xn, Xp, Xα, and XA, while those of the neutron,
proton, deuteron, triton, helion, alpha particle, other light nuclei with Z ≤ 5, and nuclei with Z ≥ 6 for the models with TGLD
are shown as Xn, Xp, Xd, Xt, Xh, Xα, XZ≤5, and XZ≥6, respectively. From this figure, one can observe that for the models
with TGLD not only the neutron, proton, and alpha particle, but also various nuclei, deuteron, triton, and helion can appear even
inside the PNS region, which corresponds to the density region for ρ ≥ 1011 g/cm3.

The difference between the results with TGTF and TGLD may be understood as follows. The nuclear composition changes
the strength of the neutrino cooling. At the PNS surface, the absorption and scattering by nucleon are the dominant opacity
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FIG. 9: Same as Fig. 6, but we also add the results with GR. The filled squares and diamonds correspond to the results with
the S12 and S20 models with GR.

treatment of gravity. In addition to these examinations, to see the dependence on the interpolations in the simulations,
we also compare the results with the previous results shown in [24]. Then, we find that the f -mode frequencies of the
protoneutron stars are estimated smaller (larger) than the gravitational wave signals in numerical simulations with
effective GR (GR) treatment. Furthermore, we find that the sequence from the g1- to f -mode frequencies is expressed
as a function of the average density almost independently of the progenitor mass, the treatment of gravity, and the
interpolations in simulations. On the other hand, the relation between the frequencies of the corresponding sequence
and surface gravity depends on the treatment of gravity and especially the interpolations in simulations. Therefore,
the average density must be more suitable to universally express the supernova gravitational waves rather than the
surface gravity of the protoneutron star.
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FIG. 5: Comparison of the gravitational wave signals obtained from the numerical simulations with effective GR (background
contour) with the specific protoneutron star oscillations (open marks), where the left and right panels correspond to the results
with the S12 and S20 models. The circles, squares, and diamonds denote the f -, gi-, and pi-mode frequencies for i = 1− 5.

properties, using the data with the GR simulations. In Fig. 9, we plot the g1- and f -mode frequencies of the
protoneutron stars with the GR simulations together with the results shown in Fig. 6 as a function of the square root
of the normalized average density (left panel) and surface gravity (right panel). From this figure, one can observe that
the sequence from the g1- to f -mode frequencies corresponding to the gravitational wave signals in the simulations
are well expressed with the protoneutron star average density, even for the case with GR simulations. On the other
hand, we find that the dependence of the g1- and f -modes on the surface gravity with GR simulation are more or
less similar to those with effective GR simulations newly done in this study, which deviate from the empirical relation
derived in STT21. That is, independently of the treatment of gravity in the simulations, the average density seems
to be a more suitable property for expressing the sequence from the g1- to f -mode frequencies, instead of the surface
gravity.

IV. CONCLUSION

The supernova gravitational waves are one of the most promising candidates next to the gravitational waves from
the compact binary mergers. To extract the physical properties using the observed gravitational wave signals, a kind
of supernova-model-independent universal relation(s) between the signal and protoneutron star properties is quite
useful, if exists, because the spectrogram of gravitational waves strongly depends on the supernova models. Up to
now, the universal relations expressing the g1- and f -mode frequencies of the protoneutron stars, which correspond
to the gravitational wave signals in numerical simulations, as a function of average density or surface gravity of
the protoneutron stars have mainly been discussed. In this study, to see which protoneutron star property is more
suitable to universally express the gravitational wave signals, we examine the specific oscillation frequencies of the
protoneutron stars, using the numerical simulation with effectively relativistic (effective GR) and relativistic (GR)
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FIG. 6: The f - and g1-mode frequencies on the evolving protoneutron stars with effective GR are shown as a function of
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S20 model. The thick solid lines denote the empirical formulae derived in STT21, while the dotted line in the right panel is
that derived in [23].
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Conclusion
• To see how the PNS frequencies (corresponding to the GW signals in the simulations) 
depend on the difference of the interpolation and/or the treatment of gravity in the 
simulation, we newly did the simulations with effective GR and GR
• we did a linear analysis, using the resultant simulation data

• The sequence of GW signals is well expressed as a function of PNS average density, instead 
of the PNS surface gravity, independently of the supernova models and numerical scheme.

• With the simulation data done in the GR framework, 
GW spectrum can be well identified with the PNS oscillation frequencies.

• One can extract the PNS average density via the observations of GWs from SN.
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