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Modified theories of gravity vs GR

Vacuum GR

LEH = R

Spherically symmetry
Birkhoff’s theorem;
e.g. Schwarzschild black hole

Axial symmetry;
No-hair theorem;
e.g. Kerr black hole

Schwarzschild black hole

RµνσλRµνσλ

∣∣∣∣∣
rH=2GM

= 12
r4

H

Modified action

LMG = R+αR2 + βRµνRµν + γRµνσλRµνσλ

E.O.M are complex

Birkhoff’s theorem
Particular f(R)

No-hair theorem....?
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[SX et al.,CQG-225006]



f(R) model and solution

Modified Einstein-Hilbert action:

S = 1
16ΠG

∫
d4x

√
−gf(R) f(R) = (α0 + α1R)p α0, α1 > 0 p > 1. (1)

Case p = 2

Line-element up to O(χ2) (χ = a/m, spin parameter)

ds2 = −eµ(ρ) [U(ρ) + χ2 V (ρ) cos2 θ
]

dτ2 + 1
U(ρ)

[
1 − χ2

(
V (ρ)
U(ρ) + sin2 θ

ρ2

)]
dρ2 (2)

− 2 χ V (ρ) ρ2 sin2 θ dτ dϕ +
[
ρ2 + χ2 cos2 θ

]
dθ2 + ρ2 sin2 θ

[
1 + χ2

ρ2 + χ2 V (ρ) sin2 θ

]
dϕ2

gϕϕ > 0 =⇒ V (ρ) > 0. τ = t/M, ρ = r/M .
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[ Hartle & Thorne(1968)]



Slowly rotating Kerr metric

The slowly rotating approximation upto quadratic order of χ;

ds2 ≈ −
(

1 − 2
ρ

+ 2χ2 cos2 θ

ρ3

)
dτ2 − 4χ sin2 θ

ρ
dτdϕ

+

 1
1 − 2

ρ

− χ2

ρ2
(
1 − 2

ρ

)2

(
1 −

[
1 − 2

ρ

]
cos2 θ

) dρ2 +
(
ρ2 + χ2 cos2 θ

)
dθ2

+
[
ρ2 + χ2

(
1 + 2

ρ
sin2 θ

)]
sin2 θdϕ2 (3)
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Slowly-rotating black hole solution (SRBH) in f(R)
Vacuum f(R) field equations

f
′(R)Rµν − 1

2f(R)gµν − ∇µ∇νf
′(R) + gµν□f

′(R) = 0 (4)

Simplifying field equations;

W0(ρ)
4 α2

1 ρ5 U(ρ) [Φ(ρ) − 2]2 [Φ(ρ) + 4]2
χ2 + W1(ρ) W2(ρ)

2 α2
1 ρ3 U(ρ) [Φ(ρ) − 2] [Φ(ρ) + 4]

= 0 (5)

where, Φ(ρ) = ρ[µ′(ρ) + [ln U(ρ)]′].

W1(ρ) = O[U(ρ), µ(ρ)] and W2(ρ) = O[U(ρ), µ(ρ)]

W0(ρ) = O[U(ρ), µ(ρ), V (ρ)]

Evaluate U(ρ) and µ(ρ) by solving W1(ρ) = 0 or W2(ρ) = 0 without the knowledge of
V (ρ)

Details...
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Slowly-rotating black hole solutions (SRBH) in f(R)

The solutions are (W2(ρ) = 0);

U(ρ) = 1 − C1
ρ

+ C0
ρ2 + ρ2

12κ2 , C0 = 0, κ = α0/α1 (6)

µ(ρ)
2 = ln

[
1 + N1

(∫
ρ−1/2

(
ρ3 + 12 ρ κ2 − 12 C1 κ2

)−3/2
dρ

)]
, N1 < 0 (7)

V (ρ) =
∞∑

j=0

Cj+2
ρj+2 (8)

where C1, C0, N1 and Cj+2 are integration constants.

Multiple slowly-rotating black hole solutions (SRBH) for vacuum
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Comparing asymptotically non-flat SRBH in GR

Asymptotically non-flat in GR

U(ρ) = 1 − C1

ρ
+ ρ2

12κ2

µ(ρ) = 0

V (ρ) = C̃

ρ3

Unique

Infinite non-flat SRBH in modified
gravity

W2(ρ) = 0;

U(ρ) = 1 − C1

ρ
+ ρ2

12κ2

µ(ρ) ̸= 0

V (ρ) = Cj+2

ρj+2 j > 1

Infinite choice for U(ρ) and µ(ρ)

W1(ρ) = 0...?

Arbitrary V (ρ)
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Properties of the SRBH solution, C3 ̸= 0 (Event horizon)
Event horizon (gρρ = 0);

ρH =
H2/3 (2 κ2)1/3 − 25/3 κ4/3

H1/3 ; H = 2
√

9 + 4 κ2 + 6 (9)

The ρH depends on κ2 as compared to the SR Kerr. κ2 = 0.33, matches to GR.*
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Figure 1: Plot of ρH as a function of κ2 for χ = 0.1 and C3 = 1.
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Properties of the SRBH solution, C3 ̸= 0 (Ergosphere)
Ergosphere (gτ τ = 0):

1
12 κ2 ρ5 + ρ3 − 2ρ2 + C3 χ2 cos2(θ) = 0 (10)

The event horizon is very close to the ergosphere for SRBHs
Red-curve → event-horizon, two black curves → ergosphere. Variation due to χ2 cos θ
is visible in the inner part of the ergoregion

1 0 1
x = r sin cos , = 0.20, = 1.0

1

0

1

z=
rc
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Properties of the SRBH solution, C3 ̸= 0 (Effective potential )
The effective potential (Veff = 0 = ∂rVeff) =⇒ circular orbits in the equatorial plane.
The circular orbits in the SRBH in f(R) are smaller than Kerr.
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Figure 2: Plot of Veff of a test particle in the equatorial plane for µ(ρ) = 0.
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Discussion and Conclusions

For a class of f(R) models, we obtained asymptotically non-flat, infinite number of
SRBH solutions.

Two branches (W1(ρ) = 0 or W2(ρ) = 0) of SRBH solutions and a collapse of a star
might lead to a BH in either one of these branches.

In GR, no-hair theorems concern mostly black hole solutions with flat asymptotics.
Situation can be different in the case of modified theories of gravity.

Analyzed the kinematical properties of the SRBHs.

Interested to know whether one can obtain non-singular BH solutions from the other
branch W1(ρ) = 0.

.
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Thank You
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f(R) model and solution EOM by eliminating terms greater than χ2:

Gτ
τ ≡ T1[U(ρ), V (ρ), µ(ρ)] ≃ T

(0)
1 (ρ) + T

(II)
1 (ρ, θ)χ2 = 0 (11a)

Gρ
ρ ≡ T2[U(ρ), V (ρ), µ(ρ)] ≃ T

(0)
2 (ρ) + T

(II)
2 (ρ, θ)χ2 = 0 (11b)

Gθ
θ ≡ T3[U(ρ), V (ρ), µ(ρ)] ≃ T

(0)
3 (ρ) + T

(II)
3 (ρ, θ)χ2 = 0 (11c)

Gρ
θ ≡ T4[U(ρ), V (ρ), µ(ρ)] ≃ T

(II)
4 (ρ, θ) χ2 = 0 (11d)

Gτ
ϕ ≡ T5[U(ρ), V (ρ), µ(ρ)] ≃ T

(I)
5 (ρ, θ) χ = 0 , (11e)
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Features of field equations
1 T1 and T3 contain fourth-order derivatives of U(ρ), µ(ρ) and V (ρ), while T2 and T4

contain third-order derivatives of U(ρ), µ(ρ) and V (ρ). T5 contains third-order
derivatives of U(ρ) and µ(ρ), and second-order derivative of V (ρ).

2 T1, T2 and T3 do not contain terms in first-order in χ, i.e.
T

(0)
i (ρ) + T

(II)
i (ρ)χ2 + O(χ3), where i = 1, 2 and 3. Additionally, these three

components’ χ independent terms depend only on U(ρ) and µ(ρ).
3 T4 only contains second-order in χ, i. e. T

(II)
4 (ρ) χ2 + O(χ3), while T5 only contains

first-order in χ, i. e, T
(II)
5 (ρ) χ + O(χ3).

4 It is possible to express Gϕ
τ and Gθ

ρ in terms of T1, T2, T3, T4 and T5.
5 Since the equations of motion contain fourth-order derivatives of U(ρ), V (ρ), and

µ(ρ), an exact solution will have four independent constants.
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Slowly-rotating black hole space-time(SRBH)
back

Two procedures adopted to obtain Eq. (5)

(A) Eliminate fourth-order
derivatives of U(ρ) in
Eqs. (11a, 11c) leading
to third order
derivatives of U(ρ)

(B) Obtain third-order
differential equation for
U(ρ) from Eq. (11b)

Eliminate third-order
derivatives of U(ρ)
from (A) & (B)

Leads to Eq. (5)

(I) Eliminate fourth-order
derivatives of µ(ρ) in
Eqs. (11a, 11c) leading
to third order
derivatives of µ(ρ)

(II) Obtain third-order
differential equation for
µ(ρ) from Eq. (11b)

Eliminate third-order
derivatives of µ(ρ)
from (I) & (II)

Leads to Eq. (5)
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