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1. Introduction

background

◆ no hair theorem

1

Kerr-Newman BHEinstein-Maxwell theory

(without matter, stationary, and asymptotically flat)

Gravitational Waves Black Hole shadow

◆ tests of General Relativity

◆ observations of black holes

GR describes weak gravity  
with high precision.

GR’s accuracy in strong field regime 
has not yet been clarified well enough.

weak field regime
(e.g., solar system)

strong field regime
(e.g., black holes)

Observations of strong field regime 
such as BH have significantly advanced.

(e.g., LVK Collaborations, EHT Collaboration)

+ canonical scalar field Kerr-Newman BH
<latexit sha1_base64="gwTK368ay8iC2iOf7nf0PNNzJr4="></latexit>

� = const.

Can we find hairy BH solutions with scalar field minimally coupled to gravity?



1. Introduction

previous research
◆ hairy solutions from dilatonic / axionic couplings

◆ scalar-vector-tensor theories

◆ S-V interactions in context of the SVT theories

scalar-vector couplings BH could obtain “scalar hair”

<latexit sha1_base64="G/vx9zrd1+Hns04UpG33qzR14kU="></latexit>

e�2�Fµ⌫F
µ⌫ , �Fµ⌫ F̃

µ⌫

<latexit sha1_base64="L6vWVwTGfULRpcA8y76FHdmjJdA="></latexit>

LSVT = f2(�, @µ�, Fµ⌫ , F̃µ⌫) + · · ·
dilatonic / axionic coupling

hairy solutions

<latexit sha1_base64="rAJjANAUdWp5YbVyYKNl//qS5yM="></latexit>

ds2 = ds2(GR) + ds2(�)

Such interactions can be generalized requiring EOM to be up to second order.

U(1) gauge invariance

(S-V interactions)

<latexit sha1_base64="qZlQlIZBy/hjBJafBUg8AF+WKE0="></latexit>

L <latexit sha1_base64="fJlcQInm72DpiorEj/Ay/ouSH5E="></latexit>

SVT

second-order EOM

(scalar-tensor)

<latexit sha1_base64="RTNpGE8t1HeJTWeiF12u68U2+TQ="></latexit>

L <latexit sha1_base64="pP7mxZ0m6ug8Ua1ZIZp3WpePwFg="></latexit>

Horndeski

(vector-tensor)

<latexit sha1_base64="uSPs3LnbDV21do9NgQdvPnH8bjU="></latexit>

generalizedProca
<latexit sha1_base64="RTNpGE8t1HeJTWeiF12u68U2+TQ="></latexit>

L
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1. Introduction

objectives

◆ Can we find new hairy BH solutions  
    arising from the derivative interactions? 

◆ How to distinguish the scalar hair  
    originated from different interactions?

The derivative interactions can be constructed as follows :

What will happen when including the coupling with        ?
<latexit sha1_base64="xTKNlnAiDD7Ti77kJfu6/g3ppvU="></latexit>

@µ�

<latexit sha1_base64="L6vWVwTGfULRpcA8y76FHdmjJdA="></latexit>

LSVT = f2(�, @µ�, Fµ⌫ , F̃µ⌫) + · · ·
hairy solutionsdilatonic/axionic coupling

derivarive coupling
？

<latexit sha1_base64="zGCmpx04fVhkk3QKC8m3dHu9UhQ="></latexit>

@µ�@⌫�F⌫↵F
µ↵, @µ�@µ�F↵�F

↵� , · · ·
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(                                                  can be expressed in terms of the above scalar quantities)

2. Setup

general action & ansatz

◆ The second-order SVT interaction with U(1) gauge invariance

◆ static and spherically symmetric spacetime

event horizon is defined as,
<latexit sha1_base64="M4n7tTn68L2PLMzVAap6bI0EHic="></latexit>

r = rh s.t. f(rh) = h(rh) = 0

◆ field ansatz

P : magnetic charge

<latexit sha1_base64="Dm/StkyeBkklwfjwb36O9vSB/iY="></latexit>

L2
SVT = f2(�, X, F, F̃ , Y )

<latexit sha1_base64="GLqvUCYYG0RtNhERVMJhn5wur1Q="></latexit>

@µ�@⌫�F̃µ↵F̃⌫↵, @µ�@⌫�Fµ↵F̃⌫↵
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2. Setup

constructing extended EMS theories
◆ background values of the scalar quantities

◆ previous research & our focus

◆ extended Einstein-Maxwell-scalar theories
<latexit sha1_base64="sWIwEyqfJPq/febdByP8jpvjKpk="></latexit>

S =

Z
d4x

p
�g

"
M2

pl

2
R+ F +X + g1(�, X)F + g2(�, X)F̃ + ḡ3(�, X)Y

#

GR kinetic terms interacting terms

dilatonic/axionic coupling
<latexit sha1_base64="VhUsCKiJIgYMwhtEU5s7Awadw6w="></latexit>

g1(�)F, g2(�)F̃

<latexit sha1_base64="Gr11xWQMTLcZXdBh+F/VBCcT2C4="></latexit>

X = �h�02

2
, F =

hV 02

2f
� P 2

2r4
, F̃ =

PV 0

r2

s
h

f
, Y = �h2�02V 02

f

<latexit sha1_base64="Dm/StkyeBkklwfjwb36O9vSB/iY="></latexit>

L2
SVT = f2(�, X, F, F̃ , Y )

<latexit sha1_base64="Y968Ycd9XaHGDc7HN6683f6GWEU="></latexit>0 = @/@r

？

hairy solutions

In the presence of magnetic charge,
<latexit sha1_base64="lumFXm27glyOfgmJPq9sUhMTwME="></latexit>

F̃ 6= 0, Y 6= 4XF

We normalize without loss of generality
<latexit sha1_base64="OnFGnunJFD3aKnVKgXUNUKrf6QY="></latexit>

ḡ3(�, X) = g3(�, X)/(4X)
<latexit sha1_base64="XlIWeDbI1z8xJknOfYBTeVULlx0="></latexit>g1, g2, g3If have zero/positive powers of

<latexit sha1_base64="mUDO+InQ5qf/QtOzZqsY6Fgb61c="></latexit>

X , the Lagrangian is regular at the horizon

derivative coupling
<latexit sha1_base64="KW8VJRyn1hQSRKv52EiJYG58Xak="></latexit>

ḡ3(�, X)Y
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3. Asymptotic solutions

◆ boundary conditions

◆ assumption for the couplings
The couplings work as corrections to the Reissner-Nordström solution :

The RN metric can be written in the form

M : mass 
Q : electric charge 
P : magnetic charge 

<latexit sha1_base64="OCiJOtvhSmtT50bIGxxTB93M5PY="></latexit>

fRN = hRN = 1� 2M

r
+

Q2 + P 2

2M2
plr

2

<latexit sha1_base64="SOfUMbBzWv0U8JM9mQbvVU+5cX0="></latexit>

fRN =
⇣
1� rh

r

⌘⇣
1� µ

rh
r

⌘
<latexit sha1_base64="ri9UnLdc3vHMf2w5lKc3zJFMNoU="></latexit>rh  : outer horizon

<latexit sha1_base64="81Fby1RbhVrQXzagBmEWIHiJB4o="></latexit>

µ = 2M/rh � 1
<latexit sha1_base64="V0w6LYRuPB/tqy0OxSpj4L6IcDQ="></latexit>

(0 < µ < 1)

<latexit sha1_base64="nMdVBP8J/hmWwlMucITkg8cE9q4="></latexit>r
<latexit sha1_base64="dnP6jZQ3Qj6TWkOYNjuhkZ9PSYw="></latexit>r ' rh

<latexit sha1_base64="CjVFLCHx1adpui1YIqFrAyA5LEg="></latexit>

r ! 1

regular  
at horizon

asymptotically flat  
at spatial infinity

◆ field equations
variational principle equations of motion

<latexit sha1_base64="Kq3z6JjOC2uhWUqXMNXMemCb+F4="></latexit>

Ef , Eh, EV , E�
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3.A. Asymptotic solutions (around the horizon)

regular  
at horizon

◆ series expansion of the variables
<latexit sha1_base64="dnP6jZQ3Qj6TWkOYNjuhkZ9PSYw="></latexit>r ' rh

<latexit sha1_base64="Kq3z6JjOC2uhWUqXMNXMemCb+F4="></latexit>

Ef , Eh, EV , E�

<latexit sha1_base64="NAEtGa1SJzwpimMGb+u3n2pKdkE="></latexit>

fi, hi, Vi,�i iterativelysolve for

The metric is modified from the order of 
<latexit sha1_base64="oNQw+VkGaJbSGghvz7Jzh7H2G4Y="></latexit>

(r � rh)
2

The    -dependence in      is essential for the scalar hair
<latexit sha1_base64="sqrtVXG993EGvW1metVJB3aPoKk="></latexit>

� <latexit sha1_base64="qADuEMKa/dg+3HzGLYtbjUX2Ufc="></latexit>gi

<latexit sha1_base64="uAiDbqu0Yamz3bndRbfoJ1sTBuU="></latexit>

f(r) = f1(r � rh) + f2(r � rh)
2 + · · ·

RN RN + coupling

<latexit sha1_base64="obJbcZ41mfl21STEOS19hGkA+hU="></latexit>

�1,� = �1,�(g1,�, g2,�, g3,�)

<latexit sha1_base64="nUWCxeOeUh1YFtYA3OX3e/iUHKI="></latexit>

f2 = f2,RN +�1,��1/C
<latexit sha1_base64="sVQbHIHS8Ndq9slQgSv4+xyhrdU="></latexit>

�i / · · · / �2 / �1 / �1,�

<latexit sha1_base64="nMdVBP8J/hmWwlMucITkg8cE9q4="></latexit>r
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3.B. Asymptotic solutions (at large distances)
◆ series expansion of the variables

<latexit sha1_base64="nMdVBP8J/hmWwlMucITkg8cE9q4="></latexit>r
<latexit sha1_base64="CjVFLCHx1adpui1YIqFrAyA5LEg="></latexit>

r ! 1

asymptotically flat  
at spatial infinity

<latexit sha1_base64="94HABTmPlq3gBO09FRcXCnWxf6Q="></latexit>

f(r) = 1 +
f̃1
r

+
f̃2

r2
+ · · ·

RN RN + coupling

The couplings start to appear in       at the order of
The scalar charge       triggers the deviation from RN

<latexit sha1_base64="yptCOeLvxzeI7PORL2O0stgnXIs="></latexit>

1/r2
<latexit sha1_base64="iy3YvrIrNiK4t7PNZVZ9KGCmb9Q="></latexit>

f, h
<latexit sha1_base64="dhDtoK4/CSiTPu5o65d9QSg0btM="></latexit>

�̃1

<latexit sha1_base64="8uyvLxCKUFbIfP5WoXGFHEEJjxo="></latexit>

�(r) = �1 +
�̃1

r
+ · · ·

<latexit sha1_base64="Kq3z6JjOC2uhWUqXMNXMemCb+F4="></latexit>

Ef , Eh, EV , E� iterativelysolve for
<latexit sha1_base64="zL9eRqkR0PS8REUGq0UnT5Xh77o="></latexit>

f̃i, h̃i, Ṽi, �̃i

<latexit sha1_base64="dEfbSIEAFBXgM1KHpNfFD5KSMbg="></latexit>

h̃2 � f̃2 = �̃2
1/C̃

～ ～
<latexit sha1_base64="H2/N9y2kPkuMS7XVfdeqzStBCb0="></latexit>

h(r) = 1 +
h̃1

r
+

h̃2

r2
+ · · ·

RN RN + coupling
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4. Concrete models

◆ hairy solutions from 

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

 1  10  100

r / rh

  f

  h

  V

  -φ

h - f

Previous research showed that

scalar hair

New type of BH solutions  
with scalar hair arising from 
the derivative coupling For the initial condition, we used the asymptotic solutions near the horizon 

with                                                                                      at 
<latexit sha1_base64="jDMMqpuLjGKSjNagiIlKR+Uxxcw="></latexit>

c3 = 1, µ = 0.1, P = 0.1Mplrh,�0 = �1.0⇥ 10�4Mpl, V0 = 0
<latexit sha1_base64="XieMF46BU8sKV9xehu8w2VmXr20="></latexit>

r = 1.001rh

<latexit sha1_base64="edlP8Vu9+seDXMMbDp29Su1dtcY="></latexit>

ḡ3Y

<latexit sha1_base64="xvFJFJZxFHQRh0h/fvPjE/10bA8="></latexit>

g1F, g2F̃

To examine whether
<latexit sha1_base64="25TyY0jbcPQVDPWj2t/Fw/3q7Tg="></latexit>

ḡ3Y new solutions ?

, we focus on the case :
<latexit sha1_base64="kM3mrhZi5qnUgKxQN7iQjBp/wpw="></latexit>

g3 = c3�/Mpl, g1 = g2 = 0

<latexit sha1_base64="oAxDfynu37zqxrlbIimV4NwdyG8="></latexit>✓
Lint = g1(�, X)F + g2(�, X)F̃ +

g3(�, X)

4X
Y

◆

<latexit sha1_base64="xpJwb63owTun/9nJqXR/D6VwA8o="></latexit>

max(h� f) ⇠ O(10�3)

<latexit sha1_base64="vw3BEBw+sPnTXFFAc23XiPP1ivg="></latexit>

gi(�, X) = ci�/Mpl
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4. Concrete models

◆ large coupling limit (analytic)

(around the horizon)Deviation from the RN solution                     :

<latexit sha1_base64="8AxarI+Qxl1lXIOWqI8GDSC7wZM="></latexit>

|h� f |
(r � rh)2

'

To distinguish effects of the couplings, consider large coupling limit :
<latexit sha1_base64="PiFYC2n0gHkJuGPZnaSaTaoBoI0="></latexit>

|ci| � 1, di = 0

<latexit sha1_base64="eCvXZBYr1zuNoGQ+xACM1DZGv+0="></latexit>

(|c1| � {|c2|, |c3|})

<latexit sha1_base64="jg/+1Uv8vIVMbvGsDnElNU9k1vM="></latexit>

(|c2| � {|c3|, |c1|})

<latexit sha1_base64="WWSMKJYFTqTTSkrSD4+ggfWTi5s="></latexit>

(|c3| � {|c1|, |c2|})

<latexit sha1_base64="Z8rcWd5+8nDTt+t3wGK6LRZRmVo="></latexit>�����
P 2c1(2µM3

plr
2
h � P 2c1�0)

(1� µ)�0M4
plr

6
h

�
µ(µM2

plr
2
h + 2P 2)

(1� µ)�2
0r

4
h

�����+O

✓
1

c1

◆

<latexit sha1_base64="N10LQ+/HhyqD50D3h8BCF8Td7bo="></latexit>

P 2c22(2µM
2
plr

2
h � P 2)

(1� µ)M4
plr

6
h

<latexit sha1_base64="xvAWLBrEm7MNU2L27DbzGUBFG2k="></latexit>������
(2µM2

plr
2
h � P 2)2

4(1� µ)�2
0M

2
plr

6
h

+
(2µM2

plr
2
h � P 2)2

2(1� µ)c3�3
0Mplr6h

�����+O

✓
1

c23

◆

dominant contribution will switch from     to<latexit sha1_base64="glt7yrAcsZpC8UQBU5zbR4epFbg="></latexit>c1
<latexit sha1_base64="inqsmCBvNg5RnNHACOixtt892Fc="></latexit>

c21

|h - f| monotonically increases in proportion to 
<latexit sha1_base64="aenNn6tfULir+s2hZrmvl7yZEMo="></latexit>

c22

|h - f| saturates in the large limit of <latexit sha1_base64="LS/lKLp92oE41HDNTd2HNcnl0Fg="></latexit>c3

<latexit sha1_base64="oAxDfynu37zqxrlbIimV4NwdyG8="></latexit>✓
Lint = g1(�, X)F + g2(�, X)F̃ +

g3(�, X)

4X
Y

◆

<latexit sha1_base64="vIEoEJw09u6Dy4KHpfoQsmrR7b4="></latexit>

|h� f | =

�����
�2

1,�

2M2
plr

2
h (1� µ)(2r4h � �1,X)

����� (r � rh)
2 + · · ·

<latexit sha1_base64="obJbcZ41mfl21STEOS19hGkA+hU="></latexit>

�1,� = �1,�(g1,�, g2,�, g3,�)

<latexit sha1_base64="v6nKyPipLHjpOkMeQYbabv5q5qk="></latexit>

(c1�0 > 0)

<latexit sha1_base64="vw3BEBw+sPnTXFFAc23XiPP1ivg="></latexit>

gi(�, X) = ci�/Mpl
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4. Concrete models

◆ large coupling limit (numerical)

10-6

10-5

10-4

10-3

10-2

 1  10

h 
- 

f

r / rh

c1 = 1
c1 = 10
c1 = 100
c1 = 400
c1 = 1000

<latexit sha1_base64="0bpM8nkZmIXanqTZ2HER/DIP55o="></latexit> |h
!

f
|

<latexit sha1_base64="WozcB52+AWT7G3AGQQPeoqOR+BM="></latexit>c1

<latexit sha1_base64="W9Wm4JiGeMAMJ6O/9ZLI4ewaWNc="></latexit>

O(c1) ! O

!
2µM 3

pl r
2
h

P2! 0

"

<latexit sha1_base64="jpGxjIjBnseQdFdXVI9A3H61eHQ="></latexit>

O(c1) ! O

!
2µM 3

pl r
2
h

P2! 0

"

There is a threshold at which 
dominant contribution switches

For the initial condition, we used the asymptotic solutions 
with                                                              at 

<latexit sha1_base64="XieMF46BU8sKV9xehu8w2VmXr20="></latexit>

r = 1.001rh
<latexit sha1_base64="U6PvDI08Ky3TjR3Do7L0xj45vVs="></latexit>

µ = 0 .1, P = 0 .01M pl r h , ! 0 = 0 .5M pl , V0 = 0

<latexit sha1_base64="8AxarI+Qxl1lXIOWqI8GDSC7wZM="></latexit>

|h� f |
(r � rh)2

'

<latexit sha1_base64="Z8rcWd5+8nDTt+t3wGK6LRZRmVo="></latexit>�����
P 2c1(2µM3

plr
2
h � P 2c1�0)

(1� µ)�0M4
plr

6
h

�
µ(µM2

plr
2
h + 2P 2)

(1� µ)�2
0r

4
h

�����+O

✓
1

c1

◆
Analytic solution :

Numerical solution :

<latexit sha1_base64="oAxDfynu37zqxrlbIimV4NwdyG8="></latexit>✓
Lint = g1(�, X)F + g2(�, X)F̃ +

g3(�, X)

4X
Y

◆

<latexit sha1_base64="vw3BEBw+sPnTXFFAc23XiPP1ivg="></latexit>

gi(�, X) = ci�/Mpl
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4. Concrete models

◆ large coupling limit (numerical)

Analytic solution :

Numerical solution :

<latexit sha1_base64="N10LQ+/HhyqD50D3h8BCF8Td7bo="></latexit>

P 2c22(2µM
2
plr

2
h � P 2)

(1� µ)M4
plr

6
h

<latexit sha1_base64="8AxarI+Qxl1lXIOWqI8GDSC7wZM="></latexit>

|h� f |
(r � rh)2

'

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

 1  10

h 
- 

f

r / rh

c2 = 1
c2 = 10
c2 = 100

For the initial condition, we used the asymptotic solutions 
with                                                              at 

<latexit sha1_base64="XieMF46BU8sKV9xehu8w2VmXr20="></latexit>

r = 1.001rh
<latexit sha1_base64="KQeIw3TGz1F5RG/xElg1xkF3/z8="></latexit>

µ = 0 .1, P = 0 .01M pl r h , ! 0 = 0 .1M pl , V0 = 0

<latexit sha1_base64="0bpM8nkZmIXanqTZ2HER/DIP55o="></latexit> |h
!

f
|

<latexit sha1_base64="vAqPUl3kOdwTBRmK07Y+B8eP87Q="></latexit>c2

             increases 
in proportion to

<latexit sha1_base64="CmZCaxjjmRkRi19INWQmQu8pcu0="></latexit>

|h ! f | "
<latexit sha1_base64="n/yyVyzBuXxugsizWofgjEh3AHE="></latexit>

c2
2

<latexit sha1_base64="oAxDfynu37zqxrlbIimV4NwdyG8="></latexit>✓
Lint = g1(�, X)F + g2(�, X)F̃ +

g3(�, X)

4X
Y

◆

<latexit sha1_base64="vw3BEBw+sPnTXFFAc23XiPP1ivg="></latexit>

gi(�, X) = ci�/Mpl
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4. Concrete models

◆ large coupling limit (numerical)

Analytic solution :

Numerical solution :

<latexit sha1_base64="8AxarI+Qxl1lXIOWqI8GDSC7wZM="></latexit>

|h� f |
(r � rh)2

'

<latexit sha1_base64="xvAWLBrEm7MNU2L27DbzGUBFG2k="></latexit>������
(2µM2

plr
2
h � P 2)2

4(1� µ)�2
0M

2
plr

6
h

+
(2µM2

plr
2
h � P 2)2

2(1� µ)c3�3
0Mplr6h

�����+O

✓
1

c23

◆

10-6

10-5

10-4

10-3

10-2

 1  10  100

h 
- 

f

r / rh

c3 = 1
c3 = 10
c3 = 100
c3 = 1000

For the initial condition, we used the asymptotic solutions 
with                                                              at 

<latexit sha1_base64="XieMF46BU8sKV9xehu8w2VmXr20="></latexit>

r = 1.001rh
<latexit sha1_base64="C9S1aTIcfhzlSlFP0ebWFPWK1mI="></latexit>

µ = 0 .1, P = 0 .1M pl r h , ! 0 = 0 .5M pl , V0 = 0

<latexit sha1_base64="0bpM8nkZmIXanqTZ2HER/DIP55o="></latexit> |h
!

f
|

<latexit sha1_base64="HhpZg8aLhWrC0weABRQqS1A5n9I="></latexit>c3

             saturates 
in the large limit of <latexit sha1_base64="a6KvQjKcN9jCMb0GvRvkXisypoM="></latexit>c3

<latexit sha1_base64="CmZCaxjjmRkRi19INWQmQu8pcu0="></latexit>

|h ! f | "

<latexit sha1_base64="oAxDfynu37zqxrlbIimV4NwdyG8="></latexit>✓
Lint = g1(�, X)F + g2(�, X)F̃ +

g3(�, X)

4X
Y

◆

<latexit sha1_base64="vw3BEBw+sPnTXFFAc23XiPP1ivg="></latexit>

gi(�, X) = ci�/Mpl

13



5. Conclusions

objectives & conclusions

◆ Can we find new hairy BH solutions  
    arising from the derivative interactions?

◆ How to distinguish the scalar hair  
    originated from different interactions?

dilatonic/axionic coupling
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|h ! f | different behavior  
at large coupling limit
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(X-dependence can modify the hairy solutions)
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Appendix A　　equations of motion
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Appendix B　　possible parameter space

(1) a condition for the couplings to work as corrections to the RN solution

(2) a condition for avoiding discontinuity

(3) a condition for the existence of horizon
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Appendix C　　effects of X-dependence

◆ Effects of X-dependence in    (analytic)
<latexit sha1_base64="8LXWQnE9mh6xx89xYfGy8TqZMqU="></latexit>

gi (! , X )

(around the horizon)Deviation from the RN solution                     :

<latexit sha1_base64="nLmQnEtYvbf9F4yukMCfIb8y68A="></latexit>!
!
!
!
!
!
!

P c2M pl

"
2µM 2

pl r
2
h ! P2

(1 ! µ) d2! 0r 2
h

+
M 6

pl r
2
h

(1 ! µ) d2
2! 2

0

!
!
!
!
!
!
+ O

#
1
d3

2

$

<latexit sha1_base64="8AxarI+Qxl1lXIOWqI8GDSC7wZM="></latexit>

|h� f |
(r � rh)2

'

To clarify the difference among                   , take large coupling limit
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Appendix C　　effects of X-dependence

For the initial condition, we used the asymptotic solutions 
with                                                              at 

Analytic solution :

Numerical solution :
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◆ Effects of X-dependence in    (numerical)
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