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1. Introduction

background

& tests of General Relativity

GR describes weak gravity
with high precision.

GR’s accuracy in strong field regime
has not yet been clarified well enough.

& observations of black holes

Observations of strong field regime
such as BH have significantly advanced.

(e.g., LVK Collaborations, EHT Collaboration)
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Einstein-Maxwell theory

+ canonical scalar field

=>
=>

Kerr-Newman BH

¢ = const.

=>

Kerr-Newman BH

|:{> Can we find hairy BH solutions with scalar field minimally coupled to gravity?



1. Introduction

previous research

€ hairy solutions from dilatonic / axionic couplings

e 2F, F", ¢F,, F"

scalar-vector couplings

=>

& scalar-vector-tensor theories

BH could obtain “scalar hair”

F,, =V,A,-V,A,,

=1
P = 1P Fog,

Such interactions can be generalized requiring EOM to be up to second order.

--------------------------------------------------------------------------------------------------------------------

second-order EOM

.

LHorndeski

(scalar-tensor)

~

-
L generalized Proca

(vector-tensor)

Y,

=>

------------------------------------------------

i U(1) gauge invariance

\—

LsvT

(S-V interactions)

& S-V interactions in context of the SVT theories

v v
LsyT = f2 @Mgb,[FMVJ,[FW/]) 4.

dilatonic / axionic coupling

=>

hairy solutionsj




1. Introduction

objectives

What will happen when including the coupling with J,,¢ ?

CSVT—f2‘@§4 W W]

t derivarive coupling => i

dilatonic/axionic coupling |:> % ha|ry solutlonsj

The derivative interactions can be constructed as follows :

(0,00"¢ FuaF"®, 0,606 FapFo?, ... |
. R

& Can we find new hairy BH solutions

arising from the derivative interactions?

& How to distinguish the scalar hair

originated from different interactions?

_




2. Setup

general action & ansatz

€ The second-order SVT interaction with U(1) gauge invariance

[ L%VT:f2(¢aX7F7F7Y) j

1 1 . 1 - 5 1
X =--VupV'o, F=—2F,F", F=—_F,F", F.,=V,A -V,A, F"= 58’“’“5Fag, Y =V, oVIQF F,,,

( 0,00"QFH*E,q, 0,40"¢F'F,, can be expressed in terms of the above scalar quantities)

& static and spherically symmetric spacetime

=> [dﬁ = —f(r)dt® + A (r)dr® +r?dQ?, dQ* = df” +sin® HdsOﬂ

event horizon is defined as, r =, s.t. f(ry) = h(ry) =0

& field ansatz

=> [ ¢=¢o(r), A,=(V(r),0,0,—Pcosf), P:magnetic Charge]




2. Setup X = —%vucpvw, F= —}lFWFW, F= —iFWF"“’, Y =V, ¢V ¢F *F,q,
constructing extended EMS theories Livr = fa(¢, X, F,FY)
. '=0/0
€ background values of the scalar quantities for
/2 2 p2 _ py! 2 1127712
O X ) N R A L 50
2 2f 2r4 r2 \| f f
In the presence of magnetic charge, [ #0, Y #£4XF
@ previous research & our focus
dilatonic/axionic coupling g1 (&) F, go(¢)F —=> Qhairy solutionsj
derivative coupling g3(0, X)Y => 0 -------------------
& extended Einstein-Maxwell-scalar theories
4 )
M?, )
S [atay=g | " PR+ F+ X 4 01(6. X)F + 92(6, X)F + 5a(6. X)Y
L (GR) (kinetic terms) (interacting terms) y

We normalize g3(¢, X) = g3(¢, X)/(4X) without loss of generality

If 91,92, g3 have zero/positive powers of X, the Lagrangian is regular at the horizon



3. Asymptotic solutions

& field equations
variational principle —=> equations of motion E¢, By, By, Eg

€ boundary conditions

T =ThH T — OO
> T
regular asymptotically flat
at horizon at spatial infinity

€ assumption for the couplings

The couplings work as corrections to the Reissner-Nordstrom solution

2 2 M : mass
fRN — hRN — ] — ﬂ + Q T v Q : electric charge
r 2M§17’2 P : magnetic charge

The RN metric can be written in the form

fRN — (1 — %) (1 — ILL%) T'p . outer horizon
p=2M/r,—1 (0<p<1)



3.A. Asymptotic solutions (around the horizon)

@ series expansion of the variables

f=)_filr—rn)’, h=) hir—ru), ‘ r=Th
1=1 =1
V=Vo+ > Vilr—mn)', d=¢o+ Y ¢i(r—rn), regular
=1

oo

1=1

at horizon

—=> FE¢ En EBy,E, 5> solvefor [i,h;, Vi, ¢; iteratively
=>  f(r) = filr —ra) + fa(r —rn)* + -
(RN + Coupling)
fo=forN + P1,601/C Qi X -0 X P X @1 X Py g
D1y = P1,¢(91.0 92,65 93,6)
. )
o The metric is modified from the order of (r — 7,)”
The ¢-dependence in g; is essential for the scalar hair
- _J

>

(A



3.B. Asymptotic solutions (at large distances)

@ series expansion of the variables

o
LS MR R -
1=1 )

V=Vt T b=dut D %
1=1 =1

—=> FE¢ En Ey,E, 5>  solvefor fi hi, Vi, &; iteratively
o f hi h
—=> f(r):1+ﬁ+f—§+--- h(r)=1+—1+—22+---
r r r T
(RN + Coupling) (RN + Coupling)
A TR PR T
ha — fo = ¢7/C Pr) = ookt
a )
= The couplings start to appear in f, h at the order of 1/7“2
The scalar charge gzgl triggers the deviation from RN
— _J

>

asymptotically flat
at spatial infinity

(A



4. Concrete models

€ hairy solutions from g3Y (2 =020, 30F + a0, )P+ 200 )
10" 5 ] T
gz(¢7X) — Ci¢/Mpl
Previous research showed that S S
g1 F, ggﬁ’ —=> scalar hair o )
| ~ 01073 '
To examine whether gt 0 o™ b 1
q I ? E:V/ 0h\\\\ :
g3Y => new solutions ~ R e
, we focus on the case : 10" T Tl e ;
_ _ _ I \\‘\\ """""""""""""""""""""" -
[93 = 39/ My, g1 = g2 = 0) i f
{ I
10 | —-—-—- V2 e \\\\—
_ ) | == 0
New type of BH solutions o7 === i . .
. . - . 1 10 100
—> | with scalar hair arising from i

the derivative coupling

Y

For the initial condition, we used the asymptotic solutions near the horizon
with c¢3 = 1,0 = 0.1, P = 0.1Myrp, o = —1.0 x 1074 M, Vo = 0 at r = 1.001ry,



4. Concrete models

€ large coupling limit (analytic) (i = 106,00 + gafo, 1) F + 20Xy
D1y =P1,6(91,6,92.6593.0)

gi(¢aX) = Ci¢/Mpl

Deviation from the RN solution (around the horizon) :
2
T 4

2
r—r _I_
2M 27 (1 — p)(2ry, — @1 x) (r=7h)

h = [l =

To distinguish effects of the couplings, consider large coupling limit: |ci| > 1, d; =0

Lo (i) (lex] > {leal, les]})

p
Piei(2uMpyry, — Peigo)  p(uMpri + 2P?)

(1 - M)¢OM417”h (1— )qu?“h

h — £

(r —rp)?

~ <<
C1 (c1¢0 > 0)

—=> C dominant contribution will switch from ¢1 to ¢ )

P?c (2,LLM21rh P?)

(1 - )M417“h (lea| > {lesl, [eal})

=> C |h - f| monotonically increases in proportion to ¢5 )

2uM?r? — P?)? 2,uM2r — P?)? 1
_( pl h2 5 )6 4+ ( L h - ) =+ 0O (—2) (les| > {leal, |eal})
A1 = p)egMygry — 2(1 = p)espgMpiry €3
={>[ |h - f| saturates in the large limit of C3 )
\




4. Concrete models

& large coupling limit (hnumerical)
Analytic solution :

|h — f| N P2C (Q[LMSITh P2C1¢0)

(r—71)? (1—p)goMirS

Numerical solution :
102 ¢ T

10

r/rh

For the initial condition, we used the asymptotic solutions
with ¢ =0.1,P = 0.01Mprp, ¢o = 0.5Mp1, Vo =0 at » = 1.001ry

(Eint — gl(¢7X)F +92(¢7X)F + %Y>

gi(¢7 X) = Ciﬁb/Mpl

(1-

p(uM2ry 4 2P?) 4—C><:l>

)¢Orh

%

There is a threshold at which
dominant contribution switches




4. Concrete models

€ large coupling limit (humerical) (i = 106,00 + gafo, 1) F + 20Xy

Analytic solution : 9i(¢, X) = ci¢/ My

h—f|  P?c3(2uMpry — P?)

(r=rn)* (1= p)Myr}

Numerical solution :

{ ‘ ‘ ‘ ‘ ‘ o ]
107 o
I Pra T T — L _ ]
102 /70 T T
S Bt
10° o F s e
| ] —
R F S ] |
10 T ~"‘~\__ """""""""""""""""""""""""""""""""" """" E o
o - _
10'5 *,: """"""" 0 i'jtj"‘éz:;':
10 *
A e _ c2
g Co=1 T
|l F---=-=----- 02 =10 b
S et ] |h — f| increases
1 10 . . 2
t/th In proportion to ¢;

For the initial condition, we used the asymptotic solutions
with p = 0.1, P = 0.01Mp7s, do = 0.1Mp,, Vo =0 at 7= 1.001rp



4. Concrete models

€ large coupling limit (humerical) (i = 106,00 + gafo, 1) F + 20Xy

4X
Analytic solution : 9i(¢, X) = ci¢/ My
h—f1 <2UM21Th P?)? 4+ (2MM21Th P?)?
(r=rn)? | AQ—p)egMzr,  2(1 = p)esgg Mpry,

Numerical solution :

107 ] — T
103 il R =
—
I
Tt HE NG N =
e o : N . C
N\R .
AN
AR
N
.
AN i
-5 \\‘\
107 Fl Ny AN
N
B 03=1 N A 03
I I — cy =10
| — — — - ¢c3=100
o8 Do G=to00 | N |h — f|saturates
1 10 100 o . .
I In the large limit of ¢3

For the initial condition, we used the asymptotic solutions
with p=0.1,P = 0.1Myry, o = 0.5My, Vo =0 at r = 1.001ry,



5. Conclusions

objectives & conclusions Y = VugV gF" Fra,
dilatonic/axionic coupling g1 (0)F, go(p)F  => Qhairy solutions]
derivative coupling g3(0, XY => g
€ Can we find new hairy BH solutions
arising from the derivative interactions? . g:f,.iff*"""
| ne
( g3(6, X)Y > hairy solutions " \
¢-dependence in g; is essential for scalar hair
k (confirmed analr;//ritically and numerically)

(X-dependence can modify the hairy solutions)

€ How to distinguish the scalar hair

originated from different interactions? B AN
different behavior - / 9i(¢, X) = cip/ My
h—fl = U
at large coupling limit

C1 C2 C3
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Appendix A | equations of motion

Y

P?f(1
By 2Mprfh =2Mg5f(1—h) —r*h[f¢'* + (1 + g1+ g3)V"?] - f(r2+ g1)

2
By,  2M2rhf = 2M2f(1—h)+r2h[f¢ — (1+ g1 + g5)V'?] — = f (:2+ g1)

2 / / szgl,X 12
+ (T h(gl,X +93,X)V +2P\/fhgz,x) V' — 2 ho'~
Ihv Jy=0,

,,.2 h P2
Jo = - [?\/; (91.x + 93.x) V2 + g2 x PV’ + \/% (rz -5 )

7"2 h f g1 P2
Py = 5\/; (91,6 +93,6) V> + 92,4 PV' — \/; ’2(?,2 :

h
JA=7'2\/;(1+91+93)V’+92P-

h¢',




Appendix B | possible parameter space

(1) a condition for the couplings to work as corrections to the RN solution

8((191 X — 27"h)M2

21 ® )
fa = s— t+ | o533 | 91,
< |1 =p)2p-1)], i <8Mpﬂ’h

Th q)1,¢
¢1 = — )
1— M q)l,X - 27‘h

(2) a condition for avoiding discontinuity

Ey:ag” +bV" = ¢" =---/(ad — be)

ad —bc < 0 Ey :cd +dV" = => V" =.../(ad — bc)
a4 = ‘q]:f he' 8J¢ b= —ho¢' [rz\/g (91,x +93,x) V' + g2, x P
8JA h
= —h¢' d= "‘2\/; (1+91+93) |n the absence of any coupling, ad — bc = —r*h < 0

(3) a condition for the existence of horizon

Yorgs [20MAT7 — (1 + g1)P?] >0



Appendix C | effects of X-dependence

& Effects of X-dependence in g; (analytic) (i = 020008 + ga(0. 007 + 215Dy )

Deviation from the RN solution (around the horizon) :

o7
2M2r7 (1 — p)(2ry — @1 x

h— fl =

) (r—rp)*+-- > deviation should be suppressed

9i(6, X) = J(\Zi <1+M—§> To clarify the difference among dy, do, d3 , take large coupling limit |d;| > 1

.
|h — f]

) ~ < [MMSITh P?(cr¢0 + Mpl)} c1 My, . Mglr,% o ( 1 ) (ds] > {|dsl. [ds]})

_ — 1 21 3

(1 — p)(cro + Mpy) diory, (1 — p) di g ds

pcszl\/zuMglr% _p2 M2 ’ ( 1 ) il >l )

_ —|— —|— —_— 2 > 31 1

(1 — ) dagpors (1 — ) d505 d;
(2uM 3y, )es M, Mgy, ( 1 )

_ + + 0| = (|d3] > {|di1], |d2[})

| 21— )(cado + M) dsdory  (L—p)d363| " \d3 T

\

—> ( The qualitative behaviors for three cases are the same )




Appendix C | effects of X-dependence

& Effects of X-dependence in g; (numerical) (6 =106, X0F a0, 07 + 2055y )
10 d; X
Analytic solution : 90050 =31, (”M_&)
\h — f| o (2MM§1T%L)CSM§1 N MSIT%L Lo <i) Y hg?
(r=rn)? | 2(1—p)(esdo + Mp1) dsory, (1 — p) d5¢5 d; :

Numerical solution :

T

& . The deviation is suppressed
' when d; is significantly large

- f

to the direction of large r

l,: _ [ The maximum point shifts

since X starts to grow
in the region away from the horizon

r/ry

For the initial condition, we used the asymptotic solutions
with at



